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Subgradient method

Subgradient Method: m%%n f(x) Tht1 = Tk — QkGr, gk € Of(xk)
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i Theorem
Assume that f is G-Lipschitz and convex, then where
Subgradient method converges as: ° o= Gi\ﬁ
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Non-smooth convex optimization lower bounds

convex (non-smooth) strongly convex (non-smooth)
fa) =~ 0o fa) - ~0(3)
k NG k %

-0 (2) o ()
5 g

‘f - §“}‘§ Subgradient method


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Non-smooth convex optimization lower bounds
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® Subgradient method is optimal for the problems above.
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Non-smooth convex optimization lower bounds

convex (non-smooth) strongly convex (non-smooth)
flan) = ~0 (o fa) - ~0(3)
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® Subgradient method is optimal for the problems above.
® One can use Mirror Descent (a generalization of the subgradient method to a possiby non-Euclidian distance)
with the same convergence rate to better fit the geometry of the problem.
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Non-smooth convex optimization lower bounds

convex (non-smooth) strongly convex (non-smooth)

fla) ~f ~0 (%) S -1~ 0 ()
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® Subgradient method is optimal for the problems above.
® One can use Mirror Descent (a generalization of the subgradient method to a possiby non-Euclidian distance)

with the same convergence rate to better fit the geometry of the problem.
® However, we can achieve standard gradient descent rate O (%) (and even accelerated version O (k%)) if we

will exploit the structure of the problem.

‘f - EHA}‘; Subgradient method


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Proximal operator
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Proximal mapping intuition
Consider Gradient Flow ODE:

Explicit Euler discretization:

— min :
‘f Tz Proximal operator

dx
dt

—Vf(z)
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Proximal mapping intuition

Consider Gradient Flow ODE: p
T

dt
Explicit Euler discretization:

Th+1 — Tk _
0 = V(=)

Leads to ordinary Gradient Descent method

— min :
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Proximal mapping intuition

Consider Gradient Flow ODE: p
T
a = V@

Explicit Euler discretization: Implicit Euler discretization:

Thit — Tk _ —V () 7““&_ L —V f(zr+1)
a

Leads to ordinary Gradient Descent method
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Proximal mapping intuition

Consider Gradient Flow ODE: p
T
a = V@

Explicit Euler discretization: Implicit Euler discretization:

Thit — Tk _ —V () 7““&_ L —V f(zr+1)
a

Tk+1 — Tk
a

Leads to ordinary Gradient Descent method +Vf(zre1) =0
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Proximal mapping intuition
Consider Gradient Flow ODE:

dx
i =Vf(z)
Explicit Euler discretization: Implicit Euler discretization:
_ x -z
Thit — Tk _ —V () L2k — Y f(zr4)
e e
Leads to ordinary Gradient Descent method Thtl — Tk +Vf(zrs1) =0
a
V@) =0

T=Th41
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Proximal mapping intuition
Consider Gradient Flow ODE:

Explicit Euler discretization:

Th+1 — Tk _
0 = V(=)

Leads to ordinary Gradient Descent method

— min :
‘f Tz Proximal operator

dx
i = -V f(z)

Implicit Euler discretization:
x —z
% = —Vf(zri1)

LH—IO; Tk + Vf(zp+1) =0

x%’ww(x) =0

T=Th41

=0

T=Tp41
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Proximal mapping intuition
Consider Gradient Flow ODE:

Explicit Euler discretization:
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Proximal mapping intuition
Consider Gradient Flow ODE:

Explicit Euler discretization:

Thil =Tk _
— Vf(xk)

Leads to ordinary Gradient Descent method

dx
ar = -V f(z)

Implicit Euler discretization:
x —z
% = —Vf(zri1)
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! Proximal operator

. 1
prox; o () = arg min [ £(z) + 51z — 3]

— min :
‘f Tz Proximal operator
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Proximal operator visualization
1
Proxy(z) = argmin §||as —2/|> + f(z')
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Figure 1: Source
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Proximal mapping intuition

® GD from proximal method. Back to the discretization:

— min :
‘f Tz Proximal operator
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:

Trt1 + oV f(Tri1) = T

— min :
‘f Tz Proximal operator
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:

Tpr1 + aVf(Tre1) = zk
I+ aVf)(zrs1) = xk

— min :
‘f Tz Proximal operator
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:
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I+ aVf)(zrs1) = xk

a—0

zhr =T +aVH) ey = (I—aVf)z
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:

Tpr1 + aVf(Tre1) = zk
I+ aVf)(zrs1) = xk

a—0

zhr =T +aVH) ey = (I—aVf)z

Thus, we have a usual gradient descent with o — 0: zx11 = 2k — aV f(zg)

® Newton from proximal method. Now let's consider proximal mapping of a second order Taylor approximation
of the function f!/(z):
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:

Tpr1 + aVf(Tre1) = zk
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:

Tpr1 + aVf(Tre1) = zk
I+ aVf)(zrs1) = xk

a—0

zhr =T +aVH) ey = (I—aVf)z

Thus, we have a usual gradient descent with o — 0: zx11 = 2k — aV f(zg)

® Newton from proximal method. Now let's consider proximal mapping of a second order Taylor approximation
of the function f!/(z):

. 1 1
Tht1 = Proxprr o(2x) = arg min {f(l’k) +(Vf(zk),z —2x) + §<V2f($k)(l’ — k)@ = 2k) + 5l — xkl\g}

V(@) + VP ()@ - ) + (- ) —0

T=Tk 41

2 1]t
Tyl = Tk — {V flzk) + al} V f(x)

‘f% 5“.}‘; Proximal operator 0 O 9


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

From projections to proximity

Let Is be the indicator function for closed, convex S. Recall orthogonal projection 7s(y)

— min :
‘f Tz Proximal operator
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From projections to proximity

Let Is be the indicator function for closed, convex S. Recall orthogonal projection 7s(y)

(v) ar min1||x ||2
oy = —||lz — .
s\Y gzes 2 Yll2

With the following notation of indicator function

0, ze€b,
]Is(x):{oo 2 ¢S
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From projections to proximity

Let Is be the indicator function for closed, convex S. Recall orthogonal projection 7s(y)

(v) ar min1||x ||2
oy = —||lz — .
s\Y gzes 2 Yll2

With the following notation of indicator function

0, ze€b,
]Is(x):{oo 2 ¢S

Rewrite orthogonal projection ms(y) as

1
ms(y) := arg min ||z — y||* + Ls(z).
08 2
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From projections to proximity

Let Is be the indicator function for closed, convex S. Recall orthogonal projection 7s(y)

(v) arg min 1||917 ||2
oy = —||lz — .
s\Y gzes 2 Yll2

With the following notation of indicator function

0, ze€b,
]Is(x):{oo 2 ¢S

Rewrite orthogonal projection ms(y) as

1
ms(y) := arg min ||z — y||* + Ls(z).
08 2

Proximity: Replace s by some convex function!

1
prox,.(y) = prox,., (y) := argmin _ |lz — y|* + 7(x)

— min :
‘f Tz Proximal operator
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‘f — min
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Composite optimization

Composite optimization
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Regularized / Composite Objectives

Many nonsmooth problems take the form

min ¢(z) = f(z) + r(x)
xERTI
® Lasso, L1-LS, compressed sensing

f(@) = 3114z — b3, r(z) = Mol

— mi : P
‘f fny"; Composite optimization

f(z)

Smooth

r(z)

Non-smooth
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Regularized / Composite Objectives

Many nonsmooth problems take the form

min @ (x) = f(x) + ()
:):-EIRTI
® Lasso, L1-LS, compressed sensing
1
fla) = 5l Az — blI3, (x) = Alll

® | 1-Logistic regression, sparse LR

f(z) = —ylog h(z)—(1-y) log(1-h(z)), r(z) = x|l

— mi : P
‘f ﬁ}‘i Composite optimization

f(z)

Smooth

r(z)

Non-smooth
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Proximal mapping intuition
Optimality conditions:

— mi : RPI
‘f fﬂyll} Composite optimization

0eVf(z")+0r(z")
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z")+ adr(z")
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z* —aVf(z") € (I+adr)(z")
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z")+ adr(z")
z* €aVf(z")+ (I + adr)(z")
z* —aVf(z") € (I+adr)(z")
* = (I +adr) ' (z" —aVf(z"))

— mi : RPI
‘f ;nylr; Composite optimization


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z")+ adr(z")
z* €aVf(z")+ (I + adr)(z")
z* —aVf(z") € (I+adr)(z")
= (I +adr) (=" —aVf(z"))

z*
zt = proxr,a(x* - an(a:*))

— mi : RPI
‘f ;nylr; Composite optimization
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z")+ adr(z")
z* €aVf(z")+ (I + adr)(z")
z* —aVf(z") € (I+adr)(z")
= (I +adr) (=" —aVf(z"))

z*
zt = proxr,a(x* - an(a:*))

— mi : RPI
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z")+ adr(z")
z* €aVf(z")+ (I + adr)(z")
z* —aVf(z") € (I+adr)(z")
* = (I +adr) ' (z" —aVf(z"))
z* = prox, ,(z" —aV f(z"))
Which leads to the proximal gradient method:

T1 = prox,. . (zr — aV f(zk))

And this method converges at a rate of O(3)!

— mi : RPI
‘f W;rﬁ Composite optimization
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z")+ adr(z")
z* €aVf(z")+ (I + adr)(z")
z* —aVf(z") € (I+adr)(z")
* = (I +adr) ' (z" —aVf(z"))
zt = proxr,a(x* - an(a:*))
Which leads to the proximal gradient method:
Tk+1 = proxr,a(mk - an(mk))

And this method converges at a rate of O(3)!

1 Another form of proximal operator

. 1 . 1
prox; o (1) = prox, (zx) = arg min [af (o) + 5lle —anl]  prox,(on) = arg min [£(x) + 3z — 23]

n

‘f - ;nylr; Composite optimization 0 O 13
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Proximal operators examples

® r(z) =Alz|1, A>0
[prox,.(z)]: = [|zi| — A], - sign(z:),

which is also known as soft-thresholding operator.

— mi : P
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Proximal operators examples

® r(z) =Alz|1, A>0
[prox,.(z)]: = [|zi| — A], - sign(z:),

which is also known as soft-thresholding operator.

* r(z) = gllzll3, A >0 .

1+

prox,.(x) =

— mi : P
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Proximal operators examples

® r(x) = Alzli, A>0
[prox,.(x)]i = [lzs| — Al - sign(zs),
which is also known as soft-thresholding operator.
° r(x) = glzl3, A >0

2
x

1+

prox,.(x) =

° r(x) =1Is(z).
prox,.(zx — aV f(zk)) = proj.(zx — aV f(2k))

— mi : P
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Proximal operator properties

i Theorem

Let 7 : R™ — R U {400} be a convex function for which prox,. is defined. If there exists such an & € R™ that
r(x) < +oo. Then, the proximal operator is uniquely defined (i.e., it always returns a single unique value).

Proof:

‘f - §ny1r; Composite optimization 0 O
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Proximal operator properties

i Theorem

Let 7 : R™ — R U {400} be a convex function for which prox,. is defined. If there exists such an & € R™ that
r(x) < +oo. Then, the proximal operator is uniquely defined (i.e., it always returns a single unique value).

Proof:

The proximal operator returns the minimum of some optimization problem.
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Proximal operator properties

i Theorem

Let 7 : R™ — R U {400} be a convex function for which prox,. is defined. If there exists such an & € R™ that
r(x) < +oo. Then, the proximal operator is uniquely defined (i.e., it always returns a single unique value).

Proof:
The proximal operator returns the minimum of some optimization problem.

Question: What can be said about this problem?
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Proximal operator properties

i Theorem

Let 7 : R™ — R U {400} be a convex function for which prox,. is defined. If there exists such an & € R™ that
r(x) < +oo. Then, the proximal operator is uniquely defined (i.e., it always returns a single unique value).

Proof:
The proximal operator returns the minimum of some optimization problem.
Question: What can be said about this problem?

It is strongly convex, meaning it has exactly one unique minimum (the existence of & is necessary for
7(Z) + 1|l — #||3 to take a finite value somewhere).

R /- min 0 O 15
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Proximal operator properties

i Theorem

Let r : R™ — R U {400} be a convex function for which prox, is defined. Then, for any z,y € R", the
following three conditions are equivalent:

® prox,(z) =y,

Proof
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Proximal operator properties

i Theorem

Let r : R™ — R U {400} be a convex function for which prox, is defined. Then, for any z,y € R", the
following three conditions are equivalent:

® prox,(z) =y,

°® z—year(y),

Proof
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Proximal operator properties

i Theorem

Let r : R™ — R U {400} be a convex function for which prox, is defined. Then, for any z,y € R", the
following three conditions are equivalent:

® prox,(z) =y,

)

° (z—y,z—y) <r(z)—r(y) for any z € R™.

Proof
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Proximal operator properties

i Theorem

Let r : R™ — R U {400} be a convex function for which prox, is defined. Then, for any z,y € R", the
following three conditions are equivalent:

® prox,(z) =y,

)

° (z—y,z—y) <r(z)—r(y) for any z € R™.

Proof
1. Let's establish the equivalence between the first and
second conditions. The first condition can be
rewritten as

1
y = arg min (r(i:) + =z — i|\2> .
FERD 2

From the optimality condition for the convex
function r, this is equivalent to:

- 1 -
0e 8(r(x)+§|\x—w\|2)‘ =0r(y)+y—=.
=y
‘f% fnﬂ Composite optimization 0 O
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Proximal operator properties

i Theorem

Let r : R™ — R U {400} be a convex function for which prox, is defined. Then, for any z,y € R", the

following three conditions are equivalent:
® prox,(z) =y,
* z—yeair(y),
° (z—y,z—y) <r(z)—r(y) for any z € R™.

Proof

1. Let's establish the equivalence between the first and
second conditions. The first condition can be
rewritten as

1
y = arg min (r(i:) + =z — i|\2> .
FERD 2

From the optimality condition for the convex
function r, this is equivalent to:

1
0€0(r@+gle-3l)| o) +y-a.
R/ min B

Composite optimization

2. From the definition of the subdifferential, for any
subgradient g € f(y) and for any z € R%:

(9,2 —y) <r(z) —r(y).

In particular, this holds true for g = x — y.
Conversely, it is also clear: for g = z — y, the above
relationship holds, which means g € 9r(y).
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Proximal operator properties

i Theorem

The operator prox,.(x) is firmly nonexpansive (FNE)

[[prox,.(z) — prox,.(y)||3 < (prox, () — prox, (y), = — y)
and nonexpansive:
llprox,.(z) — prox, (y)[l2 < [lz — yl|2
Proof

1. Let u = prox,(z), and v = prox,.(y). Then, from the
previous property:

(x —u,z1 —u) <r(z1) —r(u)

(y —v,22 —v) <r(22) —r(v).

— mi : P
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Proximal operator properties

i Theorem

The operator prox,.(x) is firmly nonexpansive (FNE)
llprox, () — prox, (y) 13 < (prox, (x) — prox,(y),x —y)
and nonexpansive:

llprox,.(z) — prox, (y)[l2 < [lz — yl|2
Proof

1. Let u = prox,(z), and v = prox,.(y). Then, from the
previous property:

(x —u,z1 —u) <r(z1) —r(u)
(y —v, 22 —v) < r(z2) —r(v).
2. Substitute z; = v and z2 = u. Summing up, we get:
(r —u,v—u)+{y —v,u—v) <0,
(x —y,v—u) + |lv—ul3 <O0.

— mi : P
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Proximal operator properties

i Theorem

The operator prox,.(x) is firmly nonexpansive (FNE)

[[prox,.(z) — prox,.(y)||3 < (prox, () — prox, (y), = — y)
and nonexpansive:
llprox,.(z) — prox, (y)[l2 < [lz — yl|2
Proof

1. Let u = prox,.(z), and v = prox,.(y). Then, from the 3. Which is exactly what we need to prove after
previous property: substitution of u,v.

(x —u,z1 —u) <r(z1) —r(u)

u—l3 < (z—y,u—)
(y —v,22 —v) <r(22) —r(v).

2. Substitute z; = v and z2 = u. Summing up, we get:

<x—u,v—u>+(y—v,u—v>§0,
(w—y,v—u}—i—Hv—uH%SO.

— mi : P
‘f ﬁ}‘i Composite optimization
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Proximal operator properties

i Theorem

The operator prox,.(x) is firmly nonexpansive (FNE)

[[prox,.(z) — prox,.(y)[|3 < (prox, (x) — prox,(y),z — y)
and nonexpansive:
llprox,.(z) — prox, (y)[l2 < [lz — yl|2
Proof

1. Let u = prox,.(z), and v = prox,.(y). Then, from the 3. Which is exactly what we need to prove after
previous property: substitution of u,v.
(x —u,z1 —u) <r(z1) —r(u) lu—v|3 < (& —y,u—uv)
(y —v,22 —v) <7r(22) —r(v).

4. The last point comes from simple

2. Substitute z; = v and z2 = u. Summing up, we get: Cauchy-Bunyakovsky-Schwarz for the last inequality.

(r —u,v—u)+{y —v,u—v) <0,
(x—y,v—u}—i—Hv—uH%SO.

— mi : P
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Proximal operator properties

i Theorem

Let f: R" — RU {400} and r : R™ — R U {400} be convex functions. Additionally, assume that f is
continuously differentiable and L-smooth, and for r, prox,. is defined. Then, z* is a solution to the composite
optimization problem if and only if, for any a > 0, it satisfies:

z" = prox, ,(z* — aVf(z"))

Proof

1. Optimality conditions:

‘f%fn}‘; Composite optimization 0 O
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Proximal operator properties

i Theorem

Let f: R" — RU {400} and r : R™ — R U {400} be convex functions. Additionally, assume that f is
continuously differentiable and L-smooth, and for r, prox,. is defined. Then, z* is a solution to the composite
optimization problem if and only if, for any a > 0, it satisfies:

z" = prox, ,(z* — aVf(z"))
Proof

1. Optimality conditions:
0eVf(z") +or(z")

‘f%fn}‘; Composite optimization 0 O
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Proximal operator properties

i Theorem

Let f: R" — RU {400} and r : R™ — R U {400} be convex functions. Additionally, assume that f is
continuously differentiable and L-smooth, and for r, prox,. is defined. Then, z* is a solution to the composite
optimization problem if and only if, for any a > 0, it satisfies:

z" = prox, ,(z* — aVf(z"))

Proof

1. Optimality conditions:
0eVf(z") +or(z")
—aVf(z") €adr(z")
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Proximal operator properties

i Theorem

Let f: R" — RU {400} and r : R™ — R U {400} be convex functions. Additionally, assume that f is
continuously differentiable and L-smooth, and for r, prox,. is defined. Then, z* is a solution to the composite
optimization problem if and only if, for any a > 0, it satisfies:

z" = prox, ,(z* — aVf(z"))

Proof

1. Optimality conditions:

0eVf(z") +or(z")
—aVf(z") €adr(z")
" —aVf(z") —z" €adr(z”)

‘f% fnﬂ Composite optimization 0 O
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Proximal operator properties

i Theorem

Let f: R" — RU {400} and r : R™ — R U {400} be convex functions. Additionally, assume that f is
continuously differentiable and L-smooth, and for r, prox,. is defined. Then, z* is a solution to the composite
optimization problem if and only if, for any a > 0, it satisfies:

z" = prox, ,(z* — aVf(z"))

Proof
1. Optimality conditions:
0eVf(z") +or(z")
—aVf(z") €adr(z")
" —aVf(z") —z" €adr(z”)
2. Recall from the previous lemma:
prox,.(z) =y <z —y € dr(y)

‘f% fnﬂ Composite optimization 0 O
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Proximal operator properties

i Theorem

Let f: R" — RU {400} and r : R™ — R U {400} be convex functions. Additionally, assume that f is
continuously differentiable and L-smooth, and for r, prox,. is defined. Then, z* is a solution to the composite
optimization problem if and only if, for any a > 0, it satisfies:

z" = prox, ,(z* — aVf(z"))

Proof
1. Optimality conditions:
0eVf(z") +or(z")
—aVf(z") €adr(z")

" —aVf(z") —z" €adr(z”)

2. Recall from the previous lemma:
prox, (¢) = y & 7 — y € Ir(y)
3. Finally,
z" = prox,, (" —aVf(z")) = prox, ,(¢* — aV f(z"))

‘f% fnﬂ Composite optimization 0 O
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‘f — min
Tz

Theoretical tools for convergence analysis

Theoretical tools for convergence analysis
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Convergence tools

i Theorem
Let f: R™ — R be an L-smooth convex function. Then, for any x,y € R", the following inequality holds:
F(@) +(f()sy = ) + 57195 () = VW3 < F() or, equivalently
IVf(y) = VI@)lI3 =IVf(2) = V)3 < 2L (fx) = f(y) = (VF(y), 2 —y))

Proof

1. To prove this, we'll consider another function p(y) = f(y) — (V. f(z),y). It is obviously a convex function (as a
sum of convex functions). And it is easy to verify, that it is an L-smooth function by definition, since

Ve(y) = VI(y) — VF(x) and [|[Vo(y1) — Vo(y)ll = IV f(y1) = V()| < Lllyr — y2|l.

‘f - 5“.}‘; Theoretical tools for convergence analysis 0 O 20
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Convergence tools

i Theorem

Let f: R™ — R be an L-smooth convex function. Then, for any x,y € R", the following inequality holds:

F(@) +(f()sy = ) + 57195 () = VW3 < F() or, equivalently
IV5) = VI@IE =IVS @) = VIWIE < 2L (F(@) = F0) — (VS (0), 2 = )

Proof

1. To prove this, we'll consider another function p(y) = f(y) — (V. f(z),y). It is obviously a convex function (as a
sum of convex functions). And it is easy to verify, that it is an L-smooth function by definition, since

Vo(y) = Vi(y) = V() and [[Ve(yr) — Ve(ye)ll = [IVf(y1) — Vi (g)ll < Lllyr — w2
2. Now let’s consider the smoothness parabolic property for the ¢(y) function:
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Convergence tools

i Theorem

Let f: R™ — R be an L-smooth convex function. Then, for any x,y € R", the following inequality holds:

f(x) +(Vf(z),y — =) + %HVf(I) — Vi3 < f(y) or, equivalently,
IV£(y) = VI(@)3 =V () = VI < 2L (f(x) - fy) = (Vf),z—y))

Proof

1. To prove this, we'll consider another function p(y) = f(y) — (V. f(z),y). It is obviously a convex function (as a
sum of convex functions). And it is easy to verify, that it is an L-smooth function by definition, since
Veo(y) =V f(y) = Vf(z) and [[Ve(yr) — Ve(y)ll = IV F(y1) = VF(y2)ll < Lllys — y2|l.

2. Now let’s consider the smoothness parabolic property for the ¢(y) function:

Py) < 9(@) + (Vo(@),y - o) + 2y ol

‘f - 5“.}‘; Theoretical tools for convergence analysis D0 O 20
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Convergence tools

i Theorem
Let f: R™ — R be an L-smooth convex function. Then, for any x,y € R", the following inequality holds:
F(@) +(f()sy = ) + 57195 () = VW3 < F() or, equivalently
IVf(y) = VI@)lI3 =IVf(2) = V)3 < 2L (fx) = f(y) = (VF(y), 2 —y))

Proof

1. To prove this, we'll consider another function p(y) = f(y) — (V. f(z),y). It is obviously a convex function (as a
sum of convex functions). And it is easy to verify, that it is an L-smooth function by definition, since

Vo(y) =V I(y) = Vf(z) and [[Vo(yr) = Ve(y)ll = [VF(y1) — V()| < Lllyr — y2||.
2. Now let’s consider the smoothness parabolic property for the ¢(y) function:
L
Py) < e(@) + (Vo(),y —2) + Sy — =2

mrsr Ve o (y— 2Vp(y) < o) + (Vel) —L Vo) + 5 IVl
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Convergence tools

i Theorem

Let f: R™ — R be an L-smooth convex function. Then, for any x,y € R", the following inequality holds:

F(@) +(f()sy = ) + 57195 () = VW3 < F() or, equivalently
IV5) = VI@IE =IVS @) = VIWIE < 2L (F(@) = F0) — (VS (0), 2 = )

Proof

1. To prove this, we'll consider another function p(y) = f(y) — (V. f(z),y). It is obviously a convex function (as a
sum of convex functions). And it is easy to verify, that it is an L-smooth function by definition, since

Vo(y) = Vi(y) = V() and [[Ve(yr) — Ve(ye)ll = [IVf(y1) — Vi (g)ll < Lllyr — w2
2. Now let’s consider the smoothness parabolic property for the ¢(y) function:
L
Py) < e(@) + (Vo(),y —2) + Sy — =2
iy yimy— L 1 1 1
k90 o (y = 2Ve(y) < ely) + (Vo) ~7 Vo) ) + 57 VoW

© (y — %V@(y)) < oly) — illvw(y)\li

‘f - 5“.}‘; Theoretical tools for convergence analysis 0 O 20
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Convergence tools

3. From the first order optimality conditions for the convex function Vo(y) = Vf(y) — Vf(z) = 0. We can
conclude, that for any z, the minimum of the function ©(y) is at the point y = x. Therefore:

@) < ¢ (v- TVeW) < o) - 52 IVew)I3

— mi : :
‘f 511;1; Theoretical tools for convergence analysis D0 O
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Convergence tools

3. From the first order optimality conditions for the convex function Vo(y) = Vf(y) — Vf(z) = 0. We can
conclude, that for any z, the minimum of the function ©(y) is at the point y = x. Therefore:

@) < ¢ (v- TVeW) < o) - 52 IVew)I3

4. Now, substitute p(y) = f(y) — (Vf(z),y):

— mi : :
‘f 511;1; Theoretical tools for convergence analysis D0 O
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Convergence tools

3. From the first order optimality conditions for the convex function Vo(y) = Vf(y) — Vf(z) = 0. We can
conclude, that for any z, the minimum of the function ©(y) is at the point y = x. Therefore:

@) < ¢ (v- TVeW) < o) - 52 IVew)I3
4. Now, substitute p(y) = f(y) — (Vf(z),y):

fl@) = (Vf(z),z) < fly) = (Vf(z),y) — %Ilvf(y) — Vi@)ll3

— mi : :
‘f 511;1; Theoretical tools for convergence analysis D0 O

21
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Convergence tools

3. From the first order optimality conditions for the convex function Vo(y) = Vf(y) — Vf(z) = 0. We can
conclude, that for any z, the minimum of the function ©(y) is at the point y = x. Therefore:

pz) <o (y - %Vso(y)) <oly) - illvsﬁ(y)llg
4. Now, substitute p(y) = f(y) — (Vf(z),y):
f(@) = (Vf(z),2) < f(y) = (Vf(z),y) - %llvf(y) — Vi@)ll3

1@+ (VS (@)y =) + 519 0@) - V@I < /)

— mi : :
‘f 511;1; Theoretical tools for convergence analysis D0 O
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Convergence tools

3. From the first order optimality conditions for the convex function Vo(y) = Vf(y) — Vf(z) = 0. We can
conclude, that for any z, the minimum of the function ©(y) is at the point y = x. Therefore:

pz) <o (y - %Vso(y)) <oly) - illvsﬁ(y)llg
4. Now, substitute p(y) = f(y) — (Vf(z),y):
f(@) = (Vf(z),2) < f(y) = (Vf(z),y) - %llvf(y) — Vi@)ll3

1@+ (VS (@)y =) + 519 0@) - V@I < /)
I9) = V5@ < 2L (f(w) — =) — (VS (), y — 2)

— mi : :
‘f 511;1; Theoretical tools for convergence analysis 0 O

21
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Convergence tools

3. From the first order optimality conditions for the convex function Vo(y) = Vf(y) — Vf(z) = 0. We can
conclude, that for any z, the minimum of the function ©(y) is at the point y = x. Therefore:

pz) <o (y - %Vso(y)) <oly) - illvsﬁ(y)llg
4. Now, substitute p(y) = f(y) — (Vf(z),y):
f(@) = (Vf(z),2) < f(y) = (Vf(z),y) - %llvf(y) — Vi@)ll3

1@+ (VS (@)y =) + 519 0@) - V@I < /)

IVf(y) = VI(@)l5 < 2L (f(y) — f(z) = (Vf(2),y — x))
switchxandy |V f(2) = VF(@)|2 < 2L (f(2) = f(y) = (VF(v), 2 —v))

— min : N
‘f Tz Theoretical tools for convergence analysis
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Convergence tools

3. From the first order optimality conditions for the convex function Vo(y) = Vf(y) — Vf(z) = 0. We can
conclude, that for any z, the minimum of the function ©(y) is at the point y = x. Therefore:

pz) <o (y - %Vso(y)) <oly) - illvsﬁ(y)llg
4. Now, substitute p(y) = f(y) — (Vf(z),y):
f(@) = (Vf(z),2) < f(y) = (Vf(z),y) - %llvf(y) — Vi@)ll3

1@+ (VS (@)y =) + 519 0@) - V@I < /)

IVf(y) = VI(@)l5 < 2L (f(y) — f(z) = (Vf(2),y — x))
switchxandy |V f(2) = VF(@)|2 < 2L (f(2) = f(y) = (VF(v), 2 —v))
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Convergence tools

3. From the first order optimality conditions for the convex function Vo(y) = Vf(y) — Vf(z) = 0. We can
conclude, that for any z, the minimum of the function ©(y) is at the point y = x. Therefore:

pe) <o (y - %Vso(y)) < oly) - i\lvsﬁ(y)llg
4. Now, substitute p(y) = f(y) — (V /(). y):
f@) = (Vf(x),z) < fly) — (Vf(z),y) — %llvf(y) — V@)
1@+ (VS (@)y =) + 519 0@) - V@I < /)
IVf(y) = V()2 <2L(f(y) = f(z) = (VI(z),y — 2))
sitchxandy ||V f(2) = VF@)|5 < 2L (f(z) = f(y) — (Vf(y),z —y))

The lemma has been proved. From the first view it does not make a lot of geometrical sense, but we will use it as a
convenient tool to bound the difference between gradients.
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Convergence tools

i Theorem

Let f: R™ — R be continuously differentiable on R™. Then, the function f is p-strongly convex if and only if
for any z,y € R? the following holds:

Strongly convex case >0 (Vf(z) —Vf(y),z—y)
Convex case u=0 (Vf(z)—Vf(y),z

Proof

1. We will only give the proof for the strongly convex case, the convex one follows from it with setting 1 = 0. We
start from necessity. For the strongly convex function

Fw) = f(@) + (Vi(@).y —2) + Slle — yl3
F@) = f(y) + (Vf(y)a =) + Sl =yl
sm (Vf(z) = Vf(y),z—y) > pllz -yl
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Convergence tools
2. For the sufficiency we assume, that (Vf(z) — Vf(y),z — y) > ullz — y||*. Using Newton-Leibniz theorem

F@) = fy) + [V +ta —y)),x — y)dt:
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Convergence tools
2. For the sufficiency we assume, that (Vf(z) — Vf(y),z — y) > ullz — y||*. Using Newton-Leibniz theorem

F@) = fy) + [V +ta —y)),x — y)dt:

F(@) — Fy) — (VF(y)a—y) = / (VF(y + ta — 9, — g)dt — (V£(y),x — )

— mi N N
‘f §ny1r; Theoretical tools for convergence analysis 0 O

23


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Convergence tools
2. For the sufficiency we assume, that (Vf(z) — Vf(y),z — y) > ullz — y||*. Using Newton-Leibniz theorem

F@) = fy) + [V +ta —y)),x — y)dt:
F(@) — Fy) — (VF(y)a—y) = / (VF(y + ta — 9, — g)dt — (V£(y),x — )

1 1
<Vf(y),ac7y):f0 (VF(y),z—y)dt _ / (V4@ — ) — Vi), (@ — )t
0
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Convergence tools
2. For the sufficiency we assume, that (Vf(z) — Vf(y),z — y) > ullz — y||*. Using Newton-Leibniz theorem

F@) = fy) + [V +ta —y)),x — y)dt:
F(@) — F) — (VF(y)z—y) = / (VF(y + ta — 9, — g)dt — (V£(y),x — )
(VW= [T / T+ o — 1)) — V), (o — )t

1
ytte—y)—y=tlz—y) = / UV (y + tx — ) = VI(y), t(z —y))dt
0

— mi : :
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Convergence tools
2. For the sufficiency we assume, that (Vf(z) — Vf(y),z — y) > ullz — y||*. Using Newton-Leibniz theorem

F@) = F) + [ (V@ + tlz —y),x — y)dt:
ﬂm—f@%ﬁVﬂww—yw:AVVﬂy+ax—wxx—wﬁ—wVﬂww—y>
(12 =n=; (7w «—A?Vﬂy+uxw>VAwmmet
vhilemy =ty = /01 UV + e —y) = V(y), tx —y))dt

1
z/t*MWFwWﬁ
0
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Convergence tools
2. For the sufficiency we assume, that (Vf(z) — Vf(y),z — y) > ullz — y||*. Using Newton-Leibniz theorem

F@) = F) + [ (V@ + tlz —y),x — y)dt:
0 =)= e = = | (VI 1 ) — it (T e )
I e=f; (Traie / (S F ) — V) (& )
vhilemy =ty = /01 UV + e —y) = V(y), tx —y))dt

1 1
2/ t*luut(:c—y)l\zdt=u||w—y\|2/ tdt
0 0
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Convergence tools
2. For the sufficiency we assume, that (Vf(z) — Vf(y),z — y) > ullz — y||*. Using Newton-Leibniz theorem

F@) = F) + [ (V@ + tlz —y),x — y)dt:
ﬂm—f@%ﬁVﬂww—yw:AVVﬂy+ax—wxx—wﬁ—wVﬂww—y>
(12 =n=; (7w «—A?Vﬂy+uxw>VAwmmet
vhilemy =ty = /01 UV + e —y) = V(y), tx —y))dt

1 1
> [l = P =l ol [ var= e - ol
0 0
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Convergence tools
2. For the sufficiency we assume, that (Vf(z) — Vf(y),z — y) > ullz — y||*. Using Newton-Leibniz theorem

F@) = F) + [ (V@ + tlz —y),x — y)dt:
ﬂm—f@%ﬁVﬂww—yw:AVVﬂy+ax—wxx—wﬁ—wVﬂww—y>
(12 =n=; (7w «—A?Vﬂy+uxw>VAwmmet
vhilemy =ty = /01 UV + e —y) = V(y), tx —y))dt

1 1
> [l = P =l ol [ var= e - ol
0 0
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Convergence tools
2. For the sufficiency we assume, that (Vf(z) — Vf(y),z — y) > ullz — y||*. Using Newton-Leibniz theorem

F@) = @)+ [ (VI + @ —y),z — y)dt:
0 =)= e = = | (VI 1 ) — it (T e )
I e=f; (Traie / (S F ) — V) (& )
vHE-y)-y=tle—y) = /01 VS (y+ e —y) = VI(y), bz —y))dt
> /Oltluu(x —y)lPdt = lla — I /Oltdt = eyl

Thus, we have a strong convexity criterion satisfied

F@) > f) + (Vi).a =) + Elle -yl
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Convergence tools
2. For the sufficiency we assume, that (Vf(z) — Vf(y),z — y) > ullz — y||*. Using Newton-Leibniz theorem

F@) = @)+ [ (VI + @ —y),z — y)dt:
0 =)= e = = | (VI 1 ) — it (T e )
I e=f; (Traie / (S F ) — V) (& )
vHE-y)-y=tle—y) = /01 VS (y+ e —y) = VI(y), bz —y))dt
> /Oltluu(x —y)lPdt = lla — I /Oltdt = eyl

Thus, we have a strong convexity criterion satisfied

1@) 2 1) + (V)2 — y) + Ello =yl or, equivivalently:
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Convergence tools
2. For the sufficiency we assume, that (Vf(z) — Vf(y),z — y) > ullz — y||*. Using Newton-Leibniz theorem

F@) = F) + [ (V@ + tlz —y),x — y)dt:
7@ — 1) — (V) o —9) = / (S F e — ) e )t — () - )
I I / (Tt - )~ VI, (o - e
0
vhilemy =ty = /01 UV + e —y) = V(y), tx —y))dt
> /Oltluu(x — y)|Pdt = pllr — ) /Oltdt = Llle —yl3
Thus, we have a strong convexity criterion satisfied

1@) 2 1) + (V)2 — y) + Ello =yl or, equivivalently:

switch x and y — <Vf(l'),93 - y> S - (f(l‘) - f(y) + %Hx - yH§>
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Proximal Gradient Method. Convex case

Proximal Gradient Method. Convex case
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Convergence

i Theorem
Consider the proximal gradient method

Tht1 = Prox,,. (xr — aV f(zk))

For the criterion p(z) = f(z) + r(x), we assume:
® fis convex, differentiable, dom(f) = R"™, and V f is Lipschitz continuous with constant L > 0.
® 1 is convex, and prox,, (x) = arg min [ar(z) + 3|l — zk[13] can be evaluated.
TER™

Proximal gradient descent with fixed step size a = 1/L satisfies

o _ Llzmo —a*|?
_ < 220 =2 0
wlxr) — ¢~ < o 7

Proximal gradient descent has a convergence rate of O(1/k) or O(1/¢). This matches the gradient descent rate!
(But remember the proximal operation cost)
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Convergence
Proof

1. Let's introduce the gradient mapping, denoted as G (), acts as a “gradient-like object”:

Tr41 = ProxX,, (zx — aV f(zk))

Tht1 = T — aGa(zp).

where G4 () is:
1
Ga(x) = a (.’E — Prox,, (‘T - Osz (CE‘)))
Observe that G (z) = 0 if and only if x is optimal. Therefore, G, is analogous to V. If x is locally optimal, then

Gao(z) = 0 even for nonconvex f. This demonstrates that the proximal gradient method effectively combines
gradient descent on f with the proximal operator of r, allowing it to handle non-differentiable components effectively.
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Convergence
Proof

1. Let's introduce the gradient mapping, denoted as G (), acts as a “gradient-like object”:

Tr41 = ProxX,, (zx — aV f(zk))

Tht1 = T — aGa(zp).
where G, (z) is:
Gal@) = = (v~ prox,, (z — a¥ ] (2)))

Observe that G (z) = 0 if and only if x is optimal. Therefore, G, is analogous to V. If x is locally optimal, then
Gao(z) = 0 even for nonconvex f. This demonstrates that the proximal gradient method effectively combines
gradient descent on f with the proximal operator of r, allowing it to handle non-differentiable components effectively.

2. We will use smoothness and convexity of f for some arbitrary point x:
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Convergence
Proof

1. Let's introduce the gradient mapping, denoted as G (), acts as a “gradient-like object”:

Tr41 = ProxX,, (zx — aV f(zk))

Tht1 = T — aGa(zp).
where G, (z) is:
Gal@) = = (v~ prox,, (z — a¥ ] (2)))

Observe that G (z) = 0 if and only if x is optimal. Therefore, G, is analogous to V. If x is locally optimal, then
Gao(z) = 0 even for nonconvex f. This demonstrates that the proximal gradient method effectively combines
gradient descent on f with the proximal operator of r, allowing it to handle non-differentiable components effectively.

2. We will use smoothness and convexity of f for some arbitrary point x:

L
smoothness f(Zr+1) < f(zr) + (Vf(2h), Trs1 = zi) + S llzre — |3
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Convergence
Proof

1. Let's introduce the gradient mapping, denoted as G (), acts as a “gradient-like object”:

Tr41 = ProxX,, (zx — aV f(zk))

Tht1 = T — aGa(zp).
where G, (z) is:
Gal@) = = (v~ prox,, (z — a¥ ] (2)))

Observe that G (z) = 0 if and only if x is optimal. Therefore, G, is analogous to V. If x is locally optimal, then
Gao(z) = 0 even for nonconvex f. This demonstrates that the proximal gradient method effectively combines
gradient descent on f with the proximal operator of r, allowing it to handle non-differentiable components effectively.

2. We will use smoothness and convexity of f for some arbitrary point x:
L
smoothness f(wk+1) < f(:l]k) + <Vf($k),l'k+1 — $k> + §H$k+1 — xk||§

convexity f(z)>f(zr)+(V f(zy) z—zk)
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Convergence
Proof

1. Let's introduce the gradient mapping, denoted as G (), acts as a “gradient-like object”:

Tr41 = ProxX,, (zx — aV f(zk))

Tht1 = T — aGa(zp).
where G, (z) is:
Gal@) = = (v~ prox,, (z — a¥ ] (2)))

Observe that G (z) = 0 if and only if x is optimal. Therefore, G, is analogous to V. If x is locally optimal, then
Gao(z) = 0 even for nonconvex f. This demonstrates that the proximal gradient method effectively combines
gradient descent on f with the proximal operator of r, allowing it to handle non-differentiable components effectively.

2. We will use smoothness and convexity of f for some arbitrary point x:

L
smoothness f (Z-41) < f (@) +(Vf(2n), Trsr = zi) + S llzre — |3

2
convexity f(2)2f () (VI (@) e—zk) < f(a) — (Vf(z), x — k) + (V(@r), p1 — 2x) + %HGa(ﬂ%)Hg
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Convergence
Proof

1. Let's introduce the gradient mapping, denoted as G (), acts as a “gradient-like object”:

Tr41 = ProxX,, (zx — aV f(zk))

Tht1 = T — aGa(zp).
where G, (z) is:
Gal@) = = (v~ prox,, (z — a¥ ] (2)))

Observe that G (z) = 0 if and only if x is optimal. Therefore, G, is analogous to V. If x is locally optimal, then
Gao(z) = 0 even for nonconvex f. This demonstrates that the proximal gradient method effectively combines
gradient descent on f with the proximal operator of r, allowing it to handle non-differentiable components effectively.

2. We will use smoothness and convexity of f for some arbitrary point x:

L
smoothness f (Z-41) < f (@) +(Vf(2n), Trsr = zi) + S llzre — |3
2
4 L
comvedty f(@)2f (i) KV (@) e=ei) < fz) — (V (), @ — zr) +(V(@R), Trrr — zk) + aT\|Ga(xk)||§

2
< @)+ (V@) wae —a) + S Galwn) 3
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Convergence
3. Now we will use a proximal map property, which was proven before:
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Convergence
3. Now we will use a proximal map property, which was proven before:

Tht1 = prox,,. (zr — aVf(xk)) & zr — aVf(zy) — p+1 € ar(Tpy1)
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Convergence
3. Now we will use a proximal map property, which was proven before:

Tht1 = prox,,. (zr — aVf(xk)) & zr — aVf(zy) — p+1 € ar(Tpy1)
Since zp41 — xx = —aGao(zy) = aGo(rr) — aVf(zk) € Oar(Trs1)
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Convergence
3. Now we will use a proximal map property, which was proven before:

ZTp+1 = prox,,. (xx — aV f(zk)) & zx — oV f(zk) — Tht1 € Oar(Te+1)
Since zp41 — xx = —aGao(zy) = aGo(rr) — aVf(zk) € Oar(Trs1)
Gaol(zr) — Vf(zr) € Or(xps1)
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Convergence
3. Now we will use a proximal map property, which was proven before:

ZTp+1 = prox,,. (xx — aV f(zk)) & zx — oV f(zk) — Tht1 € Oar(Te+1)
Since zp41 — xx = —aGao(zy) = aGo(rr) — aVf(zk) € Oar(Trs1)
Gaol(zr) — Vf(zr) € Or(xps1)

4. By the definition of the subgradient of convex function r for any point x:

— mi : "
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Convergence
3. Now we will use a proximal map property, which was proven before:

ZTp+1 = prox,,. (xx — aV f(zk)) & zx — oV f(zk) — Tht1 € Oar(Te+1)
Since zp41 — xx = —aGao(zy) = aGo(rr) — aVf(zk) € Oar(Trs1)
Gaol(zr) — Vf(zr) € Or(xps1)

4. By the definition of the subgradient of convex function r for any point x:

r(x) > (k1) + (9, % — Thy1), g € Or(Trtr)

— mi : "
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Convergence
3. Now we will use a proximal map property, which was proven before:

Tr+1 = ProxX,, (zx — oV f(zk)) & zp —aV f(zr) — Try1 € Oar(Trs1)
Since zp41 — xx = —aGao(zy) = aGo(rr) — aVf(zk) € Oar(Trs1)
Gaol(zr) — Vf(zr) € Or(xps1)
4. By the definition of the subgradient of convex function r for any point x:

r(x) > (k1) + (9, % — Thy1), g € Or(Trtr)
substitute specific subgradient T(.T) Z T($k+1) + <Ga (.Tk) — Vf(a:), xr — .T]c+1>

— mi : "
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Convergence
3. Now we will use a proximal map property, which was proven before:
Tht1 = prox,,. (zr — aVf(xk)) & zx — oV f(zr) — Tiy1 € Oor(Try1)
Since zp41 — xx = —aGao(zy) = aGo(rr) — aVf(zk) € Oar(Trs1)
Gaol(zr) — Vf(zr) € Or(xps1)
4. By the definition of the subgradient of convex function r for any point x:
r(x) > 7(Te41) + (9, — Tey1), g € Ir(Tht1)
substitute specific subgradient T(.T) Z T($k+1) + <Ga (.Tk) — Vf(a:), xr — .T]c+1>
7n(x) > T($k+1) + <G0¢(mk)7$ - xk+1> - <Vf(33),.’l’ — $k+1>

— mi : "
‘f 511;1; Proximal Gradient Method. Convex case
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Convergence
3. Now we will use a proximal map property, which was proven before:
Tht1 = prox,,. (zr — aVf(xk)) = zr — aVf(zy) — p+1 € ar(Tpy1)
Since zp41 — xx = —aGao(zy) = aGo(rr) — aVf(zk) € Oar(Trs1)
Ga(zy) = Vf(xy) € Or(wpr1)
4. By the definition of the subgradient of convex function r for any point x:
r(z) > r(Ths1) + (9,7 — Tur1), g € Or(Trt1)
substitute specific subgradient r(z) > r(wes1) + (Ga(zk) = VI(2), 2 — Tiy1)
r(@) 2 r(@e41) + (Galar), ¢ — Teg1) — (V(2), 2 — Trtr)
(Vf(@), zre1 — ) < () = r(wr1) = (Galzr), T — Tpt)

— mi : "
‘f 511;1; Proximal Gradient Method. Convex case
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Convergence
3. Now we will use a proximal map property, which was proven before:
Tht1 = prox,,. (zr — aVf(xk)) = zr — aVf(zy) — p+1 € ar(Tpy1)
Since zp41 — xx = —aGao(zy) = aGo(zy) —aV f(zr) € Oar(zg41)
Ga(zy) = Vf(xy) € Or(wpr1)
4. By the definition of the subgradient of convex function r for any point x:
r(z) > r(Ths1) + (9,7 — Tur1), g € Or(Trt1)
substitute specific subgradient r(z) > r(wes1) + (Ga(zk) = VI(2), 2 — Tiy1)
(@) = r(wr) + (Galzr), @ — zp1) = (VF(2), 2 — Thpa)
(Vf(@), zre1 — ) < () = r(wr1) = (Galzr), T — Tpt)

5. Taking into account the above bound we return back to the smoothness and convexity:
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Convergence
3. Now we will use a proximal map property, which was proven before:
Tht1 = prox,,. (zr — aVf(xk)) = zr — aVf(zy) — p+1 € ar(Tpy1)
Since zp41 — xx = —aGao(zy) = aGo(rr) — aVf(zk) € Oar(Trs1)
Ga(zy) = Vf(xy) € Or(wpr1)
4. By the definition of the subgradient of convex function r for any point x:
r(z) > r(Ths1) + (9,7 — Tur1), g € Or(Trt1)
substitute specific subgradient r(z) > r(wes1) + (Ga(zk) = VI(2), 2 — Tiy1)
(@) = r(wr) + (Galzr), @ — zp1) = (VF(2), 2 — Thpa)
(Vf(@), zre1 — ) < () = r(wr1) = (Galzr), T — Tpt)

5. Taking into account the above bound we return back to the smoothness and convexity:

2
Flern) < @)+ (), mesn — ) + 5L Ga(wn)
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Convergence
3. Now we will use a proximal map property, which was proven before:

Tht1 = prox,,. (zr — aVf(xk)) = zr — aVf(zy) — p+1 € ar(Tpy1)

Since zp41 — xx = —aGao(zy) = aGo(rr) — aVf(zk) € Oar(Trs1)

Ga(zy) = Vf(xy) € Or(wpr1)

4. By the definition of the subgradient of convex function r for any point x:
r(z) > r(Ths1) + (9,7 — Tur1), g € Or(Trt1)
substitute specific subgradient r(z) > r(wes1) + (Ga(zk) = VI(2), 2 — Tiy1)

(@) = r(wr) + (Galzr), @ — zp1) = (VF(2), 2 — Thpa)
(Vf(@), zre1 — ) < () = r(wr1) = (Galzr), T — Tpt)

5. Taking into account the above bound we return back to the smoothness and convexity:
O[QL 2
f(@es1) < flz) +(VF(zk), 2o — ) + T”Ga(mk)uz

fxes1) < flx) +r(x) — r(zrs1) — (Ga(zk), 2 — Tpt1) + LQLHGa(ﬂCk)H%
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Convergence
3. Now we will use a proximal map property, which was proven before:

Tht1 = prox,,. (zr — aVf(xk)) = zr — aVf(zy) — p+1 € ar(Tpy1)

Since zp41 — xx = —aGao(zy) = aGo(rr) — aVf(zk) € Oar(Trs1)

Ga(zy) = Vf(xy) € Or(wpr1)

4. By the definition of the subgradient of convex function r for any point x:
r(z) > r(Ths1) + (9,7 — Tur1), g € Or(Trt1)
substitute specific subgradient r(z) > r(wes1) + (Ga(zk) = VI(2), 2 — Tiy1)

(@) = r(wr) + (Galzr), @ — zp1) = (VF(2), 2 — Thpa)
(Vf(@), zre1 — ) < () = r(wr1) = (Galzr), T — Tpt)

5. Taking into account the above bound we return back to the smoothness and convexity:
O[QL 2
f(@es1) < flz) +(VF(zk), 2o — ) + T”Ga(mk)uz
azL 2
fxes1) < flx) +r(x) — r(zrs1) — (Ga(zk), 2 — Tpt1) + THGa(M)Hz

f@rgr) +r(@rs1) < f(x) +r(z) — (Galzk), z — 2k + aGalxk)) + %“Ga(l’k)”%
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Convergence

6. Using ¢(z) = f(z) + r(x) we can now prove extremely useful inequality, which will allow us to demonstrate
monotonic decrease of the iteration:
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Convergence

6. Using ¢(z) = f(z) + r(x) we can now prove extremely useful inequality, which will allow us to demonstrate
monotonic decrease of the iteration:

2
e

L
= 1Ga o)l

P(rt1) < () = (Galzr),z — ok) — (Galzk), aGa(zr)) +
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Convergence

6. Using ¢(z) = f(z) + r(x) we can now prove extremely useful inequality, which will allow us to demonstrate
monotonic decrease of the iteration:

2
e

L
= 1Ga o)l

P(rt1) < () = (Galzr),z — ok) — (Galzk), aGa(zr)) +

o(zry1) < o(z) + (Galzr), zx —x) + % (aL = 2) |Ga (k)3
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Convergence

6. Using ¢(z) = f(z) + r(x) we can now prove extremely useful inequality, which will allow us to demonstrate
monotonic decrease of the iteration:

2
e

L
= 1Ga o)l

P(rt1) < () = (Galzr),z — ok) — (Galzk), aGa(zr)) +

o(zry1) < o(z) + (Galzr), zx —x) + % (aL = 2) |Ga (k)3

a<t=%(aL-2)<-%
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Convergence

6. Using ¢(z) = f(z) + r(x) we can now prove extremely useful inequality, which will allow us to demonstrate
monotonic decrease of the iteration:

2
e

2

o(zrs1) < () — (Ga(xr), — 1) — (Ga(wk), aGa(Tr)) + L |G ()3
o(zry1) < o(z) + (Galzr), zx —x) + % (aL = 2) |Ga (k)3

a o «
OSEFEOLDIF o(ay40) < 9(@) + (Gal@r), 2k — T) — §|\Ga(l‘k)||§
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Convergence

6. Using ¢(z) = f(z) + r(x) we can now prove extremely useful inequality, which will allow us to demonstrate
monotonic decrease of the iteration:

2
e

L
= 1Ga o)l

(i) < (@) — (Galwn), o — 1) — (Galwn), aGalzr) +

a
¢(@r41) < p(2) +(Galzr), 2e —2) + 5 (al —2) 1Ga(x)lI3
a o a
CSEFFOLDIF p(a0) < (@) + (Galan), ok — ) — §|\Ga(xk)||§
7. Now it is easy to verify, that when © = x; we have monotonic decrease for the proximal gradient algorithm:

plare) < plar) = 5[1Ca )3
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Convergence

8. When z = z™:

‘f — min
e
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Convergence

8. When z = z™:

‘f — min
e

plere) < p(a”) + (Galar) e — ") = Sl|Ga(@)ll3
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Convergence

8. When z = z™:

‘f — min
e

plere) < p(a”) + (Galar) e — ") = Sl|Ga(@)ll3

plarsn) = p(a") < (Galer) ze — ") = Sl|Ga(@n)3
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Convergence

8. When z = z™:

‘f — min
e

plere) < p(a”) + (Galar) e — ") = Sl|Ga(@)ll3
plarsn) = p(a") < (Galer) ze — ") = Sl|Ga(@n)3

< — [2(aGa(xr), zr — 2°) — [aGa(zr)||3]

1
2a

Proximal Gradient Method. Convex case
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Convergence

8. When z = z™:
* * a
o(xrs1) < (@) + (Galzr), ox — ™) — §|\Ga(mk)|\§

P(ari1) — p(z7) < (Galzr), 2 — %) — %IIGa(mk)llﬁ

1 *
< 5o [2(aGa(ar), ar —27) — [aGa(an)ll3]
1 * * *
< 0g [2(aGa k), z — 2°) — [aGa(z)||5 — ok — 27|13 + lox — 27||3]
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Convergence

8. When z = z™:

1 *

< 5o [2(aGa(ar), ar —27) — [aGa(an)ll3]
1 * * *

< %0 [2(aGa(xk),ack —z*) — [[aGa (@) |3 = lzx — |3 + ||zx — = Hg]
1 * *

<5 [~llzk — 2" — aGal(ak)|3 + ok — =*|3]
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Convergence

8. When z = z™:
o(zr41) < (o
P(@r+1) — p(z") <
<
<
<
<
R Somin o imal Gradient Method. Convex case

—~

Q

gl-B=§l-8l~

")+ (Galar),ar — 2") = S| Galan) 3
o(@n), wn — ") = S| Gaan)[3

[2(aGa(@r), 2 — 27) — laGa(a)|3]

[2(aGa(or), 2 — 2°) = [aGalen) I3 = ok — oI5 + llax — 23]
[*ka — " — aGa(z)|3 + lzx — 23]

[

lzk — 2|3 — llzesr — 2*|I5 ]
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Convergence
9. Now we write the bound above for all iterations ¢ € 0,k — 1 and sum them:

. L|wo—z*||2 . . .
Which is a standard w with a = % or, O (%) rate for smooth convex problems with Gradient Descent!
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Convergence
9. Now we write the bound above for all iterations ¢ € 0,k — 1 and sum them:

k—1

S lelwien) — 0] < 5o [lzo =271 = llow — 2” ]

=0

. L|wo—z*||2 . . .
Which is a standard w with a = % or, O (%) rate for smooth convex problems with Gradient Descent!
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Convergence

9. Now we write the bound above for all iterations ¢ € 0,k — 1 and sum them:

k—1
* 1 *112 * 12
> le(@ivn) = (@) < 5 [llao — 27|13 — o — 2”[13]
=0
1 *
< 5ollwo — a3

. L|wo—z*||2 . . .
Which is a standard w with a = % or, O (%) rate for smooth convex problems with Gradient Descent!
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Convergence
9. Now we write the bound above for all iterations ¢ € 0,k — 1 and sum them:

k—1
* 1 *112 * 12
> le(@ivn) = (@) < 5 [llao — 27|13 — o — 2”[13]
=0
< 5ol =73

10. Since ¢(x1) is a decreasing sequence, it follows that:

. L|wo—z*||2 . . .
Which is a standard w with a = % or, O (%) rate for smooth convex problems with Gradient Descent!
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https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Convergence
9. Now we write the bound above for all iterations ¢ € 0,k — 1 and sum them:

k—1

D le(win) = p(a)] <

=0

[lzo — " [13 — Il — 27|I3]

[\
— Q"_‘

<7 %2
el — "

10. Since ¢(x1) is a decreasing sequence, it follows that:

k—1

k—
Zw(xk) = kep(zr) < Z (zit1)

=0

. L|wo—z*||2 . . .
Which is a standard w with a = % or, O (%) rate for smooth convex problems with Gradient Descent!
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Convergence
9. Now we write the bound above for all iterations ¢ € 0,k — 1 and sum them:

k—1
* 1 *112 * 12
> le(@ivn) = (@) < 5 [llao — 27|13 — o — 2”[13]
i=0
< 5lleo — a7l
10. Since ¢(x1) is a decreasing sequence, it follows that:
k—1 k-1
> _elan) = k(o) < lwien)
i1=0 1=0
k—1
<1
k‘ @(wit1)
1=0

. L|wo—z*||2 . . .
Which is a standard w with a = % or, O (%) rate for smooth convex problems with Gradient Descent!
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Convergence
9. Now we write the bound above for all iterations ¢ € 0,k — 1 and sum them:

k—1
* 1 * *
> le(@ivn) = (@) < 5 [llao — 27|13 — o — 2”[13]
i=0
< sl — I3
10. Since ¢(x1) is a decreasing sequence, it follows that:
k-1 k—1
> _elan) = k(o) < lwien)
i1=0 1=0
e
plon) < ¢ Z p(zit1)
k—1
N 1 N o — z*||3
ol = p(a") < £ 3 lolorn) —ole)l < Lkl

. L|wo—z*||2 . . .
Which is a standard w with a = % or, O (%) rate for smooth convex problems with Gradient Descent!
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‘f — min
Tz

Proximal Gradient Method. Strongly convex case
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Convergence

i Theorem
Consider the proximal gradient method

Ti41 = Prox,,. (zx — aVf(zk))

For the criterion o(x) = f(x) + r(z), we assume:

® fis p-strongly convex, differentiable, dom(f) = R™, and Vf is Lipschitz continuous with constant
L>0.

® 1 is convex, and prox,,.(zx) = arg min |ar(z) + ||z — zx]|3] can be evaluated.
ar ZERP 2

Proximal gradient descent with fixed step size aw < 1/L satisfies
[rs1 = 2|3 < (1 — ap)” |lzo — ™13

This is exactly gradient descent convergence rate. Note, that the original problem is even non-smooth!
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Convergence

Proof

1. Considering the distance to the solution and using the stationary point lemm:
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Convergence
Proof

1. Considering the distance to the solution and using the stationary point lemm:

lzks1 = 2"[|3 = [[proxg s (zr — aV f(ar)) — 2”3
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33


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Convergence

Proof

1. Considering the distance to the solution and using the stationary point lemm:

lzks1 = 2"[|3 = [[proxg s (zr — aV f(ar)) — 2”3

stationary point lemm = ||prox,, ; (xx — &V f(xx)) — prox, ;(z* — aVf(z)|3

‘f - 511;1; Proximal Gradient Method. Strongly convex case
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Convergence

Proof

1. Considering the distance to the solution and using the stationary point lemm:

lzks1 = 2"[|3 = [[proxg s (zr — aV f(ar)) — 2”3
stationary point lemm = ||prox,, ; (xx — &V f(xx)) — prox, ;(z* — aVf(z)|3

nonexpansiveness S ||£L‘k - CMVf(Q?k) - .ZB* + OéVf(ZE*)”g
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Convergence

Proof
1. Considering the distance to the solution and using the stationary point lemm:
[@ks1 — 2|3 = [lproxg s (z1 — aV f (@) — 2”3
stationary point lemm = ||prox,, ; (xx — &V f(xx)) — prox, ;(z* — aVf(z)|3

nonexpansiveness < ||£L‘k - CMVf(Q?k) -z + OéVf(ZE*)”g
= llon — 2" ” = 204V f (@) = VF(2"), 2x = 27) + &(|V f(wr) = V()12

‘f - §ny1r; Proximal Gradient Method. Strongly convex case D0
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Convergence

Proof

1. Considering the distance to the solution and using the stationary point lemm:

zrsr — 2|13 = Iproxe s (e — aV f(zr)) — "3
stationary point lemm = ||prox,, ; (xx — &V f(xx)) — prox, ;(z* — aVf(z)|3
nonexpansiveness < ||z — aV f(xy) — 2 + oV f(z")||3
= |lzx — 27|* = 20(Vf (2x) = Vf(@"), 26 — 2") + ||V f(2x) = VS (2")]3

2. Now we use smoothness from the convergence tools and strong convexity:
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Convergence

Proof

1. Considering the distance to the solution and using the stationary point lemm:

zrsr — 2|13 = Iproxe s (e — aV f(zr)) — "3
stationary point lemm = ||prox,, ; (xx — &V f(xx)) — prox, ;(z* — aVf(z)|3
nonexpansiveness < ||£L‘k - CMVf(Q?k) -z + OéVf(ZE*)”g
= llk — «"||* = 20(Vf (2x) = VF(2"),xn — 2) + *||V f(ar) = V()3
2. Now we use smoothness from the convergence tools and strong convexity:

smoothness [|Vf(zr) — V(23 < 2L (f(z1) - f(@") — (Vf(&") 2k — ")

‘f - 511;1; Proximal Gradient Method. Strongly convex case D0
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Convergence

Proof

1. Considering the distance to the solution and using the stationary point lemm:
zrsr — 2|13 = Iproxe s (e — aV f(zr)) — "3
stationary point lemm = ||prox,, ; (xx — &V f(xx)) — prox, ;(z* — aVf(z)|3
nonexpansiveness < ||£L‘k - CMVf(Q?k) -z + OéVf(ZE*)”g
= llk — «"||* = 20(Vf (2x) = VF(2"),xn — 2) + *||V f(ar) = V()3
2. Now we use smoothness from the convergence tools and strong convexity:
smoothness ||V f(zx) — Vf(z")3 < 2L (f(z1) — f(") = (Vf(x),an — 7))
strong convexity — (Vf(a1) = V(") on —2) < = (f(an) = £(a") + Sllow = a”8) = (V") 0 = ")
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Convergence

3. Substitute it:

‘f — min
Tz

Proximal Gradient Method. Strongly convex case
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Convergence

3. Substitute it:

‘f — min
Tz

s = "3 < llow = 2" = 20 (F(@0) = £ + & o = 2*13) = 200V S (@), 2 = ")+

+a2L (f(ar) — f(2") = (Vf(a"),zr — 7))
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Convergence

3. Substitute it:

‘f — min
Tz

s = "3 < llow = 2" = 20 (F(@0) = £ + & o = 2*13) = 200V S (@), 2 = ")+

+a®2L (f(1) — f(&") — (VF(@)sai — 7))
< (1—ap)llax — " |* +2a(aL — 1) (f(z1) — f(2") = (V") an — "))
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Convergence

3. Substitute it:

s = "3 < llow = 2" = 20 (F(@0) = £ + & o = 2*13) = 200V S (@), 2 = ")+
+a®2L (f(x) - f(@") — (VI(@),ax — 7))
< (1 - ap)lax — 2" + 20(aL — 1) (f(as) — f(") = (Vf(a"), 25 — =)
4. Due to convexity of f: f(zx) — f(z*) — (Vf(z*),zr — z*) > 0. Therefore, if we use o < 1:
lzier — "3 < (1 — ap)lax — 2",

which is exactly linear convergence of the method with up to 1 — £ convergence rate.
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Accelerated Proximal Method

i Accelerated Proximal Method

Let o = yo € dom(r). For k > 1:

Achieves

‘f — min
Tz

Proximal Gradient Method. Strongly convex case

T = Proxy, p(Ye—1 — V f(yr-1))
k—1

Yk = Tk + m(a?k — Tp—1)

« _ 2L||lzo — z*|?
o(zk) —¢" < %
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Accelerated Proximal Method

i Accelerated Proximal Method
Let o = yo € dom(r). For k > 1:

T = Proxy, p(Ye—1 — V f(yr-1))

=z +E(x —Zp 1)
Yk = Tk 1ok k—1

Achieves 9
v« _ 2L||lxo — x*
plze) —¢" < %

Framework due to: Nesterov (1983, 2004); also Beck, Teboulle (2009). Simplified analysis: Tseng (2008).

® Uses extra “memory” for interpolation
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Accelerated Proximal Method

i Accelerated Proximal Method
Let o = yo € dom(r). For k > 1:

T = Proxy, p(Ye—1 — V f(yr-1))

==z —|—E(x — Tp—1)
Yk =Tk + 5 (@ = T

Achieves 9
v« _ 2L||lxo — x*
plze) —¢" < %

Framework due to: Nesterov (1983, 2004); also Beck, Teboulle (2009). Simplified analysis: Tseng (2008).

® Uses extra “memory” for interpolation
® Same computational cost as ordinary prox-grad
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Accelerated Proximal Method

i Accelerated Proximal Method
Let o = yo € dom(r). For k > 1:

T = Proxy, p(Ye—1 — V f(yr-1))

==z —|—E(x — Tp—1)
Yk =Tk + 5 (@ = T

Achieves 9
v« _ 2L||lxo — x*
plze) —¢" < %

Framework due to: Nesterov (1983, 2004); also Beck, Teboulle (2009). Simplified analysis: Tseng (2008).

® Uses extra “memory” for interpolation
® Same computational cost as ordinary prox-grad
® Convergence rate theoretically optimal
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‘f — min
Tz

Numerical experiments

Numerical experiments
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Quadratic case

1
(@) = gl Az = bl3 + Alelh — min,  A€R™", A(7ATA) € [ L]

Linear Least Squares with £; Regularization (LASSO).
m=1000, n=100, A=0, p=0, L=10. Optimal sparsity: 0.0e+00

Function Gap Distance to Optimal Solution Subgradient Norm
2 |
B 10 101 -
t._ = 10° 1
| 1072 4 x =
—_ | >
< = =
= 1076 4 = 10° 5 1073 ~
0 200 400 600 0 200 400 600 0 200 400 600
Iteration Iteration Iteration
—— Subgrad Ir 9.0e-02. Sparsity 0.0e+00 Proximal Ir 9.0e-02. Sparsity 0.0e+00

Figure 2: Smooth convex case. Sublinear convergence, no convergence in domain, no difference between subgradient and

proximal methods
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Quadratic case

1
(@) = gl Az = bl3 + Alelh — min,  A€R™", A(7ATA) € [ L]

Linear Least Squares with £; Regularization (LASSO).
m=1000, n=100, A=1, p=0, L=10. Optimal sparsity: 2.3e-01

Function Gap Distance to Optimal Solution Subgradient Norm
2 g
\ 10 \
101 p
— 2 i _
i 10 =
! T 3
~ 1 d)
g 10 N ; > .
= \/\—_v_\ = 101 4
100 B
0 5 10 15 20 0 5 10 15 20 0 5 10 15
Iteration Iteration Iteration
—— Subgrad Ir 9.0e-02. Sparsity 0.0e+00 Proximal Ir 9.0e-02. Sparsity 1.9e-01

Figure 3: Non-smooth convex case. Sublinear convergence. At the beginning, the subgradient method and proximal method
are close.
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Quadratic case

1 mXn
f(x):%||,4m—b|\§+x||:c\|legﬁ AeR™", N(LATA) € L]

Linear Least Squares with £; Regularization (LASSO).
m=1000, n=100, A=1, p=0, L=10. Optimal sparsity: 2.3e-01

Function Gap Distance to Optimal Solution Subgradient Norm
102 E
100\ 10095
v % 1075 - =
L 107 | S
X X =
= 10-10 = 1010 101 4 ‘
0 250 500 750 0 250 500 750 0 250 500 750
Iteration Iteration Iteration
—— Subgrad Ir 9.0e-02. Sparsity 0.0e+00 ——— Proximal Ir 9.0e-02. Sparsity 2.3e-01

Figure 4: Non-smooth convex case. If we take more iterations, the proximal method converges with the constant learning rate,
which is not the case for the subgradient method. The difference is tremendous, while the iteration complexity is the same.
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Binary logistic regression

1 n
fla) = — Zlog(l +exp(=bi(Asx))) + Alllls - min, A, €R", by € {~1,1}
i=1

Binary Logistic Regression with £; Regularization.
m=300, n=50, A=0.1. Optimal sparsity: 8.6e-01

Function Gap Domain Gap Train Accuracy Test Accuracy
10! 4 0.9
10—1 m
- — >0 g > 0.90 1
T 107+ 107 8 %° g
— | =] =]
= < S 0.7 S 0.85 1
= 10-11 — 1077 A < <
T T T T 06 L T T 080 L T T
0 20000 0 20000 0 20000 0 20000
Iteration Iteration Iteration Iteration
ibgrad Ir 1.0e-02. Sparsity 0.0e+00 ——— Subgrad Ir a/Vk (a=1.0e-01). Sparsity 1.2e-01 —— Proximal Ir 1.0e-02. Sparsity
Figure 5: Logistic regression with ¢1 regularization
0 O 40
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Softmax multiclass regression

100 4
10731
X
=
10—6 4
0 2000 4000
Iteration
100 4
10731
X
=
10—6 4
0 2 4 6
Time

R /- min

—— Subgrad Ir 1.00 sparsity 0.000

Numerical experiments

Ixe = x|

Ixi = x|

Convex multiclass regression. lam=0.01.

101 4
100 4
1071 o

1072 4

o4

2000
Iteration

4000

101 4
100 4
1071 o

1072 4

o4

2 4
Time

o -

Train accuracy

Train accuracy

0.8
0.6 1
0.4
0 2000 4000
Iteration
0.8
0.6 1
0.4
0 2 4 6
Time

—— Subgrad Ir 0.50 sparsity 0.000

—— Proximal Ir 0.50 sparsity 0.685
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
® Given zg, for k > 0, repeat:
Tht1 = Proxyg .|, (T — AV f(zk)),

where prox, .., (v) applies soft thresholding to each component of v.
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
® Given zg, for k > 0, repeat:
Tht1 = Proxyg .|, (T — AV f(zk)),
where prox, .., (v) applies soft thresholding to each component of v.
® Convergence:
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
® Given zg, for k > 0, repeat:
Tht1 = Proxyg .|, (T — AV f(zk)),
where prox, .., (v) applies soft thresholding to each component of v.

® Convergence:
® Converges at a rate of O(1/k) for suitable step size .
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
® Given zg, for k > 0, repeat:
Tht1 = Proxyg .|, (T — AV f(zk)),
where prox, .|, (v) applies soft thresholding to each component of v.

® Convergence:
® Converges at a rate of O(1/k) for suitable step size .

® Application:
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines

gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.

® Algorithm:

® Given zg, for k > 0, repeat:

xk+1 = PI‘OX)\OLH,”1 (:L‘k — O!Vf($k)),
where prox, .|, (v) applies soft thresholding to each component of v.

® Convergence:

® Converges at a rate of O(1/k) for suitable step size .
® Application:

® Efficient for sparse signal recovery, image processing, and compressed sensing.
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:

‘f - §ny1r; Numerical experiments Q0
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:
® Initialize x0 = yo, to = 1.
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:
® |nitialize z¢o = yo, to = 1.
® For k > 1, update:
Tp = proxyg ., (Wk—1 — aVf(yk-1)),
2
Vi
k 2 )
tp—1 —1
Y =T+ —/——

(T — Tp_1)-
ti
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:
® |nitialize z¢o = yo, to = 1.
® For k > 1, update:
Tp = proxyg ., (Wk—1 — aVf(yk-1)),
2
Vi
k 2 )
tp—1 —1
Y =T+ —/——

(T — Tp_1)-
ti

® Convergence:
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)
FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's

accelerated gradient method.
® Algorithm:
® |nitialize z¢o = yo, to = 1.
® For k > 1, update:

® Convergence:
® Improves the convergence

‘f — min
Tz

Numerical experiments

Tp = proxyg ., (Wk—1 — aVf(yk-1)),

T4 /14482 |

= ——~— 1
k 2

tp—1 —1

(T — Tp_1)-
ti

Yk = Tk +

rate to O(1/k?).
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's

accelerated gradient method.
® Algorithm:
® |nitialize z¢o = yo, to = 1.
® For k > 1, update:

Tp = proxyg ., (Wk—1 — aVf(yk-1)),

T4 /14482 |

t. =
k 2

Y = Tk +
® Convergence:

® Improves the convergence rate to O(1/k?).
® Application:

— min N "
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:
® |nitialize z¢o = yo, to = 1.
® For k > 1, update:
Tp = proxyg ., (Wk—1 — aVf(yk-1)),

T4 /14482 |

ty = —m—mm,

2
tp—1 —1
Yk =Tk + ———— (T — Tp—1)-
ti
® Convergence:
® Improves the convergence rate to O(1/k?).
® Application:
® Especially useful for large-scale problems in machine learning and signal processing where the L1 penalty induces
sparsity.
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min || Po(X) — Pa(M)|% + AIX]s,

where Pq projects onto the observed set €2, and || - ||« denotes the nuclear norm.

R /- min @00 u

Numerical experiments
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
. 2
min 7 || Pa(X) — Pa(M)|lr + AllX],

where Pq projects onto the observed set €2, and || - ||« denotes the nuclear norm.
® Proximal Operator:

R /- min @00 u

Numerical experiments
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min || Po(X) — Pa(M)|% + AIX]s,

where Pq projects onto the observed set €2, and || - ||« denotes the nuclear norm.

® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of

the singular values.

R /- min @00 u

Numerical experiments
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min & [[Po(X) = Po(M)[[7 + AlIX].,

where Pq projects onto the observed set €2, and || - ||« denotes the nuclear norm.

® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of

the singular values.
® Algorithm:

R /- min @00 u

Numerical experiments
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min & [[Po(X) = Po(M)[[7 + AlIX].,

where Pq projects onto the observed set €2, and || - ||« denotes the nuclear norm.

® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of

the singular values.

® Algorithm:
® Similar proximal gradient or accelerated proximal gradient methods can be applied, where the main computational

effort lies in performing partial SVDs.

R /- min @00 u

Numerical experiments
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min & [[Po(X) = Po(M)[[7 + AlIX].,

where Pq projects onto the observed set €2, and || - ||« denotes the nuclear norm.
® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of
the singular values.
® Algorithm:
® Similar proximal gradient or accelerated proximal gradient methods can be applied, where the main computational
effort lies in performing partial SVDs.
e Application:
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min & [[Po(X) = Po(M)[[7 + AlIX].,

where Pq projects onto the observed set €2, and || - ||« denotes the nuclear norm.
® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of
the singular values.
® Algorithm:
® Similar proximal gradient or accelerated proximal gradient methods can be applied, where the main computational
effort lies in performing partial SVDs.
e Application:
® Widely used in recommender systems, image recovery, and other domains where data is naturally matrix-formed but
partially observed.
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

— min : "
‘f Tz Numerical experiments Q0
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal
friendly function r has the same convergence as the gradient descent method for the function f. The
smoothness/non-smoothness properties of r do not affect convergence.
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal
friendly function r has the same convergence as the gradient descent method for the function f. The
smoothness/non-smoothness properties of r do not affect convergence.

® |t seems that by putting f = 0, any nonsmooth problem can be solved using such a method. Question: is this
true?

R /- min 0 0 45
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal
friendly function r has the same convergence as the gradient descent method for the function f. The
smoothness/non-smoothness properties of r do not affect convergence.

® |t seems that by putting f = 0, any nonsmooth problem can be solved using such a method. Question: is this
true?

R /- min 0 0 45
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal
friendly function r has the same convergence as the gradient descent method for the function f. The
smoothness/non-smoothness properties of r do not affect convergence.

® |t seems that by putting f = 0, any nonsmooth problem can be solved using such a method. Question: is this
true?

If we allow the proximal operator to be inexact (numerically), then it is true that we can solve any nonsmooth
optimization problem. But this is not better from the point of view of theory than solving the problem by
subgradient descent, because some auxiliary method (for example, the same subgradient descent) is used to
solve the proximal subproblem.

® Proximal method is a general modern framework for many numerical methods. Further development includes
accelerated, stochastic, primal-dual modifications and etc.
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal
friendly function r has the same convergence as the gradient descent method for the function f. The
smoothness/non-smoothness properties of r do not affect convergence.

® |t seems that by putting f = 0, any nonsmooth problem can be solved using such a method. Question: is this
true?

If we allow the proximal operator to be inexact (numerically), then it is true that we can solve any nonsmooth
optimization problem. But this is not better from the point of view of theory than solving the problem by
subgradient descent, because some auxiliary method (for example, the same subgradient descent) is used to
solve the proximal subproblem.

® Proximal method is a general modern framework for many numerical methods. Further development includes
accelerated, stochastic, primal-dual modifications and etc.

® Further reading: Proximal operator splitting, Douglas-Rachford splitting, Best approximation problem, Three
operator splitting.
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