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The reader will find no figures in this work. The methods which
| set forth do not require either constructions or geometrical or
mechanical reasonings: but only algebraic operations, subject to a
regular and uniform rule of procedure.

Preface to Mécanique analytique

Figure 1: Joseph-Louis Lagrange
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Optimization with inequality constraints
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Example of inequality constraints

fl@)=a1+25 gla)=a]+25—1

f(z) — min

TER™

s.t. g(z) <0
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Optimization with inequality constraints

z* = argmin f(z)

T2

Contour lines of f(z) = 23 + z3 = C
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Optimization with inequality constraints

R /- min

Optimization with inequality constraints

T2

Feasible region g(z) = 22 + 22 -1 <0
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Optimization with inequality constraints

How to recognize that some feasible point is

at local minimum? %2

TF
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Optimization with inequality constraints

‘f — min
Tz

Easy in this case! Just check unconstrained

optimality conditions 2 Vi(zr)=0
V2f(wp) =0
TF
°
0 1

Optimization with inequality constraints
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Optimization with inequality constraints

Thus, if the constraints of the type of inequalities are inactive in the constrained problem, then don’t worry and
write out the solution to the unconstrained problem. However, this is not the whole story. Consider the second
childish example

f@) =@ —1)°+(@2+1)° g(x)=ai+a5-1

i
f(z) - min

sit. g(z) <0

‘f - 511;1; Optimization with inequality constraints 0 O
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Optimization with inequality constraints

flz) = (z1-1)*+ (22 +1)* =C
T2

Contour lines of f(x)

/

Zf

z ¢ = argmin f(x)
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Optimization with inequality constraints

R /- min

Optimization with inequality constraints

Feasible region g(z) = z3 + 22 — 1 <0

$2\

Zf
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Optimization with inequality constraints

How to recognize that some feasible point is

at local minimum? %2

TF

Zf
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Optimization with inequality constraints

‘f — min
Tz

Not very easy in this case! Even gradient # 0

. T2
at local optimum ©

Zf
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Optimization with inequality constraints

Effectively have a problem with equality

constraints! Z2

g(z*) =0

‘f ;nyul Optimization with inequality constraints

Zf

T
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Optimization with inequality constraints

T

I \

Vh(:EF) A
_Vf

- 0 » >
IB*
Zf
_Vf

Y

~Vf(z*) = AVh(z")
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Optimization with inequality constraints

Not a constrained local minimum as — V f(z)
points in towards the

. feasible region

Y

T

Zf

Y

—Vf(z*) = AVh(z")
A>0
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Optimization with inequality constraints

So, we have a problem:

f(z) —» min
TER™

s.it. g(z) <0
Two possible cases:

g(z) <0 is inactive. g(z*) <0
® g(z") <0
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Optimization with inequality constraints

So, we have a problem:

f(z) —» min
TER™

s.it. g(z) <0

Two possible cases:

g(z) <0 is inactive. g(z*) <0
® g(z") <0
° Vf(z*)=0
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Optimization with inequality constraints

So, we have a problem:

f(z) —» min
TER™

s.it. g(z) <0

Two possible cases:

g(z) <0 is inactive. g(z*) <0
® g(z") <0
° Vf(z*)=0
o V2f(z*) >0
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Optimization with inequality constraints

So, we have a problem:

f(z) —» min
TER™
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Optimization with inequality constraints

So, we have a problem:

Two possible cases:

g(z) <0 is inactive. g(z*) <0
® g(z") <0
° Vf(z*)=0
o V2f(z*) >0

‘f ;nylr; Optimization with inequality constraints

f(z) —» min
TER™

s.it. g(z) <0

g(z) <0 is active. g(z*) =0
®g(z") =0
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Optimization with inequality constraints

So, we have a problem:

f(z) —» min
zeR™
s.it. g(z) <0
Two possible cases:
g(z) <0 is inactive. g(z*) <0 g(z) <0 is active. g(z*) =0
® g(z") <0 ® g(z")=0
° Vf(z*)=0 ® Necessary conditions: —V f(z*) = AVg(z*), A > 0

o V2f(z*) >0
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Optimization with inequality constraints

So, we have a problem:

Two possible cases:

g(z) <0 is inactive. g(z*) <0
® g(z") <0
° Vf(z*)=0
o V2f(z*) >0

‘f 5“;"; Optimization with inequality constraints

f(z) —» min
TER™

s.it. g(z) <0

g(z) <0 is active. g(z*) =0
®g(z")=0
® Necessary conditions: —V f(z*) = AVg(z*), A > 0
® Sufficient conditions:
(y, Vi, L(z*,\")y) > 0,Vy #0 € R" : Vg(z*) 'y =0
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Lagrange function for inequality constraints

Combining two possible cases, we can
write down the general conditions for the
problem:

-
f(z) — min

sit. g(z) <0

Let’s define the Lagrange function:

L(z,A) = f(z) + Ag(z)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.

‘f 511;1; Optimization with inequality constraints
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Lagrange function for inequality constraints

Combining two possible cases, we can  If 2 is a local minimum of the problem described above, then there exists
write down the general conditions for the a unique Lagrange multiplier A* such that:
problem:

(1) VoL(z*,A*) = 0

.
f(z) — min

sit. g(z) <0

Let’s define the Lagrange function:

L(z,A) = f(z) + Ag(z)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.

‘f - 5“.}‘; Optimization with inequality constraints 0 O 18
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Lagrange function for inequality constraints

Combining two possible cases, we can  If 2 is a local minimum of the problem described above, then there exists
write down the general conditions for the a unique Lagrange multiplier A* such that:
problem:

(1) VoL(z*,A*) = 0

f(z) — min (2) A" >0

sit. g(z) <0

Let’s define the Lagrange function:

L(z,A) = f(z) + Ag(z)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.
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Lagrange function for inequality constraints

Combining two possible cases, we can  If 2 is a local minimum of the problem described above, then there exists
write down the general conditions for the a unique Lagrange multiplier A* such that:
problem:

(1) VoL(z*,A*) = 0

f(z) — min (2) A" >0

st. g(x) <0 (3) N'g(z") =0

Let’s define the Lagrange function:

L(z,A) = f(z) + Ag(z)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.
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Lagrange function for inequality constraints

Combining two possible cases, we can  If 2 is a local minimum of the problem described above, then there exists

write down the general conditions for the a unique Lagrange multiplier A* such that:
problem:

_ (1) VoL(z*,\*) = 0
f(@) = min (2) A" >0
st. g(x) <0 (3) A*g(z") =0
(4) g(z") <0

Let’s define the Lagrange function:

L(z,A) = f(z) + Ag(z)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.
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Lagrange function for inequality constraints

Combining two possible cases, we can  If 2 is a local minimum of the problem described above, then there exists
write down the general conditions for the a unique Lagrange multiplier A* such that:

problem:
(1) VoL(z",A\*) =0
f(z) — min (2) A" >0
sit. g(z) <0 (3) A'g(=z") =0
4 <0
Let's define the Lagrange function: @) 9(@) < )
(5) Yy € C(z7) : (y, Vi L(z", X" )y) > 0

L(z,A) = f(z) + Ag(z)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.

‘f - 5“.}‘; Optimization with inequality constraints 0 O 18
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Lagrange function for inequality constraints

Combining two possible cases, we can  If 2 is a local minimum of the problem described above, then there exists
write down the general conditions for the a unique Lagrange multiplier A* such that:

problem:

(1) VoL(z",A\*) =0
f(z) — min (2) A" >0
sit. g(z) <0 (3) Ng(z") =0

4 <0

Let's define the Lagrange function: (4) g(z”) < ,
(5)Vy € C(z") : (y, Vau L(z", X")y) > 0

L(z,\) = f(z) + Ag(z) where C(z*) = {y € Ran(ﬂc*)Ty <0andVieI(@): Vgi(z*)Ty <0}

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.
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Lagrange function for inequality constraints

Combining two possible cases, we can  If 2 is a local minimum of the problem described above, then there exists
write down the general conditions for the a unique Lagrange multiplier A* such that:

problem:

(1) VoL(z",A\*) =0
f(z) — min (2) A" >0
sit. g(z) <0 (3) Ng(z") =0

4 <0

Let's define the Lagrange function: (4) g(z”) < ,
(5)Vy € C(z") : (y, Vau L(z", X")y) > 0

L(z,\) = f(z) + Ag(z) where C(z*) = {y € Ran(ﬂc*)Ty <0andVieI(@): Vgi(z*)Ty <0}

The classical Karush-Kuhn-Tucker first  T1(z*) = {i | g;(z*) = 0}
and second-order optimality conditions

for a local minimizer z*, stated under

some regularity conditions, can be

written as follows.

‘f - 5“.}‘; Optimization with inequality constraints 0 O 18
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General formulation

.
fo(z) — min

s.t. fz(.T)S(L 1=1,...,m
hi(x)zo, ’i:l,...,p

This formulation is a general problem of mathematical programming.

The solution involves constructing a Lagrange function:

L(z,\,v) = fo(z) + Z Aifi(z) + Z vihi(z)

R Somin
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Necessary conditions

Let z*, (A", ") be a solution to a mathematical programming problem with zero duality gap (the optimal value for
the primal problem p* is equal to the optimal value for the dual problem d*). Let also the functions fo, f;, h; be
differentiable.

® V.L(z*, A", v*)=0

R Somin 00 21
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Necessary conditions

Let z*, (A", ") be a solution to a mathematical programming problem with zero duality gap (the optimal value for
the primal problem p* is equal to the optimal value for the dual problem d*). Let also the functions fo, f;, h; be
differentiable.

® V.L(z*, A", v*)=0

o Vo L(z*,\*,v*)=0

R Somin 00 21
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Necessary conditions

Let z*, (A", ") be a solution to a mathematical programming problem with zero duality gap (the optimal value for
the primal problem p* is equal to the optimal value for the dual problem d*). Let also the functions fo, f;, h; be
differentiable.

® V.L(z*, A", v*)=0
o Vo L(z*,\*,v*)=0
e N >0,i=1,...,m

R Somin 00 21
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Necessary conditions

Let z*, (A", ") be a solution to a mathematical programming problem with zero duality gap (the optimal value for
the primal problem p* is equal to the optimal value for the dual problem d*). Let also the functions fo, f;, h; be
differentiable.

® V.L(z*, A", v*)=0
® V,L(z*,\*,v*")=0
e N >0,i=1,...,m
® N\ fi(z")=0,i=1,...,m
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Necessary conditions

Let z*, (A", ") be a solution to a mathematical programming problem with zero duality gap (the optimal value for
the primal problem p* is equal to the optimal value for the dual problem d*). Let also the functions fo, f;, h; be
differentiable.

Vo L(z*, X", v*) =

Vo L(z* X", v*) =0
N>0i=1,...,m
Aifi(z®)=0,i=1,...,m
fl(x*) < O,i = 1,...,m

R Somin 00 21
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Some regularity conditions

These conditions are needed to make KKT solutions the necessary conditions. Some of them even turn necessary
conditions into sufficient (for example, Slater’s). Moreover, if you have regularity, you can write down necessary
second order conditions (y, V2, L(z*, \*,v*)y) > 0 with semi-definite hessian of Lagrangian.

® Slater’s condition. If for a convex problem (i.e., assuming minimization, fo, f; are convex and h; are affine),
there exists a point « such that h(z) = 0 and f;(z) < 0 (existence of a strictly feasible point), then we have a
zero duality gap and KKT conditions become necessary and sufficient.

R Somin S0 0 »
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Some regularity conditions

These conditions are needed to make KKT solutions the necessary conditions. Some of them even turn necessary
conditions into sufficient (for example, Slater’s). Moreover, if you have regularity, you can write down necessary
second order conditions (y, V2, L(z*, \*,v*)y) > 0 with semi-definite hessian of Lagrangian.

® Slater’s condition. If for a convex problem (i.e., assuming minimization, fo, f; are convex and h; are affine),
there exists a point « such that h(z) = 0 and f;(z) < 0 (existence of a strictly feasible point), then we have a
zero duality gap and KKT conditions become necessary and sufficient.

® Linearity constraint qualification. If f; and h; are affine functions, then no other condition is needed.
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Some regularity conditions

These conditions are needed to make KKT solutions the necessary conditions. Some of them even turn necessary
conditions into sufficient (for example, Slater’s). Moreover, if you have regularity, you can write down necessary
second order conditions (y, V2, L(z*, \*,v*)y) > 0 with semi-definite hessian of Lagrangian.

® Slater’s condition. If for a convex problem (i.e., assuming minimization, fo, f; are convex and h; are affine),
there exists a point « such that h(z) = 0 and f;(z) < 0 (existence of a strictly feasible point), then we have a
zero duality gap and KKT conditions become necessary and sufficient.

® Linearity constraint qualification. If f; and h; are affine functions, then no other condition is needed.

® Linear independence constraint qualification. The gradients of the active inequality constraints and the
gradients of the equality constraints are linearly independent at x*.
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Some regularity conditions

These conditions are needed to make KKT solutions the necessary conditions. Some of them even turn necessary
conditions into sufficient (for example, Slater’s). Moreover, if you have regularity, you can write down necessary
second order conditions (y, V2, L(z*, \*,v*)y) > 0 with semi-definite hessian of Lagrangian.

® Slater’s condition. If for a convex problem (i.e., assuming minimization, fo, f; are convex and h; are affine),
there exists a point « such that h(z) = 0 and f;(z) < 0 (existence of a strictly feasible point), then we have a
zero duality gap and KKT conditions become necessary and sufficient.

® Linearity constraint qualification. If f; and h; are affine functions, then no other condition is needed.

® Linear independence constraint qualification. The gradients of the active inequality constraints and the
gradients of the equality constraints are linearly independent at x*.

® For other examples, see wiki.
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Proof in simple case

i Subdifferential form of KKT

Let X be a linear normed space, and let f; : X = R, 7 =0,1,...,m, be convex proper (it never takes on the
value —oo and also is not identically equal to co) functions. Consider the problem
T) — min
fO( ) reEX
sit. fi(z)<0,5=1,...,m

Let 2" € X be a minimum in problem above and the functions f;, j = 0,1,...,m, be continuous at the
point z*. Then there exist numbers A\; >0, j =0,1,...,m, such that

m

j=0

R Somin 0 0
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Proof in simple case

Proof
1. Consider the function

f(@) = max{fo(x) = fo(«"), fr(z),..., fm(2)}.

The point z* is a global minimum of this function.
Indeed, if at some point x. € X the inequality
f(ze) < 0O were satisfied, it would imply that

fo(ze) < fo(z™) and fj(ze) <0, 5=1,...,m,
contradicting the minimality of =™ in problem above.

R Somin
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Proof in simple case

Proof
1. Consider the function

f(@) = max{fo(x) = fo(«"), fr(z),..., fm(2)}.

The point z* is a global minimum of this function.

Indeed, if at some point x. € X the inequality

f(ze) < 0O were satisfied, it would imply that

fo(ze) < fo(z™) and fj(ze) <0, 5=1,...,m,

contradicting the minimality of =™ in problem above.
2. Then, from Fermat's theorem in subdifferential form,

it follows that

0€df(z").

R Somin
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Proof in simple case

Proof
1. Consider the function

f(@) = max{fo(x) = fo(«"), fr(z),..., fm(2)}.

The point z* is a global minimum of this function.

Indeed, if at some point x. € X the inequality

f(ze) < 0O were satisfied, it would imply that

fo(ze) < fo(z™) and fj(ze) <0, 5=1,...,m,

contradicting the minimality of =™ in problem above.
2. Then, from Fermat's theorem in subdifferential form,

it follows that

0€df(z").

R Somin

3. By the Dubovitskii-Milyutin theorem, we have

af(x") = conv (U amx*)) :

JjeI

where I = {0} U{j: f;(z") =0,1 <j <m}.
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Proof in simple case

Proof 3. By the Dubovitskii-Milyutin theorem, we have
1. Consider the function
9f(x") = conv (U amx*)) :
f(@) = max{fo(z) — fo(z"), fu(),..., fm(2)}. jel

where I = {0} U{j: f;(z") =0,1 <j <m}.

The point z* is a global minimum of this function. / ]
4. Therefore, there exist g; € 0f;(x*), j € I, such that

Indeed, if at some point x. € X the inequality
f(ze) < 0O were satisfied, it would imply that
fo(ze) < fo(z™) and fj(ze) <0, 5=1,...,m, Negs — 0 No=1. N >0 i
e ig; =0, =1, i , el
contradicting the minimality of ™ in problem above. Z 791 Z 7 7= J
2. Then, from Fermat's theorem in subdifferential form,
it follows that It remains to set \; =0 for j ¢ I.

jeI jer

0€df(z").
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Example. Projection onto a hyperplane

1
min 3 lx—yl®, st a

R Somin

T

x = b.
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Example

Solution

Lagrangian:

R Somin

. Projection onto a hyperplane

1
m1n§||X—Y||27 s.t. a

T

x = b.
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Example

Solution

Lagrangian:

R Somin

. Projection onto a hyperplane

T

1
min§||x—)’||2, st. a x=b.

1
L(x,v) = gllx—yIF +w(a"x ~ b)
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Example. Projection onto a hyperplane

T

1
min§||x—)’||2, st. a x=b.

Solution
Lagrangian:
1
L) = 5k — I + v(@"x — b)
Derivative of L with respect to x:

oL
— =x—-y+va=0, X=y—va

ox

R Somin
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Example. Projection onto a hyperplane

1
min§||x—)’||2, st. a'x=h.

Solution

Lagrangian:

1
L) = 5k — I + v(@"x — b)

Derivative of L with respect to x:

oL

—=x—-y+va=0, X=y-—va
ox

aly —b

a’x=a'y—va'a —
[l

vV =

R Somin
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Example. Projection onto a hyperplane

Solution

Lagrangian:

1
min§||x—)’||2, st. a'x=h.

1
L) = 5k — I + v(@"x — b)

Derivative of L with respect to x:

‘f — min
e

KKT

oL

—=x—-y+va=0, X=y-—va
ox

T
—-b
a’x=a'y—va'a v= aH#

T
a'y—b
X=y— ————a
llal?
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Example. Projection onto simplex

1
min§||a:—y\|2, st. 2'1=1, z>0.

R Somin
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Example. Projection onto simplex

1
min§||mfy\|2, st. x'1l=1, z>0. z

KKT Conditions
The Lagrangian is given by:

71 2 o T
L=z -yl fZAeru(x 1-1)

R Somin
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Example. Projection onto simplex

1
min§||mfy\|2, st. x'1l=1, z>0. z

KKT Conditions
The Lagrangian is given by:

o 1 2 o T
L=z -yl fZAeru(x 1-1)
Taking the derivative of L with respect to x; and writing KKT vyields:

R Somin
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Example. Projection onto simplex

1
min§||mfy\|2, st. x'1l=1, z>0. z

KKT Conditions
The Lagrangian is given by:

7]. 2 o T
L=z -yl fZAeru(x 1-1)

Taking the derivative of L with respect to x; and writing KKT vyields:
o 0L — gy —yi—Xi+rv=0

R Somin
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Example. Projection onto simplex
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KKT Conditions
The Lagrangian is given by:

7]. 2 o T
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Example. Projection onto simplex

1
min§||mfy\|2, st. x'1l=1, z>0. z

KKT Conditions
The Lagrangian is given by:

7]. 2 o T
L=z -yl fZAeru(x 1-1)

Taking the derivative of L with respect to x; and writing KKT vyields:
oL — i —yi—Ai+v=0

]
ox;
e \xz; =0
° )\, >0
e z'1=1, >0

R Somin
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Example. Projection onto simplex

1
min§||mfy\|2, st. x'1l=1, z>0. z

KKT Conditions
The Lagrangian is given by:

7]. 2 o T
L=z -yl fZAeru(x 1-1)

Taking the derivative of L with respect to x; and writing KKT vyields:
oL — i —yi—Ai+v=0

]
ox;
e \xz; =0
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Example. Projection onto simplex

1
min§||mfy\|2, st. x'1l=1, z>0. z

KKT Conditions
The Lagrangian is given by:

7]. 2 o T
L=z -yl fZAeru(x 1-1)

Taking the derivative of L with respect to x; and writing KKT vyields:
oL — i —yi—Ai+v=0

]
ox;
e \xz; =0
° )\, >0
e z'1=1, >0

1 Question

Solve the above conditions in O(nlogn) time.

R Somin
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Example. Projection onto simplex

1
min§||mfy\|2, st. x'1l=1, z>0. z

KKT Conditions
The Lagrangian is given by:

7]. 2 o T
L=z -yl fZAeru(x 1-1)

Taking the derivative of L with respect to x; and writing KKT vyields:
oL — i —yi—Ai+v=0

]
ox;
e \xz; =0
° )\, >0
e z'1=1, >0

1 Question i Question

Solve the above conditions in O(nlogn) time. Solve the above conditions in O(n) time.
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