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‘f — min
Tz

1.

MosTopum matpunyuHoe guddepeHuynposaHne
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Mpumep 1

i Example

Haiitu reccnan V2 f(), ecn f(z) = (z, Az) — b7z +c.

— min
‘/ Tz n PUM MaTpU4HOE
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Mpumep 1

i Example

Haiitu reccnan V2 f(), ecn f(z) = (z, Az) — b7z +c.

1. Pacnnwem audpcpeperyuan df

df =d({(Az,x) — (b,x) + ¢)
= (Az,dz) + (x, Adzx) — (b, dx)
= (Az,dz) + (ATz,dz) — (b, dx)
={((A+ ATz —b,dz)

Yto ozHauaet, uTo rpaguent Vf = (A + AT)z —b.

— min
‘/ Tz n PUM MaTpU4HOE
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Mpumep 1

i Example

Haiitu reccnan V2 f(), ecn f(z) = (z, Az) — b7z +c.

1. Pacnnwem audpcpeperyuan df

df =d({(Az,x) — (b,x) + ¢)
= (Az,dz) + (x, Adzx) — (b, dx)
= (Az,dz) + (ATz,dz) — (b, dx)
={((A+ ATz —b,dz)

Yto ozHauaet, uTo rpaguent Vf = (A + AT)z —b.

— min
‘f Tz n PUM MaTpUyHOE

2. Haiinem sTopoii guddeperumnan d?f = d(df),
nonaras, 4yto dz = dx; = const:
&f =d ((A+ A7)z —b,dz,))
= ((A+ ATYdz, dx,)
= (dx, (A + AT)Tdz,)
= ((A+ ATYdz,,dx)

Takum obpasom, reccnan: V2 f = (A + AT).
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Mpumep 2

i Example

Haiitu reccnan V2 f(z), ecnn f(z) = In{x, Az).

— min
‘f Tz n PUM MaTpU4HOE
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Mpumep 3

i Example

Haiitu rpaguent V f(x) u reccuan V2 f(x), ecnu f(z) = In (1 + exp(a, z))

— min
‘/ Tz n PUM MaTpU4HOE
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Mpumep 3

i Example

Haiitu rpaguent V f(x) u reccuan V2 f(x), ecnu f(z) = In (1 + exp(a, z))

1. Haunem c 3anucn gudpcpeperuymana df. Nmeem:
f(z) =In (1 +exp(a, z))

WNcnonb3sysi npaBuio gudpepeHunpoBaHns CAOXKHO
dyHKLMu®:

df = d(In (1 + expla, z))) = %}m
Tenepb nocynTaem AndpdepeHnan SKCNOHEHTbI:

d (exp(a,x)) = exp(a, z){(a, dx)
MoacTaBnsisi B BbIPaXKEHME BbILLE, IMEEM:
1= o

‘/ - fn.}‘; MNosTopum maTpuyHoe andeperunposarue
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1. Haunem c 3anucn gudpcpeperuymana df. Nmeem:
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dyHKLMu®:

df = d(In (1 + expla, z))) = %}m
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Mpumep 3

i Example

Haiitu rpaguent V f(x) u reccuan V2 f(x), ecnu f(z) = In (1 + exp(a, z))

1. Haunem c 3anucn gudpcpeperuymana df. Nmeem: 2. [ns Boipaxenunsi df B Hy>XXHOIi cbopme, 3anuLLem:
= exp{a,
f(x) =0 (1+ expla, ) o (el
1+ exp{a, )
WNcnonb3sysi npaBuio gudpepeHunpoBaHns CAOXKHO
dyHKuMY: HanomHum, 4To dyHKumMs curmongsl onpeaensiercs
KakK:
d (1 + exp(a,x)) 1
df =d(In(1+expla,z))) = —— 212 o(t) = —————
f=d(n 1+ expla.a))) = 0O )= oo
Tenepb nocuntaem AnddepeHLNan SKCNOHEHTHI: Takum obpasom, MbI MOXeM nepenucaTs

nuncbdepeHuman:
df =(o({(a,z))a, dz)

CnepoBaTensHo, rpagueHT:

d (exp(a,x)) = exp(a, z){(a, dx)
MoacTaBAAs B BbipaXkeHUe Bbille, UMEeM:
_exp(a, x){a, dx)
df = 1+ exp(a, ) Vf(z) =o((a,z))a

‘f - fn.}‘; MNosTopum maTpuyHoe andceperunposarue 0 O
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Mpumep 3
i Example
Haiitu rpaguent V f(x) u reccuan V2f(x), ecnu f(z) = In (1 + exp(a, x))

3. Tenepb HallileM reccmaH C NOMO3blo BTOPOro AudpdpepeHumana:

d(Vf(z)) =d(o((a,z))a)

Tak Kak BEKTOP G KOHCTaHTa, HaM Heobxoanmo npoaunddepeHLMpoBaThL ANLWb CUTMONAY:

d(o((a,z))) = o((a,2))(1 = o({a, z))){a, dz)

To ecTsb:

d(Vf(2)) = o({a,2))(1 = o((a, z)))(a, dx)a

3anuiem reccuaH:

V2f(z) = o((a, 2))(1 — o({a, z)))aa”

‘f - fn.}‘; MNosTopum maTpuyHoe andceperunposarue
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‘f — min
Tz

AsTomaTuyeckoe anddepeHunpoBaHne

Astomatuyeckoe auddepeHymposatue
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@dpiponi@mathstodon.xyz
@sigfpe

| think the first 40 years or so of automatic differentiation was largely

people not using it because they didn't believe such an algorithm could
possibly exist.

11:36 PM - Sep 17, 2019
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3apaua

MycTb ecTb 3agaya onTummsayuu:

L(w) — min
weR4

— min
‘/ 2,9,z AsTomaTnyeckoe anddeperunposarue
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3apaua

MycTb ecTb 3agaya onTummsayuu:

L(w) — min
weR4

® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML
model (i.e. train a neural network).
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3apaua

MycTb ecTb 3agaya onTummsayuu:

L(w) — min
weR4

® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML
model (i.e. train a neural network).

® You may use a lot of algorithms to approach this problem, but given the modern size of the problem, where d
could be dozens of billions it is very challenging to solve this problem without information about the gradients
using zero-order optimization algorithms.
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3apaua

MycTb ecTb 3agaya onTummsayuu:

L(w) — min
weR?
® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML

model (i.e. train a neural network).
® You may use a lot of algorithms to approach this problem, but given the modern size of the problem, where d
could be dozens of billions it is very challenging to solve this problem without information about the gradients

using zero-order optimization algorithms.

. or \T
® That is why it would be beneficial to be able to calculate the gradient vector VL = ((’;}wL s ey ade )
1 d

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne
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3apaua

MycTb ecTb 3agaya onTummsayuu:

L(w) — min
weR?
® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML

model (i.e. train a neural network).
® You may use a lot of algorithms to approach this problem, but given the modern size of the problem, where d
could be dozens of billions it is very challenging to solve this problem without information about the gradients

using zero-order optimization algorithms.

. or \T
® That is why it would be beneficial to be able to calculate the gradient vector VL = ((’;}wL s ey ade )
1 d

® Typically, first-order methods perform much better in huge-scale optimization, while second-order methods
require too much memory.

B /— min @0 0

AsTomaTnyeckoe andeperunposarne


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Mpumep: 3apgay4a MHOroMepHOro LIKANNpPoOBaHUS

Suppose, we have a pairwise distance matrix for N d-dimensional objects D € RN*¥ _ Given this matrix, our goal is
to recover the initial coordinates W, € R, i =1,..., N.

‘fﬁ}fny"; AsTomaTnyeckoe andeperunposarne P00 O

10


http://www.benfrederickson.com/numerical-optimization/
https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Mpumep: 3apgay4a MHOroMepHOro LIKANNpPoOBaHUS

Suppose, we have a pairwise distance matrix for N d-dimensional objects D € RN*¥ _ Given this matrix, our goal is
to recover the initial coordinates W, € R, i =1,..., N.

WeRNxd

N

2 .

LW) =Y (IW,=W,|3—D,;)" - min
i,j=1

‘fﬁ}fny"; AsTomaTnyeckoe andeperunposarne P00 O
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Mpumep: 3apgay4a MHOroMepHOro LIKANNpPoOBaHUS

Suppose, we have a pairwise distance matrix for N d-dimensional objects D € RN*¥ _ Given this matrix, our goal is
to recover the initial coordinates W, € R, i =1,..., N.

WeRNxd

N
2 .
LW) = (IW; =W,|3~D;;)" — min
ii=1

Link to a nice visualization &, where one can see, that gradient-free methods handle this problem much slower,
especially in higher dimensions.

i Question

Is it somehow connected with PCA?

lf%ﬁ}‘i AsTomaTnyeckoe andeperunposarne P00 O 10
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I'Ipmmep: 3ad4d MHOIromMepHoro wkaanpoBaHusa

B /— min

AsTomaTuyeckoe anddepeHunpoBaHne

Loss

BupmHrem Cath-ﬂ:‘repﬁypr Hep
Noflaon ®
o rambypr K H
MapuxKEneH Bepn 7 R HORIRAR yp
(] L] o Bapwasa ”.NCK ® Camapa
Mpara g
Mionxers es  BOPOHEN
Magpua mnnan® BN 5 xape
© Bapcenona [ ] Bonrorpaa
° , Benrpan one.;cg’oaoa«a'ﬂ&y
by @ byxapect Kpackona
o Copns® PacytP
Crambyn
L]
@fminxyz
10?
— Gradient Descent
~— Nelder-Mead
10°
107
1 2 3 4 5 6
FLOPs 1e6

Puc. 3: Ccbinka Ha aHumauuio
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Mpumep: bGe3rpagveHTHbI FPagNEHTHbI CNYCK

PaCCMOTpI/IM cneayroulyto 3aady ontuMmnsaunn

L(w) — min
weR?

— min
‘/ 2,9,z AsTomaTnyeckoe anddeperunposarue
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Mpumep: bGe3rpagveHTHbI FPagNEHTHbI CNYCK

PaccmoTpum cnegytouyto 3agady onTuMusanumn
L(w) — min
weR?

BMECTe C MeTOAoM rpagueHTHoro cnycka (GD)

Wy = wy, — a,V,, L(wy,)

— min
‘/ 2,9,z AsTomaTnyeckoe anddeperunposarue
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Mpumep: bGe3rpagveHTHbI FPagNEHTHbI CNYCK

PaCCMOTpI/IM cneayroulyto 3aady ontuMmnsaunn

L(w) — min
weR?

BMECTe C MeTOAoM rpagueHTHoro cnycka (GD)

Wy = wy, — a,V,, L(wy,)

MoxHo nn 3amernts V,, L(wy,), ncnonbsys, auws
nHcbopMaLMio HyneBoro nopsigka o dpyHkuun?

— min
‘/ 2,9,z AsTomaTnyeckoe anddeperunposarue
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Mpumep: bGe3rpagveHTHbI FPagNEHTHbI CNYCK

PaccmoTpum cnegytouyto 3agady onTuMusanumn
L(w) — min
weR?

BMECTe C MeTOAoM rpagueHTHoro cnycka (GD)

Wy = wy, — a,V,, L(wy,)

MoxHo nn 3amenuts V,, L(wy,), ncnonbsys, auis
nHcbopMaLMio HyneBoro nopsigka o dpyHkuun?
[a, Ho ecTb HtoaHC.

1] suggest a nice presentation about gradient-free methods

— min
‘/ 2,9,z AsTomaTnyeckoe anddeperunposarue
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Mpumep: bGe3rpagveHTHbI FPagNEHTHbI CNYCK

PaccmoTpum cnegytouyto 3agady onTuMusanumn
L(w) — min
weR?

BMECTe C MeTOAoM rpagueHTHoro cnycka (GD)

Wiy = Wy, — Vo, L(wy)
MoxHo nn 3amenuts V,, L(wy,), ncnonbsys, auis
nHcbopMaLMio HyneBoro nopsigka o dpyHkuun?
[a, Ho ecTb HtoaHC.
One can consider 2-point gradient estimator' G-

(w4 ev) — L(w — ev)
U,
2e
where v is spherically symmetric.

L
G=d

1] suggest a nice presentation about gradient-free methods

— min
‘/ 2,9,z AsTomaTnyeckoe anddeperunposarue
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Mpumep: bGe3rpagneHTHbIN FrPAagNEHTHbIW CNYCK

PaccmoTpum cnegytouyto 3agady onTuMusanumn
L(w) — min
weR?

BMECTe C MeTOAoM rpagueHTHoro cnycka (GD)

Wiy = Wy, — Vo, L(wy)
MoxHo nn 3amenuts V,, L(wy,), ncnonbsys, auis
nHcbopMaLMio HyneBoro nopsigka o dpyHkuun?
[a, Ho ecTb HtoaHC.
One can consider 2-point gradient estimator' G-

(w4 ev) — L(w — ev)
v
2¢ '
where v is spherically symmetric.

L
G=d

1] suggest a nice presentation about gradient-free methods

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne

Trajectories with Contour Plot

—o— GD
2-P Estimator GD

Start Point
Optimal Point

> 041
24
o]
Za 2 0 2 a
x
Puc. 4: ~lllustration of two-point estimator of Gradient Descent'!
P00 O 12
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Mpumep: KOHEYHO-PaA3HOCTHbLIN FPAAUEHTHBIW CNYCK

Wiy = wy — .G

— min
‘f 2,9,z AsTomaTuyeckoe anddepeHunpoBaHne
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Mpumep: KOHEYHO-PA3HOCTHbLIV FPAgNEHTHbIW CNYCK

Wiy = wy — .G

Trajectories with Contour Plot

One can also consider the idea of finite differences: —o— Gradient Descent
| —< Finite Differences Gradient Descent
@ Start Point

Y Optimal Point

d
L(w +ee;) — L(w — ee;)
¢= Z 2e e 21

i=1

Open In Colab &

Puc. 5: ~lllustration of finite differences estimator of Gradient
Descent!

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne
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HPOKJ'IHTI/IE pPa3MepHOCTN METoO0B HY/1IEBOro nopsiaka

min f(z)

TER™

— min
‘f 2,9,z AsTomaTuyeckoe anddepeHunpoBaHne
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MpoknsaTue paamepHOCTM METOAOB HYNEBOro Nopsigka

min f(z)

TER™

GD: zy =2, — o,V f(xy) Zero order GD: z;, = x), — oy, G,

where G is a 2-point or multi-point estimator of the gradient.

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne
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MpoknsTue pasmMepHOCTU METOA0B HYNEBOro NOpsigKa
min f(x
min f(z)

GD: zy =2, — o,V f(xy) Zero order GD: z;, = x), — oy, G,

where G is a 2-point or multi-point estimator of the gradient.

f(z) - smooth f(z) - smooth and convex f(z) - smooth and strongly convex
1 1 Nk
2 - e - — 5?2 &~ _ =
GD Vi@ ~0(3)  fa)-rao(g) oy a1~ 0 ((1- %)
202 N — |2 _H
Zerc&grder [V f(xp)] N(?(k) flxy)— f N(?(k) [z}, — =*| ~(9((1 nL) )

‘fﬁ}fnﬂ AsTomaTnyeckoe andeperunposarne P00 O
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MeTtog kKoHeudHbIX pa3HocTei

The naive approach to get approximate values of gradients is Finite differences approach. For each coordinate, one
can calculate the partial derivative approximation:

oL L(w + eey,) — L(w)

—_— ~ = U
8wk (w) c 9 €k (07 7k:’ 70)

2Linnainmaa S. The representation of the cumulative rounding error of an algorithm as a Taylor expansion of the local rounding errors. Master's
Thesis (in Finnish), Univ. Helsinki, 1970.

‘fﬁ}fnﬂ AsTomaTnyeckoe andeperunposarne P00 O 15
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MeTtog kKoHeudHbIX pa3HocTei

The naive approach to get approximate values of gradients is Finite differences approach. For each coordinate, one
can calculate the partial derivative approximation:

oL L(w+ eey,) — L(w)

— e~ = U
8wk (w) c 9 €k (07 7k7 70)

i Question

If the time needed for one calculation of L(w) is T', what is the time needed for calculating VL with this
approach?
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MeTtog kKoHeudHbIX pa3HocTei

The naive approach to get approximate values of gradients is Finite differences approach. For each coordinate, one
can calculate the partial derivative approximation:

oL o L(w+ee,) — L(w) B
B, (w) ~ 8 , e = (O,...7%,...70)

i Question

If the time needed for one calculation of L(w) is T', what is the time needed for calculating VL with this

approach?
Answer 2dT’, which is extremely long for the huge scale optimization. Moreover, this exact scheme is unstable,

which means that you will have to choose between accuracy and stability.
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https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

MeTtog kKoHeudHbIX pa3HocTei

The naive approach to get approximate values of gradients is Finite differences approach. For each coordinate, one
can calculate the partial derivative approximation:

oL L(w+ eey,) — L(w)

— e~ = U
8wk (’UJ) c 9 €k (07 7k7 70)

i Question

If the time needed for one calculation of L(w) is T', what is the time needed for calculating VL with this
approach?

Answer 2dT’, which is extremely long for the huge scale optimization. Moreover, this exact scheme is unstable,
which means that you will have to choose between accuracy and stability.

Theorem

There is an algorithm to compute V,, L in O(T) operations. 2

2Linnainmaa S. The representation of the cumulative rounding error of an algorithm as a Taylor expansion of the local rounding errors. Master's
Thesis (in Finnish), Univ. Helsinki, 1970.
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