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Пример 1

Example

Найти гессиан ∇2𝑓(𝑥), если 𝑓(𝑥) = ⟨𝑥, 𝐴𝑥⟩ − 𝑏𝑇 𝑥 + 𝑐.

1. Распишем дифференциал 𝑑𝑓
𝑑𝑓 = 𝑑 (⟨𝐴𝑥, 𝑥⟩ − ⟨𝑏, 𝑥⟩ + 𝑐)

= ⟨𝐴𝑥, 𝑑𝑥⟩ + ⟨𝑥, 𝐴𝑑𝑥⟩ − ⟨𝑏, 𝑑𝑥⟩
= ⟨𝐴𝑥, 𝑑𝑥⟩ + ⟨𝐴𝑇 𝑥, 𝑑𝑥⟩ − ⟨𝑏, 𝑑𝑥⟩
= ⟨(𝐴 + 𝐴𝑇 )𝑥 − 𝑏, 𝑑𝑥⟩

Что означает, что градиент ∇𝑓 = (𝐴 + 𝐴𝑇 )𝑥 − 𝑏.

2. Найдем второй дифференциал 𝑑2𝑓 = 𝑑(𝑑𝑓),
полагая, что 𝑑𝑥 = 𝑑𝑥1 = const:

𝑑2𝑓 = 𝑑 (⟨(𝐴 + 𝐴𝑇 )𝑥 − 𝑏, 𝑑𝑥1⟩)
= ⟨(𝐴 + 𝐴𝑇 )𝑑𝑥, 𝑑𝑥1⟩
= ⟨𝑑𝑥, (𝐴 + 𝐴𝑇 )𝑇 𝑑𝑥1⟩
= ⟨(𝐴 + 𝐴𝑇 )𝑑𝑥1, 𝑑𝑥⟩

Таким образом, гессиан: ∇2𝑓 = (𝐴 + 𝐴𝑇 ).
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Пример 2

Example

Найти гессиан ∇2𝑓(𝑥), если 𝑓(𝑥) = ln⟨𝑥, 𝐴𝑥⟩.
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Пример 3
Example

Найти градиент ∇𝑓(𝑥) и гессиан ∇2𝑓(𝑥), если 𝑓(𝑥) = ln (1 + exp⟨𝑎, 𝑥⟩)

1. Начнем с записи дифференциала 𝑑𝑓 . Имеем:

𝑓(𝑥) = ln (1 + exp⟨𝑎, 𝑥⟩)

Используя правило дифференцирования сложной
функции:

𝑑𝑓 = 𝑑 (ln (1 + exp⟨𝑎, 𝑥⟩)) = 𝑑 (1 + exp⟨𝑎, 𝑥⟩)
1 + exp⟨𝑎, 𝑥⟩

теперь посчитаем дифференциал экспоненты:

𝑑 (exp⟨𝑎, 𝑥⟩) = exp⟨𝑎, 𝑥⟩⟨𝑎, 𝑑𝑥⟩

Подставляя в выражение выше, имеем:

𝑑𝑓 = exp⟨𝑎, 𝑥⟩⟨𝑎, 𝑑𝑥⟩
1 + exp⟨𝑎, 𝑥⟩

2. Для выражения 𝑑𝑓 в нужной форме, запишем:

𝑑𝑓 = ⟨ exp⟨𝑎, 𝑥⟩
1 + exp⟨𝑎, 𝑥⟩𝑎, 𝑑𝑥⟩

Напомним, что функция сигмоиды определяется
как:

𝜎(𝑡) = 1
1 + exp(−𝑡)

Таким образом, мы можем переписать
дифференциал:

𝑑𝑓 = ⟨𝜎(⟨𝑎, 𝑥⟩)𝑎, 𝑑𝑥⟩

Следовательно, градиент:

∇𝑓(𝑥) = 𝜎(⟨𝑎, 𝑥⟩)𝑎
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3. Теперь найдем гессиан с помозью второго дифференциала:

𝑑(∇𝑓(𝑥)) = 𝑑 (𝜎(⟨𝑎, 𝑥⟩)𝑎)

Так как вектор 𝑎 константа, нам необходимо продифференцировать лишь сигмоиду:

𝑑 (𝜎(⟨𝑎, 𝑥⟩)) = 𝜎(⟨𝑎, 𝑥⟩)(1 − 𝜎(⟨𝑎, 𝑥⟩))⟨𝑎, 𝑑𝑥⟩

То есть:
𝑑(∇𝑓(𝑥)) = 𝜎(⟨𝑎, 𝑥⟩)(1 − 𝜎(⟨𝑎, 𝑥⟩))⟨𝑎, 𝑑𝑥⟩𝑎

Запишем гессиан:
∇2𝑓(𝑥) = 𝜎(⟨𝑎, 𝑥⟩)(1 − 𝜎(⟨𝑎, 𝑥⟩))𝑎𝑎𝑇
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Рис. 1: Когда понял идею



Рис. 2: Это не автоград



Задача

Пусть есть задача оптимизации:

𝐿(𝑤) → min
𝑤∈R𝑑

• Such problems typically arise in machine learning, when you need to find optimal hyperparameters 𝑤 of an ML
model (i.e. train a neural network).

• You may use a lot of algorithms to approach this problem, but given the modern size of the problem, where 𝑑
could be dozens of billions it is very challenging to solve this problem without information about the gradients
using zero-order optimization algorithms.

• That is why it would be beneficial to be able to calculate the gradient vector ∇𝑤𝐿 = ( 𝜕𝐿
𝜕𝑤1

, … , 𝜕𝐿
𝜕𝑤𝑑

)𝑇
.

• Typically, first-order methods perform much better in huge-scale optimization, while second-order methods
require too much memory.
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Пример: задача многомерного шкалирования

Suppose, we have a pairwise distance matrix for 𝑁 𝑑-dimensional objects 𝐷 ∈ R𝑁×𝑁 . Given this matrix, our goal is
to recover the initial coordinates 𝑊𝑖 ∈ R𝑑, 𝑖 = 1, … , 𝑁 .

𝐿(𝑊) =
𝑁

∑
𝑖,𝑗=1

(‖𝑊𝑖 − 𝑊𝑗‖2
2 − 𝐷𝑖,𝑗)

2 → min
𝑊∈R𝑁×𝑑

Link to a nice visualization ♣, where one can see, that gradient-free methods handle this problem much slower,
especially in higher dimensions.

Question

Is it somehow connected with PCA?
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Пример: задача многомерного шкалирования

Рис. 3: Ссылка на анимацию
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Пример: безградиентный градиентный спуск
Рассмотрим следующую задачу оптимизации

𝐿(𝑤) → min
𝑤∈R𝑑

вместе с методом градиентного спуска (GD)

𝑤𝑘+1 = 𝑤𝑘 − 𝛼𝑘∇𝑤𝐿(𝑤𝑘)
Можно ли заменить ∇𝑤𝐿(𝑤𝑘), используя, лишь
информацию нулевого порядка о функции?
Да, но есть нюанс.
One can consider 2-point gradient estimator1 𝐺:

𝐺 = 𝑑 𝐿(𝑤 + 𝜀𝑣) − 𝐿(𝑤 − 𝜀𝑣)
2𝜀 𝑣,

where 𝑣 is spherically symmetric.
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GD
2-P Estimator GD
Start Point
Optimal Point

Рис. 4: ``Illustration of two-point estimator of Gradient Descent''

1I suggest a nice presentation about gradient-free methods
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Пример: конечно-разностный градиентный спуск

𝑤𝑘+1 = 𝑤𝑘 − 𝛼𝑘𝐺

One can also consider the idea of finite differences:

𝐺 =
𝑑

∑
𝑖=1

𝐿(𝑤 + 𝜀𝑒𝑖) − 𝐿(𝑤 − 𝜀𝑒𝑖)
2𝜀 𝑒𝑖

Open In Colab ♣
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Рис. 5: ``Illustration of finite differences estimator of Gradient
Descent''
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Проклятие размерности методов нулевого порядка

min
𝑥∈R𝑛

𝑓(𝑥)

GD: 𝑥𝑘+1 = 𝑥𝑘 − 𝛼𝑘∇𝑓(𝑥𝑘) Zero order GD: 𝑥𝑘+1 = 𝑥𝑘 − 𝛼𝑘𝐺,

where 𝐺 is a 2-point or multi-point estimator of the gradient.

𝑓(𝑥) - smooth 𝑓(𝑥) - smooth and convex 𝑓(𝑥) - smooth and strongly convex

GD ‖∇𝑓(𝑥𝑘)‖2 ≈ 𝒪 ( 1
𝑘 ) 𝑓(𝑥𝑘) − 𝑓∗ ≈ 𝒪 ( 1

𝑘 ) ‖𝑥𝑘 − 𝑥∗‖2 ≈ 𝒪 ((1 − 𝜇
𝐿)

𝑘
)

Zero order
GD

‖∇𝑓(𝑥𝑘)‖2 ≈ 𝒪 (𝑛
𝑘 ) 𝑓(𝑥𝑘) − 𝑓∗ ≈ 𝒪 (𝑛

𝑘 ) ‖𝑥𝑘 − 𝑥∗‖2 ≈ 𝒪 ((1 − 𝜇
𝑛𝐿)

𝑘
)
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Метод конечных разностей

The naive approach to get approximate values of gradients is Finite differences approach. For each coordinate, one
can calculate the partial derivative approximation:

𝜕𝐿
𝜕𝑤𝑘

(𝑤) ≈ 𝐿(𝑤 + 𝜀𝑒𝑘) − 𝐿(𝑤)
𝜀 , 𝑒𝑘 = (0, … , 1

𝑘
, … , 0)

Question

If the time needed for one calculation of 𝐿(𝑤) is 𝑇 , what is the time needed for calculating ∇𝑤𝐿 with this
approach?
Answer 2𝑑𝑇 , which is extremely long for the huge scale optimization. Moreover, this exact scheme is unstable,
which means that you will have to choose between accuracy and stability.
Theorem
There is an algorithm to compute ∇𝑤𝐿 in 𝒪(𝑇 ) operations. 2

2Linnainmaa S. The representation of the cumulative rounding error of an algorithm as a Taylor expansion of the local rounding errors. Master's
Thesis (in Finnish), Univ. Helsinki, 1970.
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Метод конечных разностей

The naive approach to get approximate values of gradients is Finite differences approach. For each coordinate, one
can calculate the partial derivative approximation:

𝜕𝐿
𝜕𝑤𝑘

(𝑤) ≈ 𝐿(𝑤 + 𝜀𝑒𝑘) − 𝐿(𝑤)
𝜀 , 𝑒𝑘 = (0, … , 1

𝑘
, … , 0)

Question

If the time needed for one calculation of 𝐿(𝑤) is 𝑇 , what is the time needed for calculating ∇𝑤𝐿 with this
approach?

Answer 2𝑑𝑇 , which is extremely long for the huge scale optimization. Moreover, this exact scheme is unstable,
which means that you will have to choose between accuracy and stability.
Theorem
There is an algorithm to compute ∇𝑤𝐿 in 𝒪(𝑇 ) operations. 2
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