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Norms are not smooth

min f(2),

A classical convex optimization problem is considered. We assume that f(z) is a convex function, but now we do

not require smoothness.
p = Norm Cone
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Figure 1: Norm cones for different p - norms are non-smooth

‘f - ;nyu} Non-smooth problems


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Wolfe’'s example

R /- min

Non-smooth problems

Wolfe's example

Figure 2: Wolfe's example. ®Open in Colab
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Subgradient calculus
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Convex function linear lower bound

An important property of a continuous convex
function f(z) is that at any chosen point zg
for all z € dom f the inequality holds:

f(@) = f(zo) + (g, & — o)
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Figure 3: Taylor linear approximation serves as a global lower bound for a
convex function
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Subgradient calculus

An important property of a continuous convex
function f(z) is that at any chosen point zg
for all z € dom f the inequality holds:

f(@) = f(zo) + (g, & — o)

for some vector g, i.e., the tangent to the
function's graph is the global estimate from
below for the function.

e If f(z) is differentiable, then g = V f(x0)
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An important property of a continuous convex
function f(z) is that at any chosen point zg
for all z € dom f the inequality holds:

f(@) = f(zo) + (g, & — o)

for some vector g, i.e., the tangent to the
function's graph is the global estimate from
below for the function.
e If f(z) is differentiable, then g = V f(x0)
® Not all continuous convex functions are
differentiable.
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Convex function linear lower bound

An important property of a continuous convex
function f(z) is that at any chosen point zg
for all z € dom f the inequality holds:

f(@) = f(zo) + (g, & — o)

f(ﬂ?o) + <g, Xr — .’,U()> for some vector g, i.e., the tangent to the
function's graph is the global estimate from
below for the function.

e If f(z) is differentiable, then g = V f(x0)
® Not all continuous convex functions are
differentiable.
We do not want to lose such a lovely property.
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Figure 3: Taylor linear approximation serves as a global lower bound for a
convex function
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Subgradient and subdifferential
A vector g is called the subgradient of a function f(x) : S — R at a point ¢ if Yz € S:

f(z) > f(@o) + (9,2 — To)
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Subgradient and subdifferential
A vector g is called the subgradient of a function f(x) : S — R at a point ¢ if Yz € S:

f(z) > f(@o) + (9,2 — To)

The set of all subgradients of a function f(z) at a point zo is called the subdifferential of f at zo and is denoted by

Of (wo).
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Subgradient and subdifferential
A vector g is called the subgradient of a function f(x) : S — R at a point ¢ if Yz € S:

f(z) > f(@o) + (9,2 — To)

The set of all subgradients of a function f(z) at a point zo is called the subdifferential of f at zo and is denoted by

Of (zo).

[_92] df(z0) = [g1; 92|
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) Figure 4: Subdifferential is a set of all possible subgradients
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Subgradient and subdifferential
Find 0f (), if f(z) = |z|
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Subgradient and subdifferential

Find 0f (), if f(z) = |z|

f(z) = |z|
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Subdifferential properties

® If zo € ri(.S), then Of(xo) is a convex compact set.
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Subdifferential properties
® If zo € ri(.S), then Of(xo) is a convex compact set.
® The convex function f(z) is differentiable at the

point o = af(l’o) = {Vf(ito)}
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Subdifferential properties

® If zo € ri(.S), then Of(xo) is a convex compact set.

® The convex function f(z) is differentiable at the
point xg = af(l’o) = {Vf(ito)}

® If Of(xo) #0 Vao € S, then f(z) is convex on S.
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Subdifferential properties

The convex function f(zx) is differentiable at the
point xg = af(l’o) = {Vf(Io)}

i Subdifferential of a differentiable function

Let f : S — R be a function defined on the set
S in a Euclidean space R". If 2o € ri(S) and f
is differentiable at o, then either Of(zo) = 0 or
df(xo) = {Vf(z0)}. Moreover, if the function f is
convex, the first scenario is impossible.

— mi "
‘f fnﬂ Subgradient calculus

If o € ri(S), then df(z0) is a convex compact set.

If 0f (o) #0 Vxzo € S, then f(x) is convex on S.
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Subdifferential properties

If o € ri(S), then df(z0) is a convex compact set.
The convex function f(zx) is differentiable at the
point o = 8f(1:0) = {Vf(Io)}

If 0f (o) #0 Vxzo € S, then f(x) is convex on S.

i Subdifferential of a differentiable function

Let f : S — R be a function defined on the set
S in a Euclidean space R". If 2o € ri(S) and f
is differentiable at o, then either Of(zo) = 0 or
df(xo) = {Vf(z0)}. Moreover, if the function f is
convex, the first scenario is impossible.

Proof
1. Assume, that s € 9f(xq) for some s € R™ distinct
from V f(zo). Let v € R™ be a unit vector. Because
To is an interior point of S, there exists § > 0 such
that xg +tv € S for all 0 < ¢t < §. By the definition
of the subgradient, we have

f(xo +tv) > f(xo) + t(s,v)

— mi "
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Subdifferential properties
If o € ri(S), then df(z0) is a convex compact set. which implies:
The convex function f(zx) is differentiable at the

point 2o = Of (z0) = {V f(z0)}. flwoFt0) = flwo) o (g 4
® If0f(xo) #0 Vxzo € S, then f(x) is convex on S. t
for all 0 < t < §. Taking the limit as ¢ approaches 0 and
i Subdifferential of a differentiable function using the definition of the gradient, we get:
Let f : S — R be a function defined on the set (Vf(zo),v) = lim f(zo +tv) = f(zo) > (s,v)
S in a Euclidean space R". If zo € ri(S) and f t=0;0<t<s ¢

is differentiable at o, then either Of(zo) = 0 or
df(xo) = {Vf(z0)}. Moreover, if the function f is
convex, the first scenario is impossible.

2. From this, (s — V f(x0),v) > 0. Due to the
arbitrariness of v, one can set

po S Vi(@o)
Proof s = Vf(zo)ll’
1. Assume, that s € 9f(xq) for some s € R™ distinct
from V f(zo). Let v € R™ be a unit vector. Because
To is an interior point of S, there exists § > 0 such
that xg +tv € S for all 0 < ¢t < §. By the definition
of the subgradient, we have

leading to s = V f(z0).

f(xo +tv) > f(xo) + t(s,v)
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i Subdifferential of a differentiable function using the definition of the gradient, we get:
Let f : S — R be a function defined on the set (Vf(zo),v) = lim f(zo +tv) = f(zo) > (s,v)
S in a Euclidean space R". If zo € ri(S) and f t=0;0<t<s ¢

is differentiable at o, then either Of(zo) = 0 or
df(xo) = {Vf(z0)}. Moreover, if the function f is
convex, the first scenario is impossible.

2. From this, (s — V f(x0),v) > 0. Due to the
arbitrariness of v, one can set

po S Vi(@o)
Proof s = Vf(zo)ll’
1. Assume, that s € 9f(xq) for some s € R™ distinct
from V f(zo). Let v € R™ be a unit vector. Because
To is an interior point of S, there exists § > 0 such
that xg +tv € S for all 0 < ¢t < §. By the definition
of the subgradient, we have

leading to s = V f(z0).

3. Furthermore, if the function f is convex, then
according to the differential condition of convexity
f(x) > f(zo) + (Vf(xo),z — z0) for all z € S. But
by definition, this means V f(zo) € 9f(zo).

f(zo + tv) > f(xo) + t{s,v)
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Subdifferential calculus

i Moreau - Rockafellar theorem (subdifferential of
a linear combination)

Let fi(x) be convex functions on convex sets S;, i =
n

I,n. Then if () ri(S;) # 0 then the function

=1

f(@) = 3 aifi(x), ai > 0 has a subdifferential
i=1

dsf(x) on the set S = (] S; and

i=1

n

dsf(x) =) aids, fi(x)

i=1
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i Dubovitsky - Milutin theorem (subdifferential of
a point-wise maximum)

Let f;(z) be convex functions on the open convex
set S CR", o € S, and the pointwise maximum
is defined as f(z) = maxfi(z). Then:

Os f(xo) = conv U Osfi(zo) p, I(x)={i€[

i€1(z0)
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Subdifferential calculus

® J(af)(z) = adf(zx), for a >0
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Subdifferential calculus

® J(af)(z) = adf(zx), for a >0
L3N] = > 98fi(x), fi - convex functions
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Subdifferential calculus

® J(af)(z) = adf(zx), for a >0
* 9> fi)(x) = > 0fi(x), fi - convex functions
® O(f(Ax +b))(z) = ATOf(Ax +b), f - convex function
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Subdifferential calculus

Aaf)(z) = adf(z), for a >0

(> fi)(x) =>_ 8fi(x), fi - convex functions

O(f(Az +b))(z) = ATOf(Ax +b), f - convex function
z € Of(x) if and only if z € 9f*(2).
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Algorithm

A vector g is called the subgradient of the function f(z): S — R at the point z¢ if Vz € S:

f(@) = f(wo) + (9,2 — wo)
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Algorithm

A vector g is called the subgradient of the function f(z): S — R at the point z¢ if Vz € S:

f(@) = f(wo) + (9,2 — wo)

The idea is very simple: let's replace the gradient V f(zx) in the gradient descent algorithm with a subgradient g at
point xy:
Tk41 = Tk — OkGk,

where gy, is an arbitrary subgradient of the function f(x) at the point zy, gr € Of(zx)
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Algorithm

A vector g is called the subgradient of the function f(z): S — R at the point z¢ if Vz € S:

f(@) = f(zo) + (9,2 — o)
The idea is very simple: let's replace the gradient V f(zx) in the gradient descent algorithm with a subgradient g at
point xy:
Tk41 = Tk — OkGk,
where gy, is an arbitrary subgradient of the function f(x) at the point zy, gr € Of(zx)

Note that the subgradient method is not guaranteed to be a descent method; the negative subgradient need not
be a descent direction, or the step size may cause f(zr+1) > f(zk).

That is why we usually track the best value of the objective function

f,SeSt: min  f(z;).
i=1,....k
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Convergence bound

leeir — 2" = [lzn — 2" — angull® =
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Convergence bound

zrr1 —2|1? = lloe — 2* — angi|)® =

= |lzx — 2|* + ailgull* — 20k {gr, @r — )
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Convergence bound

ekt — 2|1 = [low — 2 — angl” =
= o — 2" 1> + aillgrll* — 20k (g, wx — =)

<l — 2|1 + aRllgell* — 20 (f (@x) — f(z"))
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Convergence bound

ekt — 2|1 = [low — 2 — angl” =
= [lzx — 2" + i llgell® — 20k (g, s — 2°)
< —a™|* + aillgrll® — 20k (f () — f(=7))
20k (f(wr) = (")) < [lww — 27| = [lwprs — «"|* + i [lgx |
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Convergence bound

ekt — 2|1 = [low — 2 — angl” =
= [lzx — 2" + i llgell® — 20k (g, s — 2°)
< ok — 2°)* + aillgell® — 20 (f(zx) — f(*))
20k (f(wr) = (")) < [lww — 27| = [lwprs — «"|* + i [lgx |

Let us sum the obtained inequality for K =0,...,7 — 1:

T-1 T—1
D 2an(f(@x) = f(@7) < llwo — 27| = llor — 2" [P+ ) allgwl®
k=0 k=0
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Convergence bound
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Convergence bound

® | et's write down how close we came to
ek — a2 = [lox — 2" — gl = the optimum & = arg min /(v) = arg "
x

= |lzx — 2*|* + arllgrl® — 20 (gk, ke — 2*) on the last iteration:
<l = 2|1 + ok llgell* — 20k (f (2x) = f(="))
200 (f(ar) = f(27) < llzx = 2" |* = lowsr — 2" + ai[lgell”

Let us sum the obtained inequality for K =0,...,7 — 1:

T-1 T—1
D 2an(f(@x) = f(@7) < llwo — 27| = llor — 2" [P+ ) allgwl®
k=0 k=0

T—1
<llwo ="+ odllgell?
k=0

‘fﬁ}fﬂ.}‘; Subgradient Method 0 O 15
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Convergence bound
® Let's write down how close we came to
lzrer — 2*|)° = ||zx — 2 — cngil)® = the optimum z* = arg min f(z) = argf*
reR™
= ||lzk — 1;*H2 + ai”ngQ — 20k {gk, Tk — ") on the last iteration:
% * ® For a subgradient:
< ek — 2|12 + azllgnll® — 20k (f(zx) — f(z . "
) || *H2 k” H =, ( (2 ) , ( )) <gk7$ _xk> Sf(x )_f(l'k)
20 (f () = f(27)) < Mok — 27|17 = Iz — 27|17 + el gwl

Let us sum the obtained inequality for K =0,...,7 — 1:

T-1 T—1
D 2an(f(@x) = f(@7) < llwo — 27| = llor — 2" [P+ ) allgwl®
k=0 k=0

T—1
<llwo ="+ odllgell?
k=0
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Convergence bound

® | et's write down how close we came to

zrr1 —2|1? = lloe — 2* — angi|)® = the optimum = = arg min f(z) = arg/"
xT
= ||lzk — 1;*H2 + ai”ngQ — 20k {gk, Tk — ") on the last iteration:
. o ®F bgradient:
<l — 2| + o llgell® — 20 (F (i) — f(z*)) © 0" 2 FUPErAGEN

* |12 )12 2 2 (grs 2™ —xr) < f2¥) = fl2n).
2006 (f (zx) — f(2")) < llww — 27|17 = llwwgr — 27|17 + aillgell ® We additionally assume that ||gx||* < G?

Let us sum the obtained inequality for K =0,...,7 — 1:

T-1 T—1
D 2an(f(@x) = f(@7) < llwo — 27| = llor — 2" [P+ ) allgwl®
k=0 k=0

T—1
<llwo ="+ odllgell?
k=0

‘fﬁ}fﬂ.}‘; Subgradient Method 0 O 15
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Convergence bound

® |et's write down how close we came to
st — 212 = llow — * — angell® = the optimum =" = arg min f(x) = arg/"
xT
= |lzr — z"||* + aillgr|® — 20 (g, Tx — ") on the last iteration:
[ ] H .
< llzx = a"|1? + aF lgell® — 200 (F(ae) — f(a7)) © For 2 subsradient

* K Zow(fax) — {gisa” — 1) < £(") - Flow).
20 (f(zr) — f(27) < |lww — 2™||° = l|Ths1 — 27 ||° + akllgrll We additionally assume that ||gx|*> < G?

We use the notation R = ||zg — ™ ||2

Let us sum the obtained inequality for K =0,...,7 — 1:

T-1 T—1
D 2an(f(@x) = f(@7) < llwo — 27| = llor — 2" [P+ ) allgwl®
k=0 k=0

T—1
<llwo ="+ odllgell?
k=0

‘fﬁ}fﬂ.}‘; Subgradient Method 0 O 15
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Convergence bound

® Finally, note:

> 2a(f(wn) -

‘f - ;nylr; Subgradient Method

— ( best

Z 200k
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Convergence bound

® Finally, note:

-1 T-1
> 20k(flan) = f(@) 2D 20k(f — fa7) = (A~ Zgak
k=0 k=0
® Which leads to the basic inequality:
T-1
R+ G* Y of
best * k=0
fr flz™) < —
2 Z oy
k=0

‘f — min
e

Subgradient Method
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Convergence bound

® Finally, note:

D 20i(fl@e) = F(@) 2 Y 200 (8 — f(27)) = (&~ - Zgak

® Which leads to the basic inequality:

T—1
R+ G* Y of
f}SeSt —f($*) S T_lk:O

2 Z (077
k=0

® From this point we can see, that if the stepsize strategy is such that

T—1 T—1
E ap < 00, E o = 00,
k=0 k=0

then the subgradient method converges (step size should be decreasing, but not too fast).

‘f - EHA}‘; Subgradient Method


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Different step size strategies

ag= 0.1 ar= 1k
150
J— Za
1500 -
el Ta? 3
100 A
1000 1
501 500 -
04 &LrmmmznIII00 0 1
0 500 1000 1500 0 500 1000 1500
k k k
ag = 1/k°-75 a= 1/k a= 1/k?
201 1.6
15 A
R ZOI 1.4 1 R za
10 | ww zaz fen Zaz
1.2
S
i 1.01
0 500 1000 1500 0 500 1000 1500 500 1000 1500
) k k
‘f - ;nyul Subgradient Method

0 O
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Different step size strategies

ag= 0.1 a= 1.1
10-lez13+le-1 le—12+1.1
----- dada .01 X )X
0.5 051
[ R e O T T AN SRR RECE RS
—0.5 A -0.51
-1.04, : : A Tho . . .
0 500 1000 1500 0 500 1000 1500
k k
Q= ]./ko‘75 Ax = 1/k
1.0 : 1.0+
S N P Sa3a S B (O 2a3a
0.81: 0.8
0.6 064"
044 :
0.4~
0.2t e
' : RS ' 024, e s :
0 500 1000 1500 0 500 1000 1500

‘f — min
Tz

Subgradient Method

ap= 1Vk
1.0 ----- 2’2
0.8
0.6
0.4
0.2_ .................
o0 1000 1500
k
a= 1/k?
Lo 2’3
071
00 1000 1500
k @0 O
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Convergence bound. Non-smooth convex case. Constant step size

i Theorem

Let f be a convex G-Lipschitz function and R = ||zo — =*||2. For a fixed step size «, subgradient method
satisfies )
best * R ]
- <—+ -G
I =@ <55+ 3

® Note, that with any constant step size, the first term of the right-hand side is decreasing, but the second term
stays constant.

‘f - §ny1r; Subgradient Method
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Convergence bound. Non-smooth convex case. Constant step size

i Theorem

Let f be a convex G-Lipschitz function and R = ||zo — =*||2. For a fixed step size «, subgradient method
satisfies

R2 (e}
best * 2
— )< —=— 4+ =

® Note, that with any constant step size, the first term of the right-hand side is decreasing, but the second term

stays constant.
® Some versions of the subgradient method (e.g., diminishing nonsummable step lengths) work when the
assumption on ||gx||2 < G doesn’t hold; see ! or 2.

1B. Polyak. Introduction to Optimization. Optimization Software, Inc., 1987.
2N. Shor. Minimization Methods for Non-differentiable Functions. Springer Series in Computational Mathematics. Springer, 1985.

‘fﬁ}fﬂ.}‘; Subgradient Method 0 O 19
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Convergence bound. Non-smooth convex case. Constant step size

i Theorem

Let f be a convex G-Lipschitz function and R = ||zo — =*||2. For a fixed step size «, subgradient method
satisfies

fllc)eSt_f(CL’*) <t 4

R2 g 2
~ 20k 2

® Note, that with any constant step size, the first term of the right-hand side is decreasing, but the second term

stays constant.

® Some versions of the subgradient method (e.g., diminishing nonsummable step lengths) work when the
assumption on ||gx||2 < G doesn’t hold; see ! or 2.

® Let's find the optimal step size o that minimizes the right-hand side of the inequality.

1B. Polyak. Introduction to Optimization. Optimization Software, Inc., 1987.
2N. Shor. Minimization Methods for Non-differentiable Functions. Springer Series in Computational Mathematics. Springer, 1985.

‘f% 5“.}‘; Subgradient Method 0 O 19
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Convergence bound. Non-smooth convex case. Constant step size

i Theorem

Let f be a convex G-Lipschitz function and R = ||zo — *||2. For a fixed step size « = £/, subgradient
method satisfies

GR

R = fah) < T

® This version requires knowledge of the number of iterations in advance, which is not usually practical.

‘f - §ny1r; Subgradient Method

20


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Convergence bound. Non-smooth convex case. Constant step size

i Theorem

Let f be a convex G-Lipschitz function and R = ||zo — *||2. For a fixed step size « = £/, subgradient

method satisfies CR
best *
— €T < —

® This version requires knowledge of the number of iterations in advance, which is not usually practical.
® |t is interesting to mention, that if you want to find the optimal stepsizes for the whole sequence
o, 1, ..., Qk_1, you will get the same result.

lf%ﬁ}‘i Subgradient Method 0 O
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Convergence bound. Non-smooth convex case. Constant step size

i Theorem

Let f be a convex G-Lipschitz function and R = ||zo — *||2. For a fixed step size « = £/, subgradient

method satisfies
GR

R = fah) < T

® This version requires knowledge of the number of iterations in advance, which is not usually practical.
® |t is interesting to mention, that if you want to find the optimal stepsizes for the whole sequence

o, 1, ..., Qk_1, you will get the same result.
® Why? Because the right-hand side is convex and symmetric function of ag, a1, ..., ar—_1.

lf%ﬁ}‘i Subgradient Method 0 O
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Convergence bound. Non-smooth convex case. Constant step length

i Theorem
Let f be a convex G-Lipschitz function and R = ||zo — z*||2. For a fixed step length v = au||gk||2.
ie. ap = Hqﬁ' subgradient method satisfies
GR? Gy
best *
_ < il

® Note, that for the subgradient method, we typically can not use the norm of the subgradient as a stopping
criterion (imagine f(x) = |z|). There are some variants of more advanced stopping criteria, but the
convergence is so slow, so typically we just set a maximum number of iterations.

‘f - §“}‘§ Subgradient Method

21
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Convergence bound. Non-smooth convex case. Practical strategy

i Theorem

Let f be a convex G-Lipschitz function and R = ||zg —2"||2. For a diminishing step size strategy o, = GL\/;m,
subgradient method satisfies
< GR(2+Ink)

best *

1. Bounding sums:

‘f - ;nylr; Subgradient Method 0 O

22
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Convergence bound. Non-smooth convex case. Practical strategy
i Theorem

Let f be a convex G-Lipschitz function and R = ||zg —2"||2. For a diminishing step size strategy o, =

R
. GVE+1'
subgradient method satisfies

GR(2+1nk)

best *
e = fz") < Whil

1. Bounding sums:

o T 2
ai:%Z% g—(l—i—lnT)
k=1

IS

-1

>
I
o

‘f - ;nylr; Subgradient Method 0 O

22
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Convergence bound. Non-smooth convex case. Practical strategy

i Theorem

Let f be a convex G-Lipschitz function and R = ||zg —2"||2. For a diminishing step size strategy o, = GL\/;m,
subgradient method satisfies
GR(2+1nk)
best *
_f(pr) < 22T R
1. Bounding sums:
T-1 T T-1 T T41
R—1_FR R 1 _R / 1 2R
2
o =22 <= (1+mT); =y > dt= (VT H1-1
k=0 ’ 2k:1k 2( ) k=0 ' Gk:l k G 1 \/Z G( )

‘f - §ny1r; Subgradient Method

22
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Convergence bound. Non-smooth convex case. Practical strategy
i Theorem

Let f be a convex G-Lipschitz function and R = ||zg —2"||2. For a diminishing step size strategy o, =

R
. GVE+1'
subgradient method satisfies

GR(2+1nk)

best *
e = f(z") < INCES

1. Bounding sums:

o T 2
ai:%Z% g—(l—i—lnT)
k=1

_

—1

k

Il
o

2. We drop the last —1 in the upper bound above and use the basic inequality:

‘f - §ny1r; Subgradient Method 0 O

22
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Convergence bound. Non-smooth convex case. Practical strategy

i Theorem
Let f be a convex G-Lipschitz function and R = ||zg —2"||2. For a diminishing step size strategy o, = %ﬁ,
subgradient method satisfies
B~ fa”) < %y
1. Bounding sums:
T-1 5 T 5 T-1 T T4+1
> i = 22;; < B (em), > o= g;lk > g/ Jat =TI ).

‘fﬁ}fﬂ.}‘; Subgradient Method 0 O 22
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Convergence bound. Non-smooth convex case. Practical strategy

i Theorem
Let f be a convex G-Lipschitz function and R = ||zg —2"||2. For a diminishing step size strategy o, = %ﬁ,
subgradient method satisfies
B~ fa”) < %y
1. Bounding sums:
T-1 5 T 5 T-1 T T4+1
> i = 22;; < B (em), > o= g;lk > g/ Jat =TI ).

2. We drop the last —1 in the upper bound above and use the basic inequality:

T—1
RP+G* Y of
b * k=0
i () P g—
2 Z (692
k=0

R+ R*(14+1nT)
4E(VT+1)

‘fﬁ}fﬂ.}‘; Subgradient Method 0 O 22
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Convergence bound. Non-smooth convex case. Practical strategy

i Theorem
Let f be a convex G-Lipschitz function and R = ||zg —2"||2. For a diminishing step size strategy o, = %ﬁ,
subgradient method satisfies
B~ fa”) < %y
1. Bounding sums:
T-1 5 T 5 T-1 T T4+1
> i = 22;; < B (em), > o= g;lk > g/ Jat =TI ).

2. We drop the last —1 in the upper bound above and use the basic inequality:

T—1
RP+G* Y of
b * k=0
i () P g—
2 Z (692
k=0

R*+R*(1+WInT)  GR(2+InT)
4E(VT+1) 4T +1

‘fﬁ}fﬂ.}‘; Subgradient Method 0 O 22
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Non-smooth strongly convex case

Non-smooth
Convex

‘f - 5“;‘; Subgradient Method

Non-smooth
W - strongly convex

23
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Non-smooth strongly convex case

Non-smooth
Convex

o(3)

‘f - 5“;‘; Subgradient Method

Non-smooth
W - strongly convex

°(3)

23
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Non-smooth strongly convex case

i Theorem

Let f be u-strongly convex on a convex set and x,y be arbitrary points. Then for any g € 9f(x),

(9.2 =) = f@) = F@) + Elle — vl

1. For any A € [0,1), by p-strong convexity,
FO@ + (1= Ny) S Af(@) + (1= Nf(y) = Era =Nz -yl

‘f - §ny1r; Subgradient Method

24
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Non-smooth strongly convex case

i Theorem

Let f be u-strongly convex on a convex set and x,y be arbitrary points. Then for any g € 9f(x),

(9.2 =) = f@) = F@) + Elle — vl

1. For any A € [0,1), by p-strong convexity,
FO@ + (1= Ny) S Af(@) + (1= Nf(y) = Era =Nz -yl
2. By the subgradient inequality at =, we have
fRz+ (A =Ny) 2 f(@)+(grx+(1-Ny—z) — [fQz+1-Ny) 2 f(z)-01-N{gz—y)

‘f - §ny1r; Subgradient Method 0 O 24
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Non-smooth strongly convex case

i Theorem

Let f be u-strongly convex on a convex set and x,y be arbitrary points. Then for any g € 9f(x),

(90 =) = f@@) = F@) + Elle — vl

1. For any A € [0,1), by p-strong convexity,
fQz+ (1 =Ny) <Af(2)+ A =Nf(y) - gx\(l — Nz =yl
2. By the subgradient inequality at =, we have

FAz+(1=XNy) > f(x) +{g, 2+ A -Ny—=x) — fAz+(1-Ny) > flx)—(1-N{g,*—y).
3. Thus,
flx) = Q=X (g,z—y) < Af(2)+ (1 =N f(y) - gk(l =Nz —yl?

(I=Nf(@) <A =Nfly)+ 0 =N gz —y) - g/\(l = Nllz =yl

J@) < f) +{g.w — ) = GAlle -y

‘fﬁ}fﬂ.}‘; Subgradient Method 0 O 24
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Non-smooth strongly convex case

i Theorem

Let f be u-strongly convex on a convex set and x,y be arbitrary points. Then for any g € 9f(x),

(9.2 =) = f@) = F@) + Elle — vl

1. For any A € [0,1), by p-strong convexity,
Sz + 1= Ny) SAf(z)+ (1= A)fy) - gk(l — Nz =yl

2. By the subgradient inequality at x, we have

fRz+ (A =Ny) 2 f(@)+(grx+(1-Ny—z) — [fQz+1-Ny) 2 f(z)-01-N{gz—y)
N A+ (- M)~ EX1 = Nlle—
)< (1- )f(y)+(1—>\)<g»$—y>—g/\(l—A)Hl’—sz
J@) < f) +{g.w — ) = GAlle -y
4. Letting A — 17 gives f(z) < f(y) + (9.2 —y) — §llz —ylI* = (9.2 —y) > f(2) — f(v) + 5l —yl*.

‘fﬁ}fﬂ.}‘; Subgradient Method 0 O 24
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Convergence bound. Non-smooth strongly convex case.

i Theorem

Let f be a p-strongly convex function (possibly non-smooth) with minimizer z* and bounded subgradients

llgell < G. Using the step size i = ﬁ the subgradient method guarantees for k > 0 that:

best o 2G?
- <=
k f(l' ) = 1

1. We start with the method formulation as before:

‘f - §ny1r; Subgradient Method 0 O

25
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Convergence bound. Non-smooth strongly convex case.

i Theorem

Let f be a p-strongly convex function (possibly non-smooth) with minimizer z* and bounded subgradients

llgell < G. Using the step size i = ﬁ the subgradient method guarantees for k > 0 that:

best * 2G2
- <=
1. We start with the method formulation as before:

ks = 2|* = flox — " — angall® =

‘f - §ny1r; Subgradient Method 0 O

25
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Convergence bound. Non-smooth strongly convex case.

i Theorem

Let f be a p-strongly convex function (possibly non-smooth) with minimizer z* and bounded subgradients

llgell < G. Using the step size i = ﬁ the subgradient method guarantees for k > 0 that:

best * 2G2
- <=
1. We start with the method formulation as before:
21— a"|* = |lzk — & — argr]|® =

= |lox — 2|1* + allgrll® — 2an (g, Tk — =¥)

‘f - §ny1r; Subgradient Method 0 O

25
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Convergence bound. Non-smooth strongly convex case.

i Theorem

Let f be a p-strongly convex function (possibly non-smooth) with minimizer z* and bounded subgradients

llgell < G. Using the step size i = ﬁ the subgradient method guarantees for k > 0 that:

best * 2G2
- <=
1. We start with the method formulation as before:
21— a"|* = |lzk — & — argr]|® =
= |lzx — 2"[” + aillgk | — 200 (gr, xx — )

< llzk — "1 + aillgell® — 20 (f(zx) = f(z7) — arpllzs — 2|

‘f - §ny1r; Subgradient Method 0 O

25
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Convergence bound. Non-smooth strongly convex case.

i Theorem

Let f be a p-strongly convex function (possibly non-smooth) with minimizer z* and bounded subgradients
llgell < G. Using the step size i = ﬁ the subgradient method guarantees for k > 0 that:
best * 2G2
- <=

1. We start with the method formulation as before:
ka1 — 2" |* = llzk — 2" — angrl® =
= |z — 2" |* + aillgr|* — 2an (g, zx — =)
< llaw = 27|* + akllgel® — 20k (f(ar) = f(2")) — anpllze — ™|
= (1 = paw)llzr — 2" 1> + akllgell* — 20k (f (wr) — f(27))

‘f - §ny1r; Subgradient Method 0 O
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Convergence bound. Non-smooth strongly convex case.

i Theorem

Let f be a p-strongly convex function (possibly non-smooth) with minimizer z* and bounded subgradients
llgell < G. Using the step size i = ﬁ the subgradient method guarantees for k > 0 that:
best * 2G2
- <=

1. We start with the method formulation as before:
ka1 — 2" |* = llzk — 2" — angrl® =
= |z — 2" |* + aillgr|* — 2an (g, zx — =)
< llaw = 27|* + akllgel® — 20k (f(ar) = f(2")) — anpllze — ™|
= (1 = paw)llzr — 2" 1> + akllgell* — 20k (f (wr) — f(27))
20, (f(wr) = f(z") < (1= paw) e — 2" ||* = llewrr — " ||* + allge]”

‘f - §ny1r; Subgradient Method 0 O
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Convergence bound. Non-smooth strongly convex case.

i Theorem

Let f be a p-strongly convex function (possibly non-smooth) with minimizer z* and bounded subgradients

llgell < G. Using the step size i = ﬁ the subgradient method guarantees for k > 0 that:
best 2G2

1. We start with the method formulation as before:
ka1 — 2" |* = llzk — 2" — angrl® =
= |z — 2" |* + aillgr|* — 2an (g, zx — =)
< llaw = 27|* + akllgel® — 20k (f(ar) = f(2")) — anpllze — ™|
= (1 = paw)llzr — 2" 1> + akllgell* — 20k (f (wr) — f(27))
200 (f(zx) = f(z")) < (1 = paw) o — ™))" = H$k+1 — | + aillgkIIQ

flow) = F@) < S5

o= " = o llowsn = 7 + G g

‘f - §ny1r; Subgradient Method 0 O
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Convergence bound. Non-smooth strongly convex case. Proof

. . _ 2 . R P
2. Substitute the step size ax = gDy Into the inequality:

‘f - ;nyul Subgradient Method
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Convergence bound. Non-smooth strongly convex case. Proof

. . _ 2 . f [T
2. Substitute the step size ax = gDy Into the inequality:

< #k—1)
=1

Fan) — fa) 2 pkt1)

e — 27|

‘f - ;nylr; Subgradient Method

. 1
ks — 2" |* + ———
ulk+1

g ]1*
)
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Convergence bound. Non-smooth strongly convex case. Proof

2. Substitute the step size ap = ﬁ into the inequality:
* p(k —1) w2 H(k+1) 12 1 2
_ < _ _ _
flan) = 50 < BEE Dy o - B D oy L
. k-1 . k41 . 1
o) - @) < B oy — o = 2 oy a4 L
‘f - ;nylr; Subgradient Method
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Convergence bound. Non-smooth strongly convex case. Proof

2. Substitute the step size ap = ﬁ into the inequality:
* p(k —1) w2 H(k+1) 12 1 2
_ < _ _ _

@) = fa) < HE D o o) = M s — a7 s
. k—1 i k+1 i 1

o) - @) < B oy — o = 2 oy a4 L
N k(k—1 " k(k+1 " 1

b(f(n) - 1) < D oy — o) - HEEE D oy a4
‘f - ;nylr; Subgradient Method
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Convergence bound. Non-smooth strongly convex case. Proof

2. Substitute the step size ap = ﬁ into the inequality:
* p(k —1) w2 H(k+1) 12 1 2
_ < _ _ _
Flon) = @) < B = o~ B s — oI sl
_ < _ _ _ _—
fon) = fa) < B o = = B o =7 + =l
" k(k—1 « k(k+1 « 1
b(f(n) - 1) < D oy — o) - HEEE D oy a4
3. Summing up the inequalities for all k =0,1,...,T — 1, we get:
‘f - Pay"; Subgradient Method
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‘f — min
e

Convergence bound. Non-smooth strongly convex case. Proof

2. Substitute the step size ap = ﬁ into the inequality:
) - ) < EE D o ot - HEE o o+l
o) - @) < B oy — o = 2 oy a4 L
b(f(n) - 1) < D oy — o) - HEEE D oy a4
3. Summing up the inequalities for all k =0,1,...,T — 1, we get:

z_: k(f(zx) = f
k=0

Subgradient Method

T—1
) wW(T —1)T . 1
@y <0- B por 4 237 gu?
k=0
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Convergence bound. Non-smooth strongly convex case. Proof

2. Substitute the step size ax = ﬁ into the inequality:
* p(k —1) w2 H(k+1) 12 1 2
_ < B2\ 7 _ _ BT _ -
Flaw) = J(a) < B e = IP = B s = I sl
k—1 k+1 1
o) - @) < B oy — o = 2 oy a4 L
. k(k—1 * k(k+1 * 1
b(f(n) - 1) < D oy — o) - HEEE D oy a4
3. Summing up the inequalities for all k =0,1,...,T — 1, we get:
T-1 T—1
. T-1)T . 1 G*T
Sk - £ <0 BT g LS g2 < €1
k=0 i #

‘f - W;rﬁ Subgradient Method 0 O
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Convergence bound. Non-smooth strongly convex case. Proof

2. Substitute the step size ap = ﬁ into the inequality:
) - ) < EE D o ot - HEE o o+l
o) - @) < B oy — o = 2 oy a4 L
b(f(n) - 1) < D oy — o) - HEEE D oy a4
3. Summing up the inequalities for all k =0,1,...,T — 1, we get:

— (T - 1T 1 — G2T
Yo k(flaw) — f@) <0-F ufox*u%;;nngQ <=

4
k=0
T—1 T—1
(F725 = (=) Y k=) k(2 - f(a"))
k=0 k=0

‘f - W;rﬁ Subgradient Method 0 O
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Convergence bound. Non-smooth strongly convex case. Proof

2. Substitute the step size ap = ﬁ into the inequality:
* p(k —1) w2 H(k+1) 12 1 2
_ <AV 2 _ _ v e _ -
flar) = f(z7) < 1 lzr — 27| 1 lzrtr — 7" + MCES) llgkl
_ P ) _ _ BT _ =
)~ a7y < HE Doy aop - B D o a4 L
" k(k—1 " k(k+1 " 1
b(f(n) - 1) < D oy — o) - HEEE D oy a4

3. Summing up the inequalities for all k =0,1,...,T — 1, we get:

— (T - 1T 1 — G2T
Yo k(flaw) — f@) <0-F ufox*u%;;nngQ <=

4
k=0
T—1 T—1 T-1
(P2 = F@)) k=) k(2 - f@") <) k(f(zx) — f(7))
k=0 k=0 k=0

‘f - 5“;"; Subgradient Method 0 O
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Convergence bound. Non-smooth strongly convex case. Proof

2. Substitute the step size ap = ﬁ into the inequality:
* p(k —1) w2 H(k+1) 12 1 2
_ <AV 2 _ _ v e _ -
flar) = f(z7) < 1 lzr — 27| 1 lzrtr — 7" + MCES) llgkl
_ P ) _ _ BT _ =
)~ a7y < HE Doy aop - B D o a4 L
" k(k—1 " k(k+1 " 1
b(f(n) - 1) < D oy — o) - HEEE D oy a4

3. Summing up the inequalities for all k =0,1,...,T — 1, we get:

— (T - 1T 1 — G2T
Yo k(flaw) — f@) <0-F ””*x*”uﬁ;”g’“'ﬁ <=

4
k=0
T-1 T—1 T-1 Q2T
(P20 = 1) Yok =Dk (7% = () <3 k() = f@) < =
k=0 k=0 k=0

‘f - W;rﬁ Subgradient Method 0 O


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Convergence bound. Non-smooth strongly convex case. Proof

2. Substitute the step size ap = ﬁ into the inequality:
* p(k —1) w2 H(k+1) 12 1 2
_ <AV 2 _ _ v e _ -
flar) = f(z7) < 1 lzr — 27| 1 lzrtr — 7" + MCES) llgkl
_ P ) _ _ BT _ =
)~ a7y < HE Doy aop - B D o a4 L
" k(k—1 " k(k+1 " 1
b(f(n) - 1) < D oy — o) - HEEE D oy a4

3. Summing up the inequalities for all k =0,1,...,T — 1, we get:

— W(T — )T 1 — G2T
D k(far) = f@") 0= e lor — TP+ = lgel® <~
k=0 ® k=0 #
T-1 T-1 T-1 G2T
(2 = F@)Y k=) k(- f@") <) k(fze) - f(z") < p
k=0 k=0 k=0
2
P = @) € —r
k=0

‘f - W;rﬁ Subgradient Method 0 O
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Convergence bound. Non-smooth strongly convex case. Proof

2. Substitute the step size ap = ﬁ into the inequality:
* p(k —1) w2 H(k+1) 12 1 2
_ <AV 2 _ _ v e _ -
flar) = f(z7) < 1 lzr — 27| 1 lzrtr — 7" + MCES) llgkl
_ P ) _ _ BT _ =
)~ a7y < HE Doy aop - B D o a4 L
" k(k—1 " k(k+1 " 1
b(f(n) - 1) < D oy — o) - HEEE D oy a4

3. Summing up the inequalities for all k =0,1,...,T — 1, we get:

— W(T — )T 1 — G2T
D k(far) = f@") 0= e lor — TP+ = lgel® <~
k=0 ® k=0 #
T—1 T—1 T—-1 G2T
(2 = F@)Y k=) k(- f@") <) k(fze) - f(z") < p
k=0 k=0 k=0
best * G2T _ 2G2T
fren = f@") < Z;Olk*’uT(T_l)

‘f - W;rﬁ Subgradient Method 0 O
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Convergence bound. Non-smooth strongly convex case. Proof

2. Substitute the step size ap = ﬁ into the inequality:
* p(k —1) w2 H(k+1) 12 1 2
_ <AV 2 _ _ v e _ -
flar) = f(z7) < 1 lzr — 27| 1 lzrtr — 7" + MCES) llgkl
_ P ) _ _ BT _ =
)~ a7y < HE Doy aop - B D o a4 L
" k(k—1 " k(k+1 " 1
b(f(n) - 1) < D oy — o) - HEEE D oy a4

3. Summing up the inequalities for all k =0,1,...,T — 1, we get:

— (T - 1T 1 — G2T
Yo k(flaw) — f@) <0-F ””*x*”uﬁ;”g’“'ﬁ <=

4
k=0
T-1 T-1 T-1 G2T
(P20 = 1) Yok =Dk (7% = () <3 k() = f@) < =
k=0 k=0 k=0
best * G2T _ 2G2T best * 2G2

‘f - W;rﬁ Subgradient Method 0 O
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Summary. Subgradient method

Problem Type Stepsize Rule Convergence Rate Iteration Complexity
Convex & Lipschitz problems « L O L @) (i)
v % i
Strongly convex & Lipschitz problems an~ o @ (%> @] (E)

‘f - fnﬂ Subgradient Method
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Numerical experiments

1 m n
J@) = 5l Az — b3 + Alally » min, AR, A (£ATA) € s L,

Linear Least Squares with £; Regularization (LASSO).
m=1000, n=100, A=0, u=0, L=10. Optimal sparsity: 0.0e+00

Distance to Optimal Solution

Subgradient Norm

Function Gap

102 . ‘ 10t |
. = 10" 4
-2 | x =
S ) E
s 10-6 4 X 1071 A 1072~
0 200 400 600 0 200 400 600 0 200 400 600
Iteration Iteration Iteration
—— Subgrad Ir 1.0e-02. Sparsity 0.0e+00 Subgrad Ir 1.5e-02. Sparsity 0.0e+00
Figure 6: Smooth convex case. Sublinear convergence, no convergence in domain
D0

‘f - §ny1r; Subgradient Method
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Numerical experiments

1 m n
J@) = 5l Az — b3 + Alally » min, AR, A (£ATA) € s L,

Linear Least Squares with £; Regularization (LASSO).
m=1000, n=100, A=0.1, u=0, L=10. Optimal sparsity: 1.0e-02

Function Gap Distance to Optimal Solution Subgradient Norm
34 1] w
10 B 10 102 41
< o -
,L: 10" 4 | S
é i‘ 100 4 = 10°
= 1071 1
0 200 400 600 0 200 400 600 0 200 400 600
Iteration Iteration Iteration
—— Subgrad Ir 1.0e-02. Sparsity 0.0e+00 Subgrad Ir 1.5e-02. Sparsity 0.0e+00

Figure 7: Non-smooth convex case. Small X\ value imposes non-smoothness. No convergence with constant step size

‘f - §ny1r; Subgradient Method 0 O
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Numerical experiments

1 mXn
F@) = gl Az = b5 + Aljzlls — min,  A€R™", A(5ATA) € [ L].

Linear Least Squares with £; Regularization (LASSO).
m=1000, n=100, A=1, p=0, L=10. Optimal sparsity: 7.0e-02

Function Gap Distance to Optimal Solution Subgradient Norm
103 4
103 | 101 i
c Z
0] —
’IE 10! L 10 5 )
S S 10°1
T 107 A 107! 4
0 200 400 600 0 200 400 600 0 200 400 600
Iteration Iteration Iteration
—— Subgrad Ir 1.0e-02. Sparsity 0.0e+00 ——— Subgrad Ir 1.5e-02. Sparsity 0.0e+00

Figure 8: Non-smooth convex case. Larger A value reveals non-monotonicity of f(zj). One can see that a smaller constant
step size leads to a lower stationary level.

‘f - ;nyul Subgradient Method
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Numerical experiments

1 mXn
f@) = gl Az = bl + Aljzlls — min,  A€R™", A(5ATA) € [ L].

Linear Least Squares with £; Regularization (LASSO).
m=100, n=100, A=1, u=0, L=10. Optimal sparsity: 2.3e-01

Function Gap Distance to Optimal Solution Subgradient Norm

_ 105 ] 102 b 103 B
: <

2 | —
’Iz 10 | 3 102 -
X % 104 =
= 1071 { = 10! 4

0 2000 4000 0 2000 4000 0 2000 4000
Iteration Iteration Iteration
—— Subgrad Ir 1.0e-02. Sparsity 0.0e+00 - Subgrad Ir a/k (a=1.0e+00). Sparsity 2.0e-02

Figure 9: Non-smooth convex case. Diminishing step size leads to the convergence fot the fli’es"
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Numerical experiments

1 mXxXn
flz)= %HAJC —bll5 + Mzlls — igﬂig, AeR™™ A (#ATA) € [w; L]

Linear Least Squares with £; Regularization (LASSO).
m=100, n=100, A=1, p=0, L=10. Optimal sparsity: 2.3e-01

Function Gap Distance to Optimal Solution Subgradient Norm
1 102 +
10? A
‘T 101 "% =
= ! > 1
= £ 107!+ = 10!+
= 1071 A =
0 2000 4000 0 2000 4000 0 2000 4000
Iteration Iteration Iteration
—— Subgrad Ir 1.0e-02. Sparsity 0.0e+00 —— Subgrad Ir a/Vk (a=1.0e-01). Sparsity 0.0e+00
Figure 10: Non-smooth convex case. 3—% step size leads to the convergence fot the f,SeSt
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Numerical experiments

1 mXxXn
flz)= %HAJC —bll5 + Mzlls — wrgﬂi@ri, AeR™™ A (%ATA) € [w; L]

Linear Least Squares with £; Regularization (LASSO).
m=100, n=100, A=1, p=0, L=10. Optimal sparsity: 2.3e-01

Function Gap Distance to Optimal Solution Subgradient Norm
103 10t 4 102 4
10! =
| x =
—_ | 10—1 4 2
5 1071 X 10 4
0 20000 40000 0 20000 40000 0 20000 40000
Iteration Iteration Iteration
—— Subgrad Ir 1.0e-02. Sparsity 0.0e+00 —— Subgrad Ir a/vk (a=1.0e-01). Sparsity 1.0e-02

Figure 11: Non-smooth convex case. <L step size leads to the convergence fot the f,SeSt

N
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Numerical experiments

1
f@) = 5|l Az = b5 + Alefy — min,  AeR™, A(EATA) € [ L.

Linear Least Squares with £; Regularization (LASSO).
m=100, n=100, A=1, p=1, L=10. Optimal sparsity: 2.0e-01

06 Function Gap Distance to Optimal Solution Subgradient Norm
1
_ 103 o
W 103 - j 10* A _
5 ) 5 10°
= 100 - X 1071 ooy
- M 10
0 500 1000 0 500 1000 0 500 1000
Iteration Iteration Iteration
—— Subgrad Ir 3.0e-02. Sparsity 0.0e+00 —— Subgrad Ir a/k (a=9.0e-01). Sparsity 0.0e+00

Figure 12: Non-smooth strongly convex case. % step size leads to the convergence fot the f,';e“
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Numerical experiments

fl@) = AER™", XN(LATA) € L]

1
— || Az — b||§ + A|z|1 = min,
2m zER™

Linear Least Squares with £; Regularization (LASSO).
m=100, n=100, A=1, u=1, L=10. Optimal sparsity: 2.0e-01

Function Gap Distance to Optimal Solution

Subgradient Norm

10% 4 102 4

— 102 1 =

Y~ *

I <100 - =

= : 2

= 10° A X 101 5

= 1071 4

0 500 1000 0 500 1000 0 500 1000
Iteration Iteration Iteration
—— Subgrad Ir 3.0e-02. Sparsity 0.0e+00 —— Subgrad Ir a/Vk (a=3.0e-01). Sparsity 1.0e-02
Figure 13: Non-smooth strongly convex case. %% step size works worse
0 O 35
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Numerical experiments

1 n
fla) = — Zlog(l +exp(=bi(Asx))) + Alllls - min, A, €R", by € {~1,1}
i=1

Binary Logistic Regression with £; Regularization.
m=300, n=50, A=0.1. Optimal sparsity: 8.6e-01

Function Gap Domain Gap Train Accuracy Test Accuracy
0.9 1

— 100 5 4
o *: § 0.8 1 § 0.90
£ 107! 1 100 5 < g
X 5 S 0.7 S 0.851
= o2 = < <

T T T T 06 L T T 0-80 L T T

0 2000 0 2000 0 2000 0 2000

Iteration Iteration Iteration Iteration
—— Subgrad Ir 1.0e-02. Sparsity 4.0e-02 ——— Subgrad Ir a/Vk (a=1.0e-01). Sparsity 2.0e-02

Figure 14: Logistic regression with ¢; regularization
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Numerical experiments
fz) = lzmjlo (14 exp(—b;(Aiz))) + Aljz[s — min A €R", b e{-1,1}
r) = m — g P 7 il Tij1 IGR"7 '3 ) (3 )

Binary Logistic Regression with £; Regularization.
m=300, n=50, A=0.1. Optimal sparsity: 8.6e-01

Function Gap Domain Gap Train Accuracy Test Accuracy
0.9 1
_ 1001 0 |
“ — 1073 3 0.8 - & 0-90
I x e c
— | -1 S =1
X _ ™ 10 3 19 i o 4
g 1072 A x g 0.7 g 0.85
1072 p
T T T T 0-6 L T T 080 L T T
0 20000 0 20000 0 20000 0 20000
Iteration Iteration Iteration Iteration
—— Subgrad Ir 1.0e-02. Sparsity 0.0e+00 —— Subgrad Ir a/Vk (a=1.0e-01). Sparsity 1.2e-01

Figure 15: Logistic regression with ¢; regularization
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Numerical experiments

1 n
fla)=— Zlog(l +exp(=bi(Ai)) + Allzlli — min, A €R", b€ {~1,1}

=1
Binary Logistic Regression with £; Regularization.
m=300, n=50, A=0.25. Optimal sparsity: 9.6e-01
Function Gap Domain Gap Train Accuracy Test Accuracy
10 0.9
0.9
. — 100 5 > >
T . o 0.8 S
Z 107! L 107 2 2 08
- X | -
= X & 07 &
0.7 1
1072 4 0.6 -
0 2000 0 2000 0 2000 0 2000
Iteration Iteration Iteration Iteration
—— Subgrad Ir 5.0e-03. Sparsity 2.0e-02 —— Subgrad Ir a/Vk (a=3.0e-01). Sparsity 0.0e+00

Figure 16: Logistic regression with ¢; regularization
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Numerical experiments

1 n
fla)=— Zlog(l +exp(=bi(Ai)) + Allzlli — min, A €R", b€ {~1,1}

=1
Binary Logistic Regression with £; Regularization.
m=300, n=50, A=0.25. Optimal sparsity: 9.6e-01
Function Gap Domain Gap Train Accuracy Test Accuracy
10 10 0.9
0.9
x —_ > >
T N § 0.8 §
~ 1071 | 107! - 3 5 0.8 -
X -
= X & 07 &
0.7 4
0.6
0 20000 0 20000 0 20000 0 20000
Iteration Iteration Iteration Iteration
—— Subgrad Ir 5.0e-03. Sparsity 0.0e+00 —— Subgrad Ir a/vk (a=3.0e-01). Sparsity 0.0e+00

Figure 17: Logistic regression with ¢; regularization
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Numerical experiments

1 — n
fla)=— D log(1 + exp(—bi(Aix))) + Azl — min,  A;€R", b€ {-1,1}

=1
Binary Logistic Regression with £; Regularization.
m=300, n=50, A=0.27. Optimal sparsity: 1.0e+00
Function Gap Domain Gap Train Accuracy Test Accuracy
101 T 09 -
T | 5 5
| < ® 0.8 1 8 0.8-
— | > 3
X -1 ~ 107! 4 v} v}
= 10 % 207 g
-2 u
107 5 0.6 1 0.6
0 2000 0 2000 0 2000 0 2000
Iteration Iteration Iteration Iteration
—— Subgrad Ir 5.0e-03. Sparsity 0.0e+00 —— Subgrad Ir a/vk (a=3.0e-01). Sparsity 0.0e+00

Figure 18: Logistic regression with ¢; regularization
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Numerical experiments

1 — n
fla)=— D log(1 + exp(—bi(Aix))) + Azl — min,  A;€R", b€ {-1,1}

=1
Binary Logistic Regression with £; Regularization.
m=300, n=50, A=0.27. Optimal sparsity: 1.0e+00
Function Gap Domain Gap Train Accuracy Test Accuracy
101 4 101 1.0
E ' Z 0.8 1 z
| x c ® 0.8 1
~ 10-! | 1071 4 S 5
~ [} [}
X X [v) [v]
= = < < 0.6
0.6
0 20000 0 20000 0 20000 0 20000
Iteration Iteration Iteration Iteration
—— Subgrad Ir 5.0e-03. Sparsity 0.0e+00 —— Subgrad Ir a/vk (a=3.0e-01). Sparsity 0.0e+00

Figure 19: Logistic regression with ¢; regularization

‘f g ;nyl,'; Subgradient Method
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‘f — min
Tz

Lower bounds

Lower bounds
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Lower bounds

convex (non-smooth) > smooth (non-convex)*

°(%) °(5z)
m~o(§2> k5~0<\}g>

3Nesterov, Lectures on Convex Optimization
4Carmon, Duchi, Hinder, Sidford, 2017
*Nemirovski, Yudin, 1979

— min
‘f Tz Lower bounds

smooth & convex® smooth & strongly convex (or PL)"

ke ~O (\/Elog é)


https://fmin.xyz/assets/files/Nesterov_the_best.pdf
https://arxiv.org/pdf/1710.11606.pdf
https://fmin.xyz/assets/files/nemyud1979.pdf
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Black box iteration

The iteration of gradient descent:

‘f - ;nylr; Lower bounds

"= 2b — oV f(ah)

_ l’k71 _ ak*lvf(xkfl) _ aka(xk)

k
— 1'0 _ Z akfzvf(xkfl)
=0
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Black box iteration

The iteration of gradient descent:

_ l’k71 _ ak*lvf(xkfl) _ akvf(l'k)

k
— m0 _ Z akfzvf(xkfl)
i=0
Consider a family of first-order methods, where

2" e 2% + span {Vf(mo),Vf(xl), e ,Vf(xk)} f - smooth
2" e 2% + span{go,g1,..., 9%}, where g; € df(z')  f - non-smooth

— min
‘f Tz Lower bounds

(1)
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Black box iteration

The iteration of gradient descent:

_ $k71 _ ak*lvf(xkfl) _ akvf(l'k)

k
— m0 _ Z akfzvf(xkfl)
=0

Consider a family of first-order methods, where

2" e 2% + span {Vf(aco),Vf(xl), e ,Vf(ask)} f - smooth
2" e 2% + span{go,g1,..., 9%}, where g; € df(z')  f - non-smooth

1)

To construct a lower bound, we need to find a function f from the corresponding class such that any method from
the family 1 will work at least as slowly as the lower bound.

‘f% 5“.}‘; Lower bounds D0 O 44
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Non-smooth convex case

i Theorem

There exists a function f that is G-Lipschitz and convex such that any method 1 satisfies
min f(z') — min f(z) > __GR

i€[1,k] ©E€B(R) 2(1 4+ Vk)

for R > 0 and k < n, where n is the dimension of the problem.

— min
‘f Tz Lower bounds
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Non-smooth convex case

i Theorem

There exists a function f that is G-Lipschitz and convex such that any method 1 satisfies

min f(z') — min f(z) > __GR

i€[1,k] ©E€B(R) 2(1 4+ Vk)

for R > 0 and k < n, where n is the dimension of the problem.

Proof idea: build such a function f that, for any method 1, we have

span{go,g1,-.-,9x} C span{ei,ea,... e}

where e; is the i-th standard basis vector. At iteration k < n, there are at least n — k coordinate of x are 0. This

helps us to derive a bound on the error.

— min
‘f Tz Lower bounds
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Non-smooth case (proof)

Consider the function: o
. N _ 2
f(@) = Biren[%r[ﬂ + 5 llzllz,

where «, 8 € R are parameters, and z[1 : k] denotes the first k components of x.

‘f - ;nylr; Lower bounds
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Non-smooth case (proof)

Consider the function: o
. N _ 2
f(@) = Bigl[%rh] + 5 llzllz,

where «, 8 € R are parameters, and z[1 : k] denotes the first k components of x.

Key Properties:

® The function f(z) is a-strongly convex due to the quadratic term £ ||z||5.

— min
‘f Tz Lower bounds
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Non-smooth case (proof)

Consider the function: o

flz) = Bigl[%rh] + 5 llzllz,
where «, 8 € R are parameters, and z[1 : k] denotes the first k components of x.
Key Properties:

® The function f(z) is a-strongly convex due to the quadratic term £ ||z||5.
® The function is non-smooth because the first term introduces a non-differentiable point at the maximum
coordinate of z.

‘f%w‘; Lower bounds 0 0O
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Non-smooth case (proof)

Consider the function: o

flz) = Bigl[%rh] + 5 llzllz,
where «, 8 € R are parameters, and z[1 : k] denotes the first k components of x.
Key Properties:

® The function f(z) is a-strongly convex due to the quadratic term £ ||z||5.
® The function is non-smooth because the first term introduces a non-differentiable point at the maximum
coordinate of z.

‘f%w‘; Lower bounds 0 0O
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Non-smooth case (proof)

Consider the function: o

flz) = Bigl[%z[ﬂ + 5 llzllz,
where «, 8 € R are parameters, and z[1 : k] denotes the first k components of x.
Key Properties:

® The function f(z) is a-strongly convex due to the quadratic term £ ||z||5.
® The function is non-smooth because the first term introduces a non-differentiable point at the maximum
coordinate of z.

Consider the subdifferential of f(z) at x:

Of(x) =0 (/3 max]x[il) +0 (5lel3)

i€[1,k

= 0 (max x[z]) + ax
i€[1,k]

= Bconv {& |i:afi] = maxx[j]} +oax
J

‘f%w‘; Lower bounds 0 0O
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Non-smooth case (proof)

Consider the function: o

flz) = Bigl[%z[ﬂ + 5 llzllz,
where «, 8 € R are parameters, and z[1 : k] denotes the first k components of x.
Key Properties:

® The function f(z) is a-strongly convex due to the quadratic term £ ||z||5.
® The function is non-smooth because the first term introduces a non-differentiable point at the maximum
coordinate of z.

Consider the subdifferential of f(z) at x:

. Qs It is easy to see, that if g € 9f(x) and ||z|| < R, then
0f(x) =0 ( 8 max ali] ) +0 (§||m||2)
et lgll < aR+5
= Bo (fgﬁa)}g] x[z]) + ax Thus, f is aR + S-Lipschitz on B(R).

= Bconv {& |i:afi] = maxx[j]} +oax
J

‘f%w‘; Lower bounds 0 0
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Non-smooth case (proof)

Next, we describe the first-order oracle for this function. When queried for a subgradient at a point x, the oracle
returns
ar + ye;,

where i is the first coordinate for with z[i] = maxi< <k z[j].

® We ensure that ||2°|| < R by starting from 2% = 0.

lf%ﬁ}‘i Lower bounds 0 0
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Non-smooth case (proof)

Next, we describe the first-order oracle for this function. When queried for a subgradient at a point x, the oracle
returns
ar + ye;,

where i is the first coordinate for with z[i] = maxi< <k z[j].

® We ensure that ||2°|| < R by starting from 2% = 0.
® When the oracle is queried at 2° = 0, it returns e;. Consequently, z' must lie on the line generated by e;.

‘f%w‘; Lower bounds 0 0
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Non-smooth case (proof)

Next, we describe the first-order oracle for this function. When queried for a subgradient at a point x, the oracle
returns

ar + ye;,
where i is the first coordinate for with z[i] = maxi< <k z[j].

® We ensure that ||2°|| < R by starting from 2% = 0.

® When the oracle is queried at 2° = 0, it returns e;. Consequently, z' must lie on the line generated by e;.

® By an induction argument, one shows that for all 7, the iterate = lies in the linear span of {e1,...,€}. In
particular, for i < k, the k + 1-th coordinate of z; is zero and due to the structure of f(z):

f(@') > 0.

— min
‘f Tz Lower bounds


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Non-smooth case (proof)
® |t remains to compute the minimal value of f. Define the point y € R™ as

y[z‘]z—% for 1 <i<k, yli]=0 fork+1<i<n.

‘f - ;nylr; Lower bounds

48


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Non-smooth case (proof)

® |t remains to compute the minimal value of f. Define the point y € R™ as

y[i]:—% for 1 <i<k, yli]=0 fork+1<i<n.

® Note, that 0 € 9f(y):
9f(y) = ay + Beonv {ei | iyl = mgxy[j]}

= ay + Beonv{e; | i: y[i] =0}
0€df(y).

‘f - §ny1r; Lower bounds

48
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Non-smooth case (proof)

® |t remains to compute the minimal value of f. Define the point y € R™ as

y[i]:—% for 1 <i<k, yli]=0 fork+1<i<n.

® Note, that 0 € 9f(y):
9f(y) = ay + Beonv {ei | iyl = mgxy[j]}

= ay + Beonv{e; | i:y[i] =0}
0€df(y).
® |t follows that the minimum value of f = f(y) = f(z*) is

_ B a BB
T ==t 5 0 = sar

‘f - §ny1r; Lower bounds
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Non-smooth case (proof)

® |t remains to compute the minimal value of f. Define the point y € R™ as

y[i]:—% for 1 <i<k, yli]=0 fork+1<i<n.

® Note, that 0 € 9f(y):
9f(y) = ay + Beonv {ei li:yli] = mgxy[j]}
= ay + Beonv{e; | i: y[i] =0}
0€df(y).

® |t follows that the minimum value of f = f(y) = f(z*) is

_ B a BB
T ==t 5 0 = sar

® Now we have: ) )
i * ﬁ 6
f(') = f(@") >0~ (Mc) 2207:-

— min
‘f Tz Lower bounds
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Non-smooth case (proof)

We have: f(z%) — f(z*) > £

‘f - Wy‘rﬁ Lower bounds

2
2ak’

while we need to prove that min f(z%) — f(z*) >

i€[1,k]

GR
= 2(14+Vk) "

49
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Non-smooth case (proof)

i * B2 . . i *
We have: f(z") — f(z") > 47, while we need to prove that min f(z*) — f(z*) > PESvAL

Convex case
G 1,
R1+VE 1+ VEk
B8° _ GRk
2o 201+ Vk)

2
Note, in particular, that ||y[|3 = 2 = R* with these
parameters

«

5

min f(@) - f@a") > 50 = V)

‘f - §ny1r; Lower bounds

ie[1,k]

GR
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Non-smooth case (proof)

GR

i * B2 . . i *
We have: f(z") — f(z") > 47, while we need to prove that min f(z*) — f(z*) > PESvAL

Convex case
G, R
R1+VE 1+ VEk
B8° _ GRk
2o 21+ Vk)

2
Note, in particular, that ||y[|3 = 2 = R* with these
parameters

«

S

ig[lligc]f(wi) — @) 2 5= T

‘f - §ny1r; Lower bounds

Strongly convex case

G G
=3k =3

. . 2 2 .
Note, in particular, that ||y||3 = % = 42% = R? with
these parameters

min f(z") — f(z*) > Rak

i€[1,k]
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‘f — min
Tz

Applications

Applications
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Linear Least Squares with [;-regularization
min 1HAJ: — 0|3+ Allz||
zeR™ 2 2 !
The algorithm will be written as:
T .
Thil = Tk — Ok (A (Azr —b) + )\S|gn(:ck)) ,

where the signum function is taken element-wise.

LLS with /; regularization. 2 runs. A =1

510 10?4

=

|

= 1074 107 4

=

T 1074 — 1074

=% X

© 10774 3 10771

x

2

& 10—10 4 10—10 4

©

S

< 10713 1 10-13

©

Q
T T T T T T T T T T T T
0 100 200 300 400 500 0 100 200 300 400 500

iteration iteration

‘f - i Applications


https://colab.research.google.com/github/MerkulovDaniil/optim/blob/master/assets/Notebooks/SD.ipynb
https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Regularized logistic regression

Given (z;,y:) € RP x {0,1} for i = 1,...,n, the logistic regression function is defined as:

n

FO) =" (~yal 0 +10g(1 + exp(a] 0)))

i=1
This is a smooth and convex function with its gradient given by:

n

VIO) =) (i = si(0))

i=1

exp(z?G)

Trexp(:T0)" fori =1,...,n. Consider the regularized problem:

where s;(0) =
f0)+ Ar(0) — mgin

where 7(0) = ||0]|3 for the ridge penalty, or r(8) = ||8||1 for the lasso penalty.

B Somin e ions

52


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Support Vector Machines

Let D = {(xs,y:) | z: € R",y; € {£1}}
We need to find 8 € R™ and b € R such that

. 1
min —

pmin_ 63 +c;max[o,1 yi(0 i + b))

‘f - i Applications
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