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Conjugate set

Let S C R™ be an arbitrary non-empty set. Then its
conjugate set is defined as:

A set S™* is called double conjugate to a set S if:

S" = {y eR" | (y,a) > —1 Vo € S} /\<\
S

5™ ={yeR" | {y,z) > —1 ¥z € 5}

® The sets S1 and Sz are called inter-conjugate if

St =85, 55 = 5. A

S5

Figure 1: Convex sets may be described in a dual way -
through the elements of the set and through the set of
hyperplanes supporting it

‘f - 5“;‘; Conjugate sets @ 0O
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Conjugate set

Let S C R™ be an arbitrary non-empty set. Then its
conjugate set is defined as:

S*={yeR"|(y,z) > -1 Vz € S}
A set S™* is called double conjugate to a set S if:

5™ ={yeR" | {y,z) > —1 ¥z € 5}

® The sets S1 and Sz are called inter-conjugate if
ST = 52,55 = S1.
® A set S is called self-conjugate if S* = S.

‘f - 5“;‘; Conjugate sets

.
S

A

S5

Figure 1: Convex sets may be described in a dual way -
through the elements of the set and through the set of
hyperplanes supporting it
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Properties of conjugate sets

® A conjugate set is always closed, convex, and contains zero.

— mi .
‘f i Conjugate sets


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Properties of conjugate sets

® A conjugate set is always closed, convex, and contains zero.

® For an arbitrary set S C R™:

S*™ = conv(S U{0})

— mi .
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Properties of conjugate sets

® A conjugate set is always closed, convex, and contains zero.

® For an arbitrary set S C R™:

S** = conv (S U{0})

® |f Sy C So, then S5 C S7.
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Properties of conjugate sets

® A conjugate set is always closed, convex, and contains zero.

® For an arbitrary set S C R™:

S** = conv (S U{0})

If S; C So, then S5 C S7.

(U Si) = (157
i=1 i=1
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Properties of conjugate sets

® A conjugate set is always closed, convex, and contains zero.

® For an arbitrary set S C R™:

S** = conv (S U{0})

If S; C So, then S5 C S7.

(U Si) = (157
i=1 i=1

If S is closed, convex, and includes 0, then S** = S.

— mi .
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Properties of conjugate sets

® A conjugate set is always closed, convex, and contains zero.

® For an arbitrary set S C R™:

S** = conv (S U{0})

If S; C So, then S5 C S7.

(U Si) = (157
i=1 i=1

If S is closed, convex, and includes 0, then S** = S.

*

° 57 =(5)".
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Example 1

i Example

Prove that S* = (?)*.
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Example 1

i Example

Prove that S* = (?)*.

*ScS—(9) cs.
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Example 1

i Example

Prove that S* = (?)*.

*ScS—(9) cs.

® letpe S*and zo € §, To = klim Zk. Then by virtue of the continuity of the function f(x) = pTx, we have:
—00

pTay > —1—pTeg > —1. Sop € (§)* hence S* C (?)*

lf%ﬁ}‘i Conjugate sets @0 O
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Example 2

i Example

Prove that (conv(S))" = S*.
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Example 2

i Example
Prove that (conv(S))" = S*.

® S C conv(S) — (conv(S))* C S*.

‘f - i Conjugate sets


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Example 2

i Example
Prove that (conv(S))" = S*.
® S C conv(S) — (conv(S))* C S*.

k k
® Letpe S* zo € conv(S), ie, zo =) biz; |z €5, 60; =1,0; > 0.

i=1 i=1

k k
SopTzo = 0ipTxi > > 0;(—1) =1 (—1) = —1. So p € (conv(S))*, hence S* C (conv(S))".

=1 =1

‘f - §ny1r; Conjugate sets
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Example 3

i Example

Prove that if B(0,) is a ball of radius r by some norm centered at zero, then (B(0,7))* = B(0,1/r).
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Example 3

i Example
Prove that if B(0,) is a ball of radius r by some norm centered at zero, then (B(0,7))* = B(0,1/r).

® Let B(0,7) = X, B(0,1/r) =Y. Take the normal
vector p € X*, then for any z € X : pTa > —1.

‘f - §“}‘§ Conjugate sets @ 0O
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Example 3

i Example

Prove that if B(0,) is a ball of radius r by some norm centered at zero, then (B(0,7))* = B(0,1/r).

® Let B(0,7) = X, B(0,1/r) =Y. Take the normal
vector p € X*, then for any z € X : pTa > —1.

® From all points of the ball X, take such a point
x € X that its scalar product of p: p” z is minimal,

then this is the point x = _H%\Ir'
R (p> =l > 1
lIpll|
1
Ipll < - €Y
r
So X*CY.

— mi .
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Example 3

i Example

Prove that if B(0,) is a ball of radius r by some norm centered at zero, then (B(0,7))* = B(0,1/r).

® Let B(0,7) = X, B(0,1/r) =Y. Take the normal ® Now let p € Y. We need to show that p € X*, i.e,,

vector p € X*, then for any z € X : pTa > —1. (p,x) > —1. It's enough to apply the
® From all points of the ball X, take such a point Cauchy-Bunyakovsky inequality:

x € X that its scalar product of p: p” z is minimal, 1

then this is the point z = —H:%Hr. (o, 2)|| < llpll|lz|| < o= 1

T T P The latter comes from the fact that p € B(0,1/r)
= I = _ > _
pr=r ( |p||r> Iplr 2 =1 and a € B(0,7).

1 SoY C X~
o< ey

So X*CY.

— mi .
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Dual cone
A conjugate cone to a cone K is a set K™ such that:

K ={y|(z,y) >0 Vze K}
To show that this definition follows directly from the definitions above, recall what a conjugate set is and what a
cone VYA > 0 is.

yeR" [ (y,2) > —1 VweS}%{AyeR”Hy,wz—% vz € S}

Zs3, Zs3, T2,

K*

‘f% EHA}‘; Conjugate sets 0 O
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Dual cones properties

® | et K be a closed convex cone. Then K** = K.
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Dual cones properties

® | et K be a closed convex cone. Then K** = K.

® For an arbitrary set S C R™ and a cone K C R™:

(S+K) =S NK*
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Dual cones properties

® | et K be a closed convex cone. Then K** = K.

® For an arbitrary set S C R™ and a cone K C R™:

(S+K) =S NK*

® |let Ki,...,K,, be cones in R", then:

‘f - §ny1r; Conjugate sets
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Dual cones properties

® | et K be a closed convex cone. Then K** = K.

® For an arbitrary set S C R™ and a cone K C R™:

(S+K) =S NK*

® |let Ki,...,K,, be cones in R", then:

oK) -
i=1 i=1

® let K1,...,K,, be cones in R". Let also their intersection have an interior point, then:
m * m
(i) =X
=1 i=1
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Example

i Example

Find the conjugate cone for a monotone nonnegative cone:

K={zeR"|z1>22>... >z, >0}
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Example

i Example

Find the conjugate cone for a monotone nonnegative cone:

K={zeR"|z1>22>... >z, >0}

Note that:

Zl’iyi =yi(z1—z2)+ (1 +y2)(@a—x3)+ ...+ (1 +y2+ .-+ Yn—1)(@n-1—zn) + Y1+ ...+ Yn)Tn
1=1

Since in the presented sum in each summand, the second multiplier in each summand is non-negative, then:

120, y1+y22>20, ..., y1i+...+yn 20

k
SoK*:{y| Zyi>0,k:1an}'
i=1

‘f% fnﬂ Conjugate sets 0 0
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Polyhedra

The set of solutions to a system of linear inequalities and equalities is
a polyhedron:

Az <b, Cx=d

Here A € R™*™, C € RP*", and the inequality is a piecewise

>
inequality.
i Theorem v
Let z1,...,zm € R™. Conjugate to a polyhedral set: S
S =conv(zi,...,zx) + cone(Trii, ..., Tm) A
is a polyhedron (polyhedron): >/

S ={peR" | (pm:) > —1,i=1k;(px:) >0,i=k+1,m}
Figure 3: Polyhedra

— mi .
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Proof
® Let S = X,S5* =Y. Take some p € X*, then (p,x;) > —1,i = 1, k. At the same time, for any
0>0,i=k+1,m:

(pyxs) > —1 — (p,0x;) > —1

(P i) > —% — (p,xi) > 0.

SopeY > X*CY.

‘f - §ny1r; Conjugate sets
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Proof
® Let S = X,S5* =Y. Take some p € X*, then (p,x;) > —1,i = 1, k. At the same time, for any
0>0,i=k+1,m:

(pywi) 2 =1 = (p,0z;) > —1

SopeY > X*CY.

® Suppose, on the other hand, that p € Y. For any point z € X:

k

l':igle 297;:1,97;20
i=1

i=1

So:

m k m

k
(p,z) = Z@‘(p, ) = ZWP, ;) + Z 0i(p,zi) > th-(—l) + Zei 0=—1.

i=1 i=1 i=k+

— mi .
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Example

‘f — min
Tz

Conjugate sets
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‘f — min
Tz

Conjugate functions

Conjugate functions
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Conjugate functions

f(z)

/
7/
Va4
/s 7
LYy,
/7 7
7/ 7
7/ 7
7/ 7
7/ 7
7

Conjugate functions

‘f — min
Tz

A

Recall that given f : R™ — R, the function
defined by

Fi(y) = max [y"z — f(x)]

is called its conjugate.
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Geometrical intution

f(z)
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Geometrical intution

f(z)

f*ﬂy)

slope = xg

— mi . .
‘f 5“;‘; Conjugate functions
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Slopes of f and f*
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Slopes of f and f*

Assume that f is a closed and convex function. Then f is strongly convex with parameter p < V f* is Lipschitz
with parameter 1/p.

lf%ﬁ}‘i Conjugate functions 0 O
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Slopes of f and f*

Assume that f is a closed and convex function. Then f is strongly convex with parameter p < V f* is Lipschitz
with parameter 1/p.

Proof of “=": Recall, if g is strongly convex with minimizer z, then

g(y) > g(z) + gl\y — x|, forally

‘f% fnﬂ Conjugate functions 0 O
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Slopes of f and f*

Assume that f is a closed and convex function. Then f is strongly convex with parameter p < V f* is Lipschitz
with parameter 1/p.

Proof of “=": Recall, if g is strongly convex with minimizer z, then
K 2
9(y) 2 g(z) + S lly —z[”, forally
Hence, defining z, = Vf*(u) and z, = V f*(v),

fleo) —uTzy > flan) —u"zy + gnxu —a|?

f(xu) - 'UTxu > f(m'u) — ’UT.Ty + g”ﬂ?u — le||2
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Slopes of f and f*

Assume that f is a closed and convex function. Then f is strongly convex with parameter p < V f* is Lipschitz

with parameter 1/p.

Proof of “=": Recall, if g is strongly convex with minimizer z, then
© 2
9(y) 2 g(z) + S lly —z[”, forally
Hence, defining z, = Vf*(u) and x, = V f*(v),
Faw) —ues > flan) —uwu + Sllaw — 2l
f(xu) - 'UTwu > f(m'u) — ’UT.Ty + %Hﬂ?u — le||2
Adding these together, using the Cauchy-Schwarz inequality, and rearranging shows that

1
2w = zol|* < = lu —||?
I

— mi . .
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Slopes of f and f*

1

Proof of “<": for simplicity, call g = f* and L = -. As Vg is Lipschitz with constant L, so is

92(2) = g(2) — Vg(x)T 2, hence

‘f - W;rﬁ Conjugate functions

m

9o(2) < 0(y) + Vul0) (=~ v) + 2 — w3
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Slopes of f and f*

Proof of “<": for simplicity, call g = f* and L = i As Vg is Lipschitz with constant L, so is

92(2) = g(2) — Vg(x)T 2, hence
9o(2) < 0(y) + Vul0) (=~ v) + 2 — w3

Minimizing each side over z, and rearranging, gives

5= 199(2) ~ V)| < 9(y) — 9(2) + V(@) (x — )

— mi . .
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Slopes of f and f*

Proof of “<": for simplicity, call g = f* and L = i As Vg is Lipschitz with constant L, so is

92(2) = g(2) — Vg(x)T 2, hence
9o(2) < 0(y) + Vul0) (=~ v) + 2 — w3
Minimizing each side over z, and rearranging, gives
5= 199(2) ~ V)| < 9(y) — 9(2) + V(@) (x — )
Exchanging roles of x, y, and adding together, gives

%I\Vg(m) —Vgw)lI* < (Vg(x) — Va) (z —y)

‘f - fnﬂ Conjugate functions
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Slopes of f and f*

Proof of “<": for simplicity, call g = f* and L = i As Vg is Lipschitz with constant L, so is

92(2) = g(2) — Vg(x)T 2, hence
9o(2) < 0(y) + Vul0) (=~ v) + 2 — w3
Minimizing each side over z, and rearranging, gives
5= 199(2) ~ V)| < 9(y) — 9(2) + V(@) (x — )
Exchanging roles of x, y, and adding together, gives

%I\Vg(w) —Vgw)lI* < (Vg(x) — Va) (z —y)

Let u = Vf(z), v = Vg(y); then z € dg*(u), y € dg*(v), and the above reads (z — y)T (u — v) > 2=
implying the result.

‘f - fnﬂ Conjugate functions Q0


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Conjugate function properties

Recall that given f : R™ — R, the function defined by
f*(y) = max [y"z — f(x)]

is called its conjugate.

® Conjugates appear frequently in dual programs, since

[ (y) = min [f(z) "]

‘f - §ny1r; Conjugate functions
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Conjugate function properties

Recall that given f : R™ — R, the function defined by
f*(y) = max [y"z — f(x)]

is called its conjugate.

® Conjugates appear frequently in dual programs, since
1" (y) = min [f(z) — y"2]
e |f fis closed and convex, then f** = f. Also,

z€df (y) yedf(z)ze argmzin [f(z) —yTz]

‘f - W;rﬁ Conjugate functions

20
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Conjugate function properties

Recall that given f : R™ — R, the function defined by
f*(y) = max [y"z — f(x)]

is called its conjugate.

® Conjugates appear frequently in dual programs, since
1 () = min [f(2) ~ y"]
e |f fis closed and convex, then f** = f. Also,
z€df(y) ©yedf(z) =€ argmzin [f(z) - yTz]

® |f f is strictly convex, then
VI (y) = argmin [f(2) — y"7]

‘f - W;rﬁ Conjugate functions

20
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Conjugate function properties (proofs)

We will show that x € 0f*(y) & y € 0f(x), assuming that f is convex and closed.

® Proof of «<: Suppose y € 0f(z). Then = € M,, the set of maximizers of y”z — f(z) over z. But

f') = max{y’z— f(z)} and  Of"(y) = cl(conv( [ ] {z})).

zeMy

Thus z € 0f*(y).

‘f - §ny1r; Conjugate functions

21
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Conjugate function properties (proofs)

We will show that x € 0f*(y) & y € 0f(x), assuming that f is convex and closed.

® Proof of «<: Suppose y € 0f(z). Then = € M,, the set of maximizers of y”z — f(z) over z. But

f') = max{y’z— f(z)} and  Of"(y) = cl(conv( [ ] {z})).

zeMy

Thus z € 0f*(y).
® Proof of =-: From what we showed above, if z € 9f*(y), then y € 9f*(z), but f** = f.

‘f - fny"; Conjugate functions

21
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Conjugate function properties (proofs)

We will show that x € 0f*(y) & y € 0f(x), assuming that f is convex and closed.

® Proof of «<: Suppose y € 0f(z). Then = € M,, the set of maximizers of y”z — f(z) over z. But

f') = max{y’z— f(z)} and  Of"(y) = cl(conv( [ ] {z})).

zeMy

Thus z € 0f*(y).
® Proof of =-: From what we showed above, if z € 9f*(y), then y € 9f*(z), but f** = f.

‘f - fny"; Conjugate functions
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Conjugate function properties (proofs)

We will show that x € 0f*(y) & y € 0f(x), assuming that f is convex and closed.
® Proof of «<: Suppose y € 0f(z). Then = € M,, the set of maximizers of y”z — f(z) over z. But

f') = max{y’z— f(z)} and  Of"(y) = cl(conv( [ ] {z})).

2€M,
Thus z € 0f*(y).
® Proof of =-: From what we showed above, if z € 9f*(y), then y € 9f*(z), but f** = f.
Clearly y € 0f(x) & z € argmin.{f(z) — y” 2}

Lastly, if f is strictly convex, then we know that f(z) — y” 2 has a unique minimizer over z, and this must be

VI(y).

lf%ﬁ}‘i Conjugate functions 0 O
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‘f — min
Tz

Subgradient and Subdifferential

Subgradient and Subdifferential
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(1-regularized linear least squares
{1 induces sparsity

{ regularization. |Xw — y||3 » min {1 regularization. |Xw — y||3 » min
. Wl <1 . wh <1
3]
2
~
N
1]
o
_1 4
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4

@fminxyz
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Norms are not smooth

min f(2),

A classical convex optimization problem is considered. We assume that f(z) is a convex function, but now we do

not require smoothness.
p = Norm Cone

p =1 Norm Cone

p =2 Norm Cone

2.00
175
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0.0 .
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o5 7 |
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Figure 5: Norm cones for different p - norms are non-smooth

‘f — Inin Subgradient and Subdifferential

Tz
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Convex function linear lower bound

An important property of a continuous convex
function f(z) is that at any chosen point zg
for all z € dom f the inequality holds:

f(@) = f(zo) + (g, & — o)

\ 4

0 g T

Figure 6: Taylor linear approximation serves as a global lower bound for a
convex function

B S —min g adient and Subdifferential @00 5
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Convex function linear lower bound
An important property of a continuous convex
function f(z) is that at any chosen point zg
Yy for all z € dom f the inequality holds:
f(z)

f(@) = f(zo) + (g, & — o)

f(ﬂ?o) + <g, Xr — .’,U()> for some vector g, i.e., the tangent to the
graph of the function is the global estimate
from below for the function.

e If f(z) is differentiable, then g = V f(x0)

\ 4

0 g T

Figure 6: Taylor linear approximation serves as a global lower bound for a
convex function
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Convex function linear lower bound
An important property of a continuous convex
function f(z) is that at any chosen point zg
Yy for all z € dom f the inequality holds:
f(z)

f(@) = f(zo) + (g, & — o)

f(ﬂ?o) + <g, Xr — .’,U()> for some vector g, i.e., the tangent to the
graph of the function is the global estimate
from below for the function.

e If f(z) is differentiable, then g = V f(x0)
® Not all continuous convex functions are
differentiable.

\ 4

0 g T

Figure 6: Taylor linear approximation serves as a global lower bound for a
convex function
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Convex function linear lower bound
An important property of a continuous convex
function f(z) is that at any chosen point zg
Yy for all z € dom f the inequality holds:
f(z)

f(@) = f(zo) + (g, & — o)

f(ﬂ?o) + <g, Xr — .’,U()> for some vector g, i.e., the tangent to the
graph of the function is the global estimate
from below for the function.

e If f(z) is differentiable, then g = V f(x0)
® Not all continuous convex functions are
differentiable.

\ 4

0 g T

Figure 6: Taylor linear approximation serves as a global lower bound for a
convex function
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Convex function linear lower bound

0 I

\ 4

Figure 6: Taylor linear approximation serves as a global lower bound for a

convex function

B S =min g adient and Subdifferential

An important property of a continuous convex
function f(z) is that at any chosen point zg
for all z € dom f the inequality holds:

f(@) = f(zo) + (g, & — o)

for some vector g, i.e., the tangent to the
graph of the function is the global estimate
from below for the function.
e If f(z) is differentiable, then g = V f(x0)
® Not all continuous convex functions are
differentiable.
We wouldn’t want to lose such a nice property.
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Subgradient and subdifferential
A vector g is called the subgradient of a function f(x) : S — R at a point ¢ if Yz € S:

f(z) > f(@o) + (9,2 — To)

R S —min g adient and Subdifferential

26


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Subgradient and subdifferential
A vector g is called the subgradient of a function f(x) : S — R at a point ¢ if Yz € S:

f(z) > f(@o) + (9,2 — To)

The set of all subgradients of a function f(z) at a point zo is called the subdifferential of f at zo and is denoted by

Of (wo).

R S —min g adient and Subdifferential @00 %
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Subgradient and subdifferential
A vector g is called the subgradient of a function f(x) : S — R at a point ¢ if Yz € S:

f(z) > f(@o) + (9,2 — To)

The set of all subgradients of a function f(z) at a point zo is called the subdifferential of f at zo and is denoted by

Of (zo).

[_92] df(z0) = [g1; 92|

0 o T 0 o T 0 o T

) Figure 7: Subdifferential is a set of all possible subgradients
R S —min g adient and Subdifferential @00 2
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Subgradient and subdifferential
Find 0f (), if f(z) = |z|

R S =min g adient and Subdifferential
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Subgradient and subdifferential

Find 0f (), if f(z) = |z|

f(z) = |z|

A

A

0f ()

R S =min g adient and Subdifferential

A\ 4

A\ 4

0 O 27


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Subdifferential properties

® If zo € ri(.S), then Of(xo) is a convex compact set.

B S —min g adient and Subdifferential

28


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Subdifferential properties
® If zo € ri(.S), then Of(xo) is a convex compact set.
® The convex function f(z) is differentiable at the

point o = af(l’o) = {Vf(ito)}

B S —min g adient and Subdifferential
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Subdifferential properties

® If zo € ri(.S), then Of(xo) is a convex compact set.

® The convex function f(z) is differentiable at the
point xg = af(l’o) = {Vf(ito)}

® If Of(xo) #0 Vao € S, then f(z) is convex on S.

B S —min g adient and Subdifferential
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Subdifferential properties

® If zo € ri(.S), then Of(xo) is a convex compact set.

® The convex function f(z) is differentiable at the
point xg = af(l’o) = {Vf(ito)}

® If Of(xo) #0 Vao € S, then f(z) is convex on S.

B S —min g adient and Subdifferential
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Subdifferential properties

The convex function f(zx) is differentiable at the
point xg = af(l’o) = {Vf(Io)}

i Subdifferential of a differentiable function

Let f : S — R be a function defined on the set
S in a Euclidean space R". If 2o € ri(S) and f
is differentiable at o, then either Of(zo) = 0 or
df(xo) = {Vf(z0)}. Moreover, if the function f is
convex, the first scenario is impossible.

B S —min g adient and Subdifferential

If o € ri(S), then df(z0) is a convex compact set.

If 0f (o) #0 Vxzo € S, then f(x) is convex on S.

28
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Subdifferential properties

If o € ri(S), then df(z0) is a convex compact set.
The convex function f(zx) is differentiable at the
point o = 8f(1:0) = {Vf(Io)}

If 0f (o) #0 Vxzo € S, then f(x) is convex on S.

i Subdifferential of a differentiable function

Let f : S — R be a function defined on the set
S in a Euclidean space R". If 2o € ri(S) and f
is differentiable at o, then either Of(zo) = 0 or
df(xo) = {Vf(z0)}. Moreover, if the function f is
convex, the first scenario is impossible.

Proof
1. Assume, that s € 9f(xq) for some s € R™ distinct
from V f(zo). Let v € R™ be a unit vector. Because
To is an interior point of S, there exists § > 0 such
that xg +tv € S for all 0 < ¢t < §. By the definition
of the subgradient, we have

f(xo +tv) > f(xo) + t(s,v)

B S —min g adient and Subdifferential
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Subdifferential properties

If o € ri(S), then df(z0) is a convex compact set.
The convex function f(zx) is differentiable at the
point o = 8f(1:0) = {Vf(Io)}

If 0f (o) #0 Vxzo € S, then f(x) is convex on S.

i Subdifferential of a differentiable function

Let f : S — R be a function defined on the set
S in a Euclidean space R". If 2o € ri(S) and f
is differentiable at o, then either Of(zo) = 0 or
df(xo) = {Vf(z0)}. Moreover, if the function f is
convex, the first scenario is impossible.

Proof
1. Assume, that s € 9f(xq) for some s € R™ distinct
from V f(zo). Let v € R™ be a unit vector. Because
To is an interior point of S, there exists § > 0 such
that xg +tv € S for all 0 < ¢t < §. By the definition
of the subgradient, we have

f(xo +tv) > f(xo) + t(s,v)

B S —min g adient and Subdifferential


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Subdifferential properties

If o € ri(S), then df(z0) is a convex compact set. which implies:

® The convex function f(z) is differentiable at the
point 2o = Of (z0) = {V f(z0)}. flwoFt0) = flwo) o (g 4
® If0f(xo) #0 Vxzo € S, then f(x) is convex on S. t
for all 0 < t < §. Taking the limit as ¢ approaches 0 and
i Subdifferential of a differentiable function using the definition of the gradient, we get:
Let f : S — R be a function defined on the set (Vf(zo),v) = lim f(zo +tv) = f(zo) > (s,v)
S in a Euclidean space R". If zo € ri(S) and f t=0;0<t<s ¢

is differentiable at o, then either Of(zo) = 0 or
df(xo) = {Vf(z0)}. Moreover, if the function f is
convex, the first scenario is impossible.

2. From this, (s — V f(x0),v) > 0. Due to the
arbitrariness of v, one can set

po S Vi(@o)
Proof s = Vf(zo)ll’
1. Assume, that s € 9f(xq) for some s € R™ distinct
from V f(zo). Let v € R™ be a unit vector. Because
To is an interior point of S, there exists § > 0 such
that xg +tv € S for all 0 < ¢t < §. By the definition
of the subgradient, we have

leading to s = V f(z0).

f(xo +tv) > f(xo) + t(s,v)

B S =min g adient and Subdifferential
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Subdifferential properties
If o € ri(S), then df(z0) is a convex compact set. which implies:
The convex function f(zx) is differentiable at the

point 2o = Of (z0) = {V f(z0)}. flwoFt0) = flwo) o (g 4
® If0f(xo) #0 Vxzo € S, then f(x) is convex on S. t
for all 0 < t < §. Taking the limit as ¢ approaches 0 and
i Subdifferential of a differentiable function using the definition of the gradient, we get:
Let f : S — R be a function defined on the set (Vf(zo),v) = lim f(zo +tv) = f(zo) > (s,v)
S in a Euclidean space R". If zo € ri(S) and f t=0;0<t<s ¢

is differentiable at o, then either Of(zo) = 0 or
df(xo) = {Vf(z0)}. Moreover, if the function f is
convex, the first scenario is impossible.

2. From this, (s — V f(x0),v) > 0. Due to the
arbitrariness of v, one can set

po S Vi(@o)
Proof s = Vf(zo)ll’
1. Assume, that s € 9f(xq) for some s € R™ distinct
from V f(zo). Let v € R™ be a unit vector. Because
To is an interior point of S, there exists § > 0 such
that xg +tv € S for all 0 < ¢t < §. By the definition
of the subgradient, we have

leading to s = V f(z0).

3. Furthermore, if the function f is convex, then
according to the differential condition of convexity
f(x) > f(zo) + (Vf(xo),z — z0) for all z € S. But
by definition, this means V f(zo) € 9f(zo).

f(zo + tv) > f(xo) + t{s,v)

B S =min g adient and Subdifferential 00 8
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Subdifferentiability and convexity

i Question

Is it correct, that if the function has a subdifferential at some point, the function is convex?

R S —min g adient and Subdifferential

29
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Subdifferentiability and convexity

i Question

Is it correct, that if the function has a subdifferential at some point, the function is convex?

Find 8f(x), if f(z) =sinz,z € [r/2; 27|

A
1
o o
0 z ke 3—7T 27 Z
2 2
-1

R S —min g adient and Subdifferential
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Subdifferentiability and convexity

i Question

Is it correct, that if the function is convex, it has a subgradient at any point?

R S —min g adient and Subdifferential
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Subdifferentiability and convexity

i Question

Is it correct, that if the function is convex, it has a subgradient at any point?

Convexity follows from subdifferentiability at any point. A natural question to ask is whether the converse is true: is
every convex function subdifferentiable? It turns out that, generally speaking, the answer to this question is negative.

Let f:[0,00) — R be the function defined by f(z) := —y/z. Then, 9f(0) = 0.

Assume, that s € 9f(0) for some s € R. Then, by definition, we must have sz < —y/z for all z > 0. From this, we
can deduce s < —+/1 for all z > 0. Taking the limit as = approaches 0 from the right, we get s < —o0, which is
impossible.

R S —min g adient and Subdifferential @00 30
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Subdifferential calculus

i Moreau - Rockafellar theorem (subdifferential of
a linear combination)

Let fi(x) be convex functions on convex sets S;, i =
n

I,n. Then if () ri(S;) # 0 then the function

=1

f(@) = 3 aifi(x), ai > 0 has a subdifferential
i=1

dsf(x) on the set S = (] S; and

i=1

n

dsf(x) =) aids, fi(x)

i=1

R S =min g adient and Subdifferential
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Subdifferential calculus

i Moreau - Rockafellar theorem (subdifferential of
a linear combination)

Let fi(x) be convex functions on convex sets S;, i =
n

I,n. Then if () ri(S;) # 0 then the function

=1

f(@) = 3 aifi(x), ai > 0 has a subdifferential
i=1

dsf(x) on the set S = (] S; and

i=1

n

dsf(x) =) aids, fi(x)

i=1

R S =min g adient and Subdifferential

i Dubovitsky - Milutin theorem (subdifferential of
a point-wise maximum)

Let f;(z) be convex functions on the open convex
set S CR", o € S, and the pointwise maximum
is defined as f(z) = maxfi(z). Then:

Os f(xo) = conv U Osfi(zo) p, I(x)={i€[

i€1(z0)
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Subdifferential calculus

® J(af)(z) = adf(zx), for a >0

R S =min g adient and Subdifferential
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Subdifferential calculus

® J(af)(z) = adf(zx), for a >0
L3N] = > 98fi(x), fi - convex functions

R S =min g adient and Subdifferential
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Subdifferential calculus

adf(x), fora >0
= > 98fi(x), fi - convex functions
(f(Az + b)) (x) = ATOf(Ax +b), f - convex function

B S —min g adient and Subdifferential
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Subdifferential calculus

Aaf)(z) = adf(z), for a >0

(> fi)(x) =>_ 8fi(x), fi - convex functions

O(f(Az +b))(z) = ATOf(Ax +b), f - convex function
z € Of(x) if and only if z € 9f*(2).

R S =min g adient and Subdifferential
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Connection to convex geometry

Convex set S C R", consider indicator function Is : R" — R,

Is(x)—l{xES}—{go :;i;g

For z € S, 0Is(x) = Ns(z), the normal cone of S at z is, recall

Ns(z)={geR": 9"z >g"y forany y € S}
Why? By definition of subgradient g,

Is(y) > Is(x) +¢"(y —2) forally
® Fory¢sS, Is(y) =

R S =min g adient and Subdifferential

Ve
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Connection to convex geometry

Convex set S C R", consider indicator function Is : R" — R,

0 ifzesS /é

15(1’)—[{1165}—{00 fods

For z € S, 0Is(x) = Ns(z), the normal cone of S at z is, recall P

Ns(z)={geR": 9"z >g"y forany y € S}
Why? By definition of subgradient g,
Is(y) > Is(x) + g  (y —x) forally

® Fory¢sS, Is(y) =
® For y € S, this means 0 > g7 (y — x)

R S =min g adient and Subdifferential
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Optimality Condition

For any f (convex or not),
f(@") =minf(z) <= 0€df(a")

That is, * is a minimizer if and only if 0 is a subgradient of f at x*. This is called the subgradient optimality
condition.

Why? Easy: g = 0 being a subgradient means that for all y
fly) = f@) +0"(y — ") = f(z")

Note the implication for a convex and differentiable function f, with

Of(z) ={V[(2)}

B S —min g adient and Subdifferential
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Derivation of first-order optimality

Example of the power of subgradients: we can use what
we have learned so far to derive the first-order optimality

condition. Recall

min f(x) subject to z € S

is solved at x, for f convex and differentiable, if and only

if

Vi) (y—z)>0 forallyes

Intuitively: this says that the gradient increases as we
move away from z. How to prove it? First, recast the

problem as

min f(z) + Is(x)

Now apply subgradient optimality:

0€9(f(z) + Is(x))

R S =min g adient and Subdifferential

f(z) =21+ 2z — min

171,:E2€]R2
S - convex S - not convex
T2 9
/S\ R\
T Vi) P
) V() A2
(=Vf(z*),d) <0 (-Vf("),d) <0
z*- optimal z!- not optimal
® 00
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Derivation of first-order optimality

Ob:
serve flz)=z14+ 22— min]R2
T1,X2€
0eo +1
€ 0(f(a) + Is(@) S - convex S - not convex
To T2
< 0€{Vf(@)}+Ns(z) .
8\ N\
\ /N \\\
& —Vf(z) € Ns(z) / ) S\ \.,
& V@) z>-Vfx) yforalyecs N —Vf(z*) }‘i
. ~V f(a) Vi) A
S V@) (y—z)>0forallye S
_ (~Vf(a*)d) <0 -V f@h),d) <0
as desired. z*- optimal z!- not optimal

Note: the condition 0 € 9f(x) + Ns(z) is a fully general
condition for optimality in convex problems. But it's not
always easy to work with (KKT conditions, later, are
easier).

R S —min g adient and Subdifferential ® 00
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Example 1
i Example

Find 8f(x), if f(z) = |z — 1] + |z + 1]

R S —min g adient and Subdifferential
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Example 1
i Example

Find 8f(x), if f(z) = |z — 1] + |z + 1]

—1, r <1 -1, r<—1
ofix) =< [-1;1],  a=1  Ofe(x) =S [-1;1], z=-1
1, z>1 1, z> -1
So
-2, z< -1
[—2;0], z=-1
of(z) =40, -l<z<1
0;2], =zx=1
2, z>1
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Example 2

Find 0f(x) if f(z) = [max(0, fo(x))]?. Here, fo(z) is a convex function on an open convex set S, and ¢ > 1.
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Example 2

Find 0f(x) if f(z) = [max(0, fo(x))]?. Here, fo(z) is a convex function on an open convex set S, and ¢ > 1.

According to the composition theorem (the function p(x) = x is differentiable) and g(x) = max(0, fo(x)), we have:

af(x) = q(g(x))"" " 0g(x)

By the theorem on the pointwise maximum:

8f0($), fO(iE) > 07
dg(x) = { {0}, fo(z) <0,
{ala=Xd, 0< A< 1, d €dfo(x)}, fo(z) =0
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Example 3. Subdifferential of the Norm
Let V' be a finite-dimensional Euclidean space, and zo € V. Let ||-|| be an arbitrary norm in V' (not necessarily
induced by the scalar product), and let |||« be the corresponding conjugate norm. Then,

8” ||( ) B”.H*(O, 1), if Xo IO7
Azo) =
0 {s eV :|sll+ <1;(s,z0) = ||zo]|} ={s € V : Is]|« = 1;(s,xz0) = ||zo||}, otherwise.

Where B).j|, (0, 1) is the closed unit ball centered at zero with respect to the conjugate norm. In other words, a
vector s € V with ||s||« = 1 is a subgradient of the norm ||-|| at point xo # 0 if and only if the Hélder's inequality
(s,z0) < ||zo|| becomes an equality.
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Example 3. Subdifferential of the Norm
Let V' be a finite-dimensional Euclidean space, and zo € V. Let ||-|| be an arbitrary norm in V' (not necessarily
induced by the scalar product), and let |||« be the corresponding conjugate norm. Then,

8” ||( ) B”.H*(O, 1), if o IO7
Azo) =
0 {s eV :|sll+ <1;(s,z0) = ||zo]|} ={s € V : Is]|« = 1;(s,xz0) = ||zo||}, otherwise.

Where B).j|, (0, 1) is the closed unit ball centered at zero with respect to the conjugate norm. In other words, a
vector s € V with ||s||« = 1 is a subgradient of the norm ||-|| at point xo # 0 if and only if the Hélder's inequality

(s,z0) < ||zo|| becomes an equality.
Let s € V. By definition, s € 9||-||(zo) if and only if
(s,z) — |lz|| < (s,z0) — ||z0o]|, for all z € V,

or equivalently,
Sug{<s7w> = llzll} < {s,z0) = llzol|-
BIS

By the definition of the supremum, the latter is equivalent
to

sup {(s. ) — ||z|[} = (s, z0) — o] ooo 4
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Example 3. Subdifferential of the Norm
Let V' be a finite-dimensional Euclidean space, and zo € V. Let ||-|| be an arbitrary norm in V' (not necessarily
induced by the scalar product), and let |||« be the corresponding conjugate norm. Then,

8” ||( ) B”.H*(O, 1), if o IO7
Azo) =
0 {s eV :|sll+ <1;(s,z0) = ||zo]|} ={s € V : Is]|« = 1;(s,xz0) = ||zo||}, otherwise.

Where B).j|, (0, 1) is the closed unit ball centered at zero with respect to the conjugate norm. In other words, a
vector s € V with ||s||« = 1 is a subgradient of the norm ||-|| at point xo # 0 if and only if the Hélder's inequality
(s,z0) < ||zo|| becomes an equality.

Let s € V. By definition, s € 9||-||(zo) if and only if It is important to note that the expression on the left side

is the supremum from the definition of the Fenchel
(s,2) — |lz|| < (s,0) — ||lzo]|, for all z € V, conjugate function for the norm, which is known to be
0, if ||s]l« <1,

+o00, otherwise.

or equivalently,

:ggﬂs,x) = ll=ll} = {

sup{(s, z) — [[z[|} < (s,2z0) — [|zo-
vev Thus, equation is equivalent to ||s]|« < 1 and

By the definition of the supremum, the latter is equivalent (s,20) = ||zo]|.
to

sup {(s. ) — ||z|[} = (s, z0) — o] oo .
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Example 3. Subdifferential of the Norm

Consequently, it remains to note that for zo # 0, the inequality ||s||« < 1 must become an equality since, when
Is|]|« < 1, Hélder's inequality implies (s, o) < ||s]«||zoll < ||zol|-

The conjugate norm in Example above does not appear by chance. It turns out that, in a completely similar manner
for an arbitrary function f (not just for the norm), its subdifferential can be described in terms of the dual object —

the Fenchel conjugate function.
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