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Vectors and matrices

We will treat all vectors as column vectors by default. The space of real vectors of length n is denoted by R", while
the space of real-valued m x n matrices is denoted by R™*™. That's it: *

1
T2

= | . mT:[m To ... mn] zeR", z; R (1)
Tn ixn

LA full introduction to applied linear algebra can be found in Introduction to Applied Linear Algebra — Vectors, Matrices, and Least Squares -
book by Stephen Boyd & Lieven Vandenberghe, which is indicated in the source. Also, a useful refresher for linear algebra is in Appendix A of
the book Numerical Optimization by Jorge Nocedal Stephen J. Wright.
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Vectors and matrices

We will treat all vectors as column vectors by default. The space of real vectors of length n is denoted by R", while
the space of real-valued m x n matrices is denoted by R™*™. That's it: *

= | . T :[m To ... mn] zeR", z; R (1)
Tn

Similarly, if A € R™*™ we denote transposition as AT € R**™:

aiil ail2 N A1ln aill a1 e am1
a21 a2 NN a2n T a2 a22 N am2 mxn

A= . . . . A" = . . . . AeR ,ai; €R
am1 am?2 N Amn Aln az2n e Amn

m
We will write x > 0 and x # 0 to indicate componentwise relationships

LA full introduction to applied linear algebra can be found in Introduction to Applied Linear Algebra — Vectors, Matrices, and Least Squares -
book by Stephen Boyd & Lieven Vandenberghe, which is indicated in the source. Also, a useful refresher for linear algebra is in Appendix A of
the book Numerical Optimization by Jorge Nocedal Stephen J. Wright.
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Figure 1: Equivivalent representations of a vector
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A matrix is symmetric if It is denoted as (set of square symmetric matrices of dimension n). Note,

that only a square matrix could be symmetric by definition. T
phoTS

A BXT
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A matrix is symmetric if A = AT. It is denoted as A € S™ (set of square symmetric matrices of dimension n). Note,
that only a square matrix could be symmetric by definition.

A matrix A € S" is called positive (negative) defil’ i if for all 2 # 0 : 27 Az > (<)0. We denote this as

A > (<)0. The set of such matrices is denoted af \S™_) _ b n
‘ S
A +

\fxe € ﬁ; X 70
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A matrix is symmetric if A = AT. It is denoted as A € S™ (set of square symmetric matrices of dimension n). Note,
that only a square matrix could be symmetric by definition.

A matrix A € S is called positive (negative) definite if for all z # 0 : 7 Az > (<)0. We denote this as
A > (<)0. The set of such matrices is denoted as S | (S™_)

A matrix A € S™ is called positive (negative) semidefinite if for all = : z7 Az > (<)0. We denote this as
A » (X)0. The set of such matrices is denoted as S} (S™)

Question

Is it correct, that a positive definite matrix has all positive entries?
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A matrix is symmetric if A = AT. It is denoted as A € S™ (set of square symmetric matrices of dimension n). Note,
that only a square matrix could be symmetric by definition.

A matrix A € S is called positive (negative) definite if for all z # 0 : 7 Az > (<)0. We denote this as
A > (<)0. The set of such matrices is denoted as S | (S™_)

A matrix A € S™ is called positive (negative) semidefinite if for all = : z7 Az > (<)0. We denote this as
A > (=)0. The set of such matrices is denoted as S’} (S™)

Question Z
— =-X70
Is it correct, that a positive definite matrix has all positive entries?

Question

Is it correct, that if a matrix is symmetric it should be positive definite?
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A matrix is symmetric if A = AT. It is denoted as A € S™ (set of square symmetric matrices gf dimension n). Note,
that only a square matrix could be symmetric by definition.

A matrix A € S is called positive (negative) definite if for all z # 0 : 7 Az > (<)0. We denote this as
A > (<)0. The set of such matrices is denoted as S (S™_)
thls as C

%

A matrix A € S is called positive (negative) semidefinite if for all = : 27 Az > (<)0. We deno
A > (=)0. The set of such matrices is denoted as S’} (S™)

i Question “\A(L" p\ VX% ° -;d7 X > O
Is it correct, that a positive definite matrix has all positive entnes?xéﬂ

i Question —.\> (}( C, $

Is it correct, that if a matrix is symmetric it should be positive definite?

i Question

Is it correct, that if a matrix is positive definite it should be symmetric?
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Matrix product (matmul)

Let A be a matrix of size m X n, and B be a matrix of size n X p, and let the product ABSbe: ,O
P_"
C =AB
™ P MW\ V\XP
then C'is a m X p matrix, with element (7, j) given by L 16

n > N
Cij = Zaikbk]’. :_
k=1 O ‘Q

This operation in a naive form require arithmetical operation Ny assumed as t | rge t
dimension of matrices.
Wpaceet O N 4

9 (Y\ 55 Hquékb(u
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Matrix product (matmul)

Let A be a matrix of size m X n, and B be a matrix of size n X p, and let the product AB be:
C =AB

then C'is a m X p matrix, with element (i, j) given by:
n
cij = Z @ikbrj.-
k=1

This operation in a naive form requires O(n?®) arithmetical operations, where n is usually assumed as the largest
dimension of matrices.

i Question

Is it possible to multiply two matrices faster, than O(n?)? How about O(n?), O(n)?
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Matrix by vector product (matvec)
ANTT—

Let A be a matrix of shape m X n, and = be n x 1 vector, then the i-th component of the product:

z= Az
Wy ™ Ny

n
Zi = E ik Tk
k=1

arithmetical operations, where n is usually assumed as the largest

is given by:

This operation in a naive form requires (9(n2
dimension of matrices.

~—

Remember, that:

e C=AB CT =BTAT
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Matrix by vector product (matvec)

Let A be a matrix of shape m x n, and = be n x 1 vector, then the i-th component of the product:
z= Az

is given by:
n
Zi = E AikTh
k=1

This operation in a naive form requires O(n?) arithmetical operations, where n is usually assumed as the largest
dimension of matrices.

Remember, that:

e C=AB CT =BTAT
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Matrix by vector product (matvec)

Let A be a matrix of shape m x n, and = be n x 1 vector, then the i-th component of the product:
z= Az

is given by:
n
zi = E Qik Tk
k=1

This operation in a naive form requires O(n?) arithmetical operations, where n is usually assumed as the largest
dimension of matrices.

Remember, that:

e C=AB CT =BTAT
e AB + BA

A _ 1 k
ceft=) A
k=0
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Matrix by vector product (matvec)

Let A be a matrix of shape m X n, and = be n x 1 vector, then the i-th component of the product:
z= Az

is given by:
n
zi = E Qik Tk
k=1

This operation in a naive form requires O(n?) arithmetical operations, where n is usually assumed as the largest
dimension of matrices.

Remember, that:

e C=AB CT =BTAT
e AB + BA

A _ 1 k
ceft=) A
L—0O

p A8 £ 4B (but if A and B are commuting matrices, which means that AB = BA, eA*t8 = ¢4eP)
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Matrix by vector product (matvec)

Let A be a matrix of shape m X n, and = be n x 1 vector, then the i-th component of the product:

z = Ax
is given by: < XA&&% pu

Zi = i AikTk
k=1 X)%>

This operation in a naive form requires O(n?) arithmetical operations, where n is usually assumed as the largest
dimension of matrices.

Remember, that:

e C=AB CT =BTAT
e AB + BA

PR g
k=0
eAE £ e4eB (but if A and B are commuting matrices, which means that AB = BA, eAt8 = ¢4eP)

° <:E,Ay> = <AT:E77J>
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Example. Simple yet important idea on matrix computations.

A, ——7
Suppose, you have the following expression 52 é"—-

b= A1A2A3117,

where the A;, Az, As € R®*3 - random square dense matrices and = € R™ - vector. You need to compute b.

Which one way is the best to do it?

1. A1AsAsz (from left to right)

Check the simple ®code snippet after all.
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Example. Simple yet important idea on matrix computations.

Suppose, you have the following expression

b= A1A2A3117,

where the A;, Az, As € R®*3 - random square dense matrices and = € R™ - vector. You need to compute b.

Which one way is the best to do it?

1. A1AsAsz (from left to right)
2. (A1 (A2 (Asx))) (from right to left)

Check the simple ®code snippet after all.
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Example. Simple yet important idea on matrix computations.

Suppose, you have the following expression

b= A1A2A3117,

where the A;, Az, As € R®*3 - random square dense matrices and = € R™ - vector. You need to compute b.

Which one way is the best to do it?

1. A1AsAsz (from left to right)
2. (A1 (A2 (Asx))) (from right to left)
3. It does not matter

Check the simple ®code snippet after all.
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Example. Simple yet important idea on matrix computations.

Suppose, you have the following expression

b= A1A2A3117,

where the A;, Az, As € R®*3 - random square dense matrices and = € R™ - vector. You need to compute b.

Which one way is the best to do it?

1. A1 A2 Aszx (from left to right)

LA (A; (Asz))) (from right to Teft) >

3. It does not matter
4. The results of the first two options will not be the same.

Check the simple ®code snippet after all.
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Norms
Norm is a qualitative measure of the smallness of a vector and is typically denoted as ||z||.

The norm should satisfy certain properties:

1. |az|| = |afljz]], « € R
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Norms
Norm is a qualitative measure of the smallness of a vector and is typically denoted as ||z||.

The norm should satisfy certain properties:

1. JJaz| = |af||lz]|, « € R
2. |z +y| < lzll + ly|l (triangle inequality)
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Norms
Norm is a qualitative measure of the smallness of a vector and is typically denoted as ||z||.

The norm should satisfy certain properties:

1. JJaz| = |af||lz]|, « € R
2. |z +y| < |lzll + lly|l (triangle inequality)
3. If ||z|| =0 then z =0
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Norms
Norm is a qualitative measure of the smallness of a vector and is typically denoted as ||z||.

The norm should satisfy certain properties:

1. JJaz| = |af||lz]|, « € R
2. |z +y| < |lzll + lly|l (triangle inequality)
3. If ||z|| =0 then z =0
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Norms
Norm is a qualitative measure of the smallness of a vector and is typically denoted as ||z||.

The norm should satisfy certain properties:

1. JJaz| = |af||lz]|, « € R
2. |z +y| < |lzll + lly|l (triangle inequality)
3. If ||z|| =0 then z =0

The distance between two vectors is then defined as
\ d(z,y) =z —ll-

The most well-known and widely used norm is Euclidean norm:

which corresponds to the distance in our real lite. If the vectors have complex elements, we use their modulus.
Euclidean norm, or 2-norm, is a subclass of an important class of p-norms:

-~ 1/p
lallo = (S lail?)
=1
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p-norm of a vector

There are two very important special cases. The infinity norm, or Chebyshev norm is defined as the element of the
maximal absolute value:
[€]loo = max |z
7
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p-norm of a vector
There are two very important special cases. The infinity norm, or Chebyshev norm is defined as the element of the

maximal absolute value:
[2]loc = max |z;]
1

L; norm (or Manhattan distance) which is defined as the sum of modules of the elements of x:

ol = fail
i
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p-norm of a vector
There are two very important special cases. The infinity norm, or Chebyshev norm is defined as the element of the

maximal absolute value:
lz]loc = max |z;]
K

L; norm (or Manhattan distance) which is defined as the sum of modules of the elements of x:

el =3 |M\P <

ethods that emerged in the mid-00s
available here:. Check also this video.

L1 norm plays a very important role: it all relates to the compressed sensing
as one of the most popular research topics. The code for the picture below j

Unit disk in the p-th norm

p=0.5 p=1 p=2 p = 100500
1.0
' 1.0 1.0
0.5 0.5 0.5 0.5
0.0+ . 0.0 0.0 0.0
—05 -05 -05 -0.5 -0.5
H
- -1.0 -1.0 -1.0 -1.0
-05 00 05 -1 0 1 -1 0 1 -1 0 1 -1 0 1

= min Figure 2: Balls in different norms on a plane
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Matrix norms

In some sense there is no big difference between matrices and vectors (you can vectorize the matrix), and here comes

the simplest matrix norm Frobenius norm:

‘f — min
Tz

Basic linear algebra background

lAlle = [ D2 lail?

i=1 j=1

1/2
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Matrix norms

In some sense there is no big difference between matrices and vectors (you can vectorize the matrix), and here comes
the simplest matrix norm Frobenius norm:
IAX

Al = ZZ lais|* sxt;% \\7(\\ o

Spectral norm, ||Al|2 is one of the most used matrix norms (along with the Frobenius norm).

| A]l2 = sup 1Azllz.
o0 ||z||2

It can not be computed directly from the entries using a simple formula, like the Frobenius norm, however, there are
efficient algorithms to compute it. It is directly related to the singula¢3value decomposition (SVD) of the matrix. It

holds @Nh\(
7

[[Allz = 01(A4) = v/ Amax (AT A)

where o1(A) is the largest singular value of the matrix A.
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Scalar product ?‘\g“irx X lL{
x5 3xL x4

The standard scalar (inner) product between vectors x and y from R™ is given by XY % X x -

(z.y)|=z Z/:inyizy T = (y,z) /3)(517{2’2>
ij" LU &

Here x; and y; are the scalar i-th components of corresponding vectors.
Y P p g ()rodu ot 5 6 3
i Example §X3

Prove, that you can SW|tch the p05|t|on of a matrix inside a scalar product with transposition:
(ATz,y) and (z,yB) =

L) ‘\55 % <AX55L 4A>‘)3>

<)()l&&> —~ < XB )a>
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Matrix scalar product X éme‘“ 'y 3 Q < X) X) _ ,{X\\"F\

Rmxn

The standard scalar (inner) product between matrices X and Y from is given by

m

(X,V) =tr(XTY)H D D Xi¥iy g tr(YTX) = (¥, X)
— mmwman| | =1 ;=1 J——

i Question

Is there any connection between the Frobenious norm || - ||» and scalar product between matrices (-, -)?

‘f - 5“.}‘; Basic linear algebra background D0


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Eigenvectors and eigenvalues

7y

A scalar value X is an eigenvalue of the n X n matrix A if fhere is a nonzero vector ¢ such that

SR\

he vector ¢ is called an eigenvector of A. The matrix A is nonsingular if none of its eigenvalues are zero. The
eigenvalues of symmetric matrices are all real numbers, while nonsymmetric matrices may have imaginary

eigenvalues. If the matrix is positive definite as well as symmetric, its eigenvalues are all positive real numbers.
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Eigenvectors and eigenvalues

Theorem

A » (>)0 & all eigenvalues of A are > (>)0

o o7 QD TUBHON O

1. — Suppose some eigenvalue A is negative apd let x denote its correspo dlng eigenvector. Then
—~et— 7 X X =

Az = )\UE[% '/ 2Tz <0 A —C
which contradicts the conditior? o? % > 0.
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Eigenvectors and eigenvalues
Theorem
A » (>)0 & all eigenvalues of A are > (>)0
Proof

1. — Suppose some eigenvalue ) is negative and let = denote its corresponding eigenvector. Then
Az =Xz >z Az =X zTz <0

which contradicts the condition of A > 0.

2. < For any symmetric matrix, we can pick a set of eigenvectors v1, ..., v, that form an
orthogonal basis of R™. Pick any z € R". . V ‘[‘v _ D
X 2T Ax = (v1v1 4+ ...+ anfun)TA(awl + .4 anvn) ¢ \‘

_Za V; T Ay, = Z%/\Uz v; > ):“(\(

here we have used the fact that v} v; =0, for i # j. \> A>©
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Eigendecomposition (spectral decomposition)

Suppose A € S, i.e., A is a real symmetric n X n matrix. Then A can be factorized as

]\ oy

-_—

V=K! 0).,

2A good cheat sheet with matrix decomposition is available at the NLA course website.
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Eigendecomposition (spectral decomposition)

Suppose A € Sy, i.e., A is a real symmetric n x n matrix. Then A can be factorized as n PTOQOHGAQKQ
1— —
A=QAQ", Q Q =1

where Q € R™*" is orthogonal, i.e., satisfies Q7 Q = I, and A = diag(\1,..., ). The (real) numbers ); are the
eigenvalues of A and are the roots of the characteristic polynomial det(A — AI). The columns of Q form an
orthonormal set of eigenvectors of A. The factorization is called the spectral decomposition or (symmetric)
eigenvalue decomposition of A. 2

2A good cheat sheet with matrix decomposition is available at the NLA course website.
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Eigendecomposition (spectral decomposition)

1+

Suppose A € S, i.e., A is a real symmetric n X n matrix. Then A can be factorized as ( \7 ( >

A=QAQ",

where Q € R™*" is orthogonal, i.e., satisfies Q7 Q = I, and A = diag()\1, ..., A\s). The (real) numbers ); are the
eigenvalues of A and are the roots of the characteristic polynomial det(A — AI). The columns of @ form an
orthonormal set of eigenvectors of A. The factorization is called the spectral decomposition or (symmetric)
eigenvalue decomposition of A. 2

We usually order the eigenvalues as A\1 > X2 > ... > \,. We use the notation \;(A) to refer to the i-th largest

eigenvalue of A € S. We usually write theTargest or maximum eigenvalue as A1 (A) = Amax(A), and the least or
minimum eigenvalue as A\, (A) = Amin(A).

2A good cheat sheet with matrix decomposition is available at the NLA course website.
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Eigenvalues
The largest and smallest eigenvalues satisfy

Amin(A) = a;;éo zTg’

‘f - §ny1r; Basic linear algebra background

T
inf ' Az



Daniil Merkulov

https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Eigenvalues
The largest and smallest eigenvalues satisfy

xT Ax zT Ax

)\minA = inf ; )\maxA =
(4) ;r;l&o Tz (4) ii%ac

and consequently Vz € R™ (Rayleigh quotient):

Amin (A):CT:U <zTAz < )\max(A):cT:c
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Eigenvalues
The largest and smallest eigenvalues satisfy

T T
' Az ' Az

)\min A) = inf ; )\max A) =
(4) ;r;l&o Tz (4) ii% zTx

and consequently Vz € R™ (Rayleigh quotient):

Amin (A):CT:U <zTAz < )\max(A):cT:c

The condition number of a nonsingular matrix is defined as

R(A) = [|AJIlATY|
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Eigenvalues l\ _[A ©

The largest and smallest eigenvalues satisfy

xT Ax zT Ax

)\min (A) = inf

o0 2Tz’ Amax(4) = o @Ta = ;?LI\XHZ

and consequently Vz € R™ (Rayleigh quotient):

Amin (A)CCTCE < 2T Az < Amax

The condition number of a nonsingular matrix is defined as ® = ‘O (&)
w(4) = 14lll47 o

If we use spectral matrix norm, we can get:

AWCNO oggu\oﬁuukod%
O'max(A)

K:(A) - Umin(A)

If, moreover, A € ST : k(A)
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Singular value decomposition
Suppose A € R™*™ with rank A = r. Then A can be factored as M \/ - e)?T(J\wQN'

A=UxvT

wu =T
V=T

= = o((ag(o; _Gn
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Singular value decomposition

Suppose A € R™*™ with rank A =r. Then A can be factored as

A=UxvT

where U € R™*" satisfies UTU = I, V € R"*" satisfies VTV = I, and X is a diagonal matrix with
3 = diag(o1, ..., 0r), such that
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Singular value decomposition

Suppose A € R™*™ with rank A =r. Then A can be factored as

A=UxvT

where U € R™*" satisfies UTU = I, V € R"*" satisfies VTV = I, and X is a diagonal matrix with
3 = diag(o1, ..., 0r), such that

o1 >09>...>20,>0.
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Singular value decomposition

Suppose A € R™*™ with rank A =r. Then A can be factored as

A=Uxv"
where U € R™*" satisfies UTU = I, V € R"*" satisfies VTV = I, and X is a diagonal matrix with

3 = diag(o1, ..., 0r), such that

o1 >09>...>20,>0.

This factorization is called the singular value decomposition (SVD) of A. The columns of U are called left singular
vectors of A, the columns of V' are right singular vectors, and the numbers o; are the singular values. The singular
value decomposition can be written as

-— —_—

A:igiuivi Gt \f'\'G@ \ +U9 ‘

where u; € R™ are the left singular vectors, and v; € R™ are the right singular vectors.
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@(M _ s /f\TArj

n

Suppose, matrix A € S} ;. What can we say about the connection between its eigepvalu
|

i Question

values? O, - )\ A A:aﬂ: Zniulz\z
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Singular value decomp;iti;!‘nQ {W

i Question

Suppose, matrix A € ST .. What can we say about the connection between its eigenvalues and singular
values?

i Question

How do the singular values of a matrix relate to its eigenvalues, especially for a symmetric matrix? Z
- (
7 A <A AN
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Skeleton decomposition
Simple, yet very interesting decomposition is Skeleton decomposition, which can
be written in two forms:

A=U0VT A=CA 'R
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Skeleton decomposition

Simple, yet very interesting decomposition is Skeleton decomposition, which can
be written in two forms:

A=U0UVT A=CA 'R

The latter expression refers to the fun fact: you can randomly choose r linearly
independent columns of a matrix and any r linearly independent rows of a matrix
and store only them with the ability to reconstruct the whole matrix exactly.
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Skeleton decomposition

Simple, yet very interesting decomposition is Skeleton decomposition, which can
be written in two forms:

A=Uv" A=CA'R
The latter expression refers to the fun fact: you can randomly choose r linearly
independent columns of a matrix and any r linearly independent rows of a matrix
and store only them with the ability to reconstruct the whole matrix exactly.
Use cases for Skeleton decomposition are:
® Model reduction, data compression, and speedup of computations in

numerical analysis: given rank-r matrix with 7 < n, m one needs to store
O((n 4+ m)r) < nm elements.

Amxn = Une + Vi

Anmxn = Consr AT L Ry

Figure 3: lllustration of Skeleton
decomposition
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Skeleton decomposition

Simple, yet very interesting decomposition is Skeleton decomposition, which can
be written in two forms:

A=Uv" A=CA'R
The latter expression refers to the fun fact: you can randomly choose r linearly
independent columns of a matrix and any r linearly independent rows of a matrix
and store only them with the ability to reconstruct the whole matrix exactly.
Use cases for Skeleton decomposition are:
® Model reduction, data compression, and speedup of computations in
numerical analysis: given rank-r matrix with 7 < n, m one needs to store
O((n 4+ m)r) < nm elements.

Anmxn = Consr AT L Ry
® Feature extraction in machine learning, where it is also known as matrix
factorization

Amxn = Une + Vi

Figure 3: lllustration of Skeleton
decomposition
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Skeleton decomposition

Simple, yet very interesting decomposition is Skeleton decomposition, which can
be written in two forms:

A=UV" A=CA'R
The latter expression refers to the fun fact: you can randomly choose r linearly
independent columns of a matrix and any r linearly independent rows of a matrix
and store only them with the ability to reconstruct the whole matrix exactly.
Use cases for Skeleton decomposition are:
® Model reduction, data compression, and speedup of computations in
numerical analysis: given rank-r matrix with 7 < n, m one needs to store
O((n 4+ m)r) < nm elements. P 6 itk
® Feature extraction in machine learning, where it is also known as matrix
faCtonZ?tIO? . . . Figure 3: lllustration of Skeleton
® All applications where SVD applies, since Skeleton decomposition can be decomposition
transformed into truncated SVD form.

Amxn = Une + Vi
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Canonical tensor decomposition

One can consider the generalization of Skeleton decomposition to the higher order data structure, like tensors, which

implies representing the tensor as a sum of r primitive tensors.

b"

Tensor Tixxx

Aner . By, - Cioxr

Figure 4: lllustration of Canonical Polyadic decomposition

i Example

Note, that there are many tensor decompositions: Canonical, Tucker, Tensor Train (TT), Tensor Ring
(TR), and others. In the tensor case, we do not have a straightforward definition of rank for all types of
decompositions. For example, for TT decomposition rank is not a scalar, but a vector.
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Determinant and trace

The determinant and trace can be expressed in terms of the eigenvalues

detA = ﬁ Ai, trA = zn: i
i=1 i=1

The determinant has several appealing (and revealing) properties. For instance,

® detA = 0 if and only if A is singular;
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Determinant and trace

The determinant and trace can be expressed in terms of the eigenvalues

detA = ﬁ Ai, trA = zn: i
i=1 i=1

The determinant has several appealing (and revealing) properties. For instance,

® detA = 0 if and only if A is singular;
® detAB = (detA)(detB);
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Determinant and trace

The determinant and trace can be expressed in terms of the eigenvalues

detA = ﬁ Ai, trA = zn: i
i=1 i=1

The determinant has several appealing (and revealing) properties. For instance,

® detA = 0 if and only if A is singular;
® detAB = (detA)(detB);

o detA™! = detlA.
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Determinant and trace

The determinant and trace can be expressed in terms of the eigenvalues

The determinant has several appealing (and revealing) properties. For instance,

detA = ﬁ >\i,
=1

trA = zn: i
g=l

® detA = 0 if and only if A is singular;

q detAB = (detA)(detB); |

® detA T = -

‘f — min
Tz

det A-

Basic linear algebra background
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Determinant and trace )ﬂf (YTX _
The determinant and trace can be expressed in terms of the eigenvalues -

detA—if[l/\i: ”A_izn;* — {/((XXT>

The determinant has several appealing (and revealing) propertjes. For instance,

Nt

® detA = 0 if and only if A is singular;

® detAB = (detA)(detB); l 2:2
o detA™! = 7. b f

Don't forget about the cyclic property of a trace for arbitrary ma
consistent):

+

rices A, B, C, D (assuming, that all dimensions are

tr(ABCD) = tr(DABC) = tr(CDAB) = tr(BCDA)

AN

te(\hy) = b (g 3y

n N op h
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Determinant and trace

The determinant and trace can be expressed in terms of the eigenvalues

detA = ﬁ Ai, trA = zn: i
i=1 i=1

The determinant has several appealing (and revealing) properties. For instance,

® detA = 0 if and only if A is singular;
® detAB = (detA)(detB);

o detA™! = detlA.

Don't forget about the cyclic property of a trace for arbitrary matrices A, B, C, D (assuming, that all dimensions are
consistent):

tr(ABCD) = tr(DABC) = tr(CDAB) = tr(BCDA)

i Question

How does the determinant of a matrix relate to its invertibility?
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First-order Taylor approximation

The first-order Taylor approximation, also known as the linear approximation, is

centered around some point zo. If f: R™ — R is a differentiable function, then
its first-order Taylor approximation is given by:

fio(@) = f(zo) + Vf(x0)" (z — 20)
Where:

® f(xo) is the value of the function at the point zo.

‘f - 510;1; Basic linear algebra background
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First-order Taylor approximation

The first-order Taylor approximation, also known as the linear approximation, is

centered around some point zo. If f: R™ — R is a differentiable function, then
its first-order Taylor approximation is given by:

fio(@) = f(zo) + Vf(x0)" (z — 20)
Where:

® f(xo) is the value of the function at the point zo.
® Vf(zo) is the gradient of the function at the point xg.
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First-order Taylor approximation

The first-order Taylor approximation, also known as the linear approximation, is

centered around some point zo. If f: R™ — R is a differentiable function, then
its first-order Taylor approximation is given by:

fio(@) = f(zo) + Vf(x0)" (z — 20)
Where:

® f(xo) is the value of the function at the point zo.
® Vf(zo) is the gradient of the function at the point xg.
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First-order Taylor approximation n
0 =R,

The first-order Taylor approximation, also known as the linear approximation, is
centered around some point zo. If f: R™ — R is a differentiable function, then
its first-order Taylor approximation is given by:

foo(@ fg + Vf(20)" (z — z0)
Where: + KX
® f(xo) is the value of the function at the point zo. Zo fI (z) z
® Vf(zo) is the gradient of the function at the point xg.

It is very usual to replace the f(x) with fio (z) near the point ¢ for simple
analysis of some approaches.

Figure 5: First order Taylor
approximation near the point xg
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Second-order Taylor approximation

The second-order Taylor approximation, also known as the quadratic
approximation, includes the curvature of the function. For a twice-differentiable

function f : R™ — R, its second-order Taylor approximation centered at some
point xg is:

11(@) = fwo) + Vf (o) (x — 20) + 3 (& = 20) V2 (20) (&  z0)

Where V2 f(x0) is the Hessian matrix of f at the point xo.
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Second-order Taylor approximation

The second-order Taylor approximation, also known as the quadratic
approximation, includes the curvature of the function. For a twice-differentiable
function f : R™ — R, its second-order Taylor approximation centered at some
point xg is:

o (@) = f(@0) + V(o) (z — m0) + l(x — m0)" V? f(20)(z — x0)

2

Where V2 f(x0) is the Hessian matrix of f at the point xo.
When using the linear approximation of the function is not sufficient one can ]
consider replacing the f(x) with f!!(z) near the point zo. In general, Taylor Figure 6: Second order Taylor
. . . . . . approximation near the point xg
approximations give us a way to locally approximate functions. The first-order
approximation is a plane tangent to the function at the point zo, while the
second-order approximation includes the curvature and is represented by a
parabola. These approximations are especially useful in optimization and
numerical methods because they provide a tractable way to work with complex
functions.

Zo
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Gradient

Let|f(z) : R" = R,

derivatives:

then vector, which contains all first-order partial

of
Fia
Vi =L |7
of
Pon /WA

— min .
‘f Tz Matrix calculus
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Gradient

Let f(z) : R™ — R, then vector, which contains all first-order partial

derivatives:
Example
af
o Zal For the function f(z,y) = 2> + ¢?, the
\V4 =Y ] 7 radient is:
of 2x
Ay Vi(x,y) =
[z, y) |:2y:|

named gradient of f(x). This vector indicates the direction of the

steepest ascent. Thus, vector —V f(z) means the direction of the This gradient points in the direction of
steepest descent of the function in the point. Moreover, the gradient | the steepest ascent of the function.
vector is always orthogonal to the contour line in the point.

Question

How does the magnitude of the gradient
relate to the steepness of the function?

‘f% 5“.}‘; Matrix calculus 0 O 26
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Hessian

Let f(x) : R®™ — R, then matrix, containing all the second order

partial derivatives:

32f Ozg0x1

f(@) = V2 f(x) =

- 81:16:5] o

— min .
‘f Tz Matrix calculus

8% f

BIE?IQ

o°f

Oxo0xo

9% f

Oxp Oz
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Hessian
Let f(x) : R®™ — R, then matrix, containing all the second order

artial derivatives:
P Example
_o%f o f %f . _ .2 2
Buidm,  Puidrs ' Dmydon For t_he functlon flz,y) = 2 + 92, the
0% f _o*f 9% o2 f Hessian is:
1 2 Odxod0x1 Oxo0xo e Oxo0xTy,
)=V f(x) = ——— =
1@ f(@) Ox;0x; : : : 2 0
9%y 9% f 82 f Hf(xvy): 0 2
Oxp Oz Oxp Oz e Oxn Oy

In fact, Hessian could be a tensor in such a way: (f(z) : R" = R™) Thjs matrix provides information about the
is just 3d tensor, every slice is just hessian of corresponding scalar . ,vature of the function in different

function (V>fi(z),..., V> fm(x)). directions.
Question
How can the Hessian matrix be used to

determine the concavity or convexity of
a function?

— min .
‘f Tz Matrix calculus
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Schwartz theorem
Let f: R™ — R be a function. If the mixed partial
2 2
derivatives % and ajgzv are both continuous on an
i J 7 i
open set containing a point a, then they are equal at the

point a. That is,

*f > f

81’189@ “ (%cjagcz

a)

— min .
‘f Tz Matrix calculus
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Schwartz theorem
Let f: R™ — R be a function. If the mixed partial
2 2
derivatives % and ajgzv are both continuous on an
i J 7 i
open set containing a point a, then they are equal at the

point a. That is,

»f

o f _ a
(91’3' 83cz ‘

81’7;8.%3'

Given the Schwartz theorem, if ixed partials are
continuous on an open set, the Hessian matrix is
symmetric. That means the entries above the main
diagonal mirror those below the main diagonal:

o f B o*f
(91‘2'81']' B (91‘3‘3331'
This symmetry simplifies computations and analysis
involving the Hessian matrix in various applications,
particularly in optimization.

Vi f(@) = (V2 f(x)"

‘f — min
Tz

Matrix calculus

[
1 Schwartz counterexample

zy(x2—y2
=G for (2, y) # (0, 0),

fz,y) = 0 for (z,y) = (0,0).

Counterexample &

One can verify, that ;;—BQ(O,O) # ;:afz (0,0), al-
though the mixed partial derivatives do exist, and
at every other point the symmetry does hold.
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Jacobian %(79 -~ 4‘5\2\

The extension of the gradient of multidimensiona
f(x) : R™ — R™ is the following matrix:

of1 Of2 Ofm
oxq oz e Oz
df ofi  8f2 Ofm
Oz BED e BED
Jr=f'(z) = L =
=)= 2% . . o
9f1 9f2 Ofm
Oxy, Oxy, te Oxy,

This matrix provides information about the rate of change
of the function with respect to its inputs.

1 Question
Can we somehow connect those three definitions

above (gradient, jacobian, and hessian) using a sin-
gle correct statement?

— min .
‘f Tz Matrix calculus

" n
i Q-

i Example

For the function

f(o,y) = [ﬁ*g]

the Jacobian is:

i Question

How does the Jacobian matrix relate to the gradient
for scalar-valued functions?
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Summary

: . 91
flz): X =Y; o C G
X Y G Name
R R f'(z) (derivative)
n “ .
R R R gxl (gradient)
R" R™ R™>™ 87{1 (jacobian)
o Moy  — a7
mxn mxn
;& Ox;j
= (\w\ o
0%
A
‘fﬁ};ny”; Matrix calculus 0 O
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Differentials

i Theorem

Let x € S be an interior point of the set S, and let D : U — V be a linear operator. We say that the
function f is differentiable at the point x with derivative D if for all sufficiently small A € U the following
decomposition holds:

f(@+h) = f(z)+ D] + o(|[h]])

If for any linear operator D : U — V the function f is not differentiable at the point = with derivative D,
then we say that f is not differentiable at the point x.

lfﬂ“‘}‘i Matrix calculus @0 O
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Differentials

After obtaining the differential notation of df we can retrieve the gradient using the following formula:

df (z) = (Vf(x), dz)

QW‘ *‘4’3 ¢ A

o
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Differentials

After obtaining the differential notation of df we can retrieve the gradient using the following formula:

df (x) = (Vf(x), dx)

Then, if we have a differential of the above form and we need to calculate the second derivative of the matrix/vector
function, we treat “old” dx as the constant dz;, then calculate d(df) = df(x)

&> f(x) = (V* f(x)da1, dx) = (Hf(x)dz1, dz)
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Differential properties

A —cont
ek EOxrelX) = A

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).

¢ dA=0 d{.’./ ‘S\”/A

— min .
‘f Tz Matrix calculus
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).
e dA=0
® d(aX) = a(dX)

— min :
‘f Tz Matrix calculus
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Differential properties

f0= A
Foeo) = B fecd) &= AXex A

Let A and B be the constant matrices, while X and Y are the varlables (or matrix functions).
°* JA=0
® d(aX) = a(dX)
® J(AXB)=A(dX)B

lf%?“}‘i Matrix calculus @0 O
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).
dA =0

d(aX) = a(dX)

d(AXB) = A(dX)B

dAX+Y)=dX +dY

— min :
‘f Tz Matrix calculus
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).

dA=0

d(aX) = a(dX)

d(AXB)=A(dX)B
(X +Y)=dX +dY
d(X™) = (dX)"

— min :
‘f Tz Matrix calculus
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).
dA =0
d(aX) = a(dX)

(

(X+Y)=dX +dY
(XT) = (dx)"

(XY) = (dX)Y + X(dY)

— min :
‘f Tz Matrix calculus
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).
e dA=0

d(aX) = a(dX)

d(AXB) = A(dX)B
(X+Y)=dX +dY

(XT) = (dx)"

(XY) = (dX)Y + X(dY)

(X,Y) = (dX,Y) + (X, dY)

d
d
d
d

— min :
‘f Tz Matrix calculus
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Differential properties

Yy—~&

X - mepae P — cieht®

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).
®dA=0 o (X pdX — (dp)X
d(aX) = a(dX) d ) = 2
d(AXB) = A(dX)B
(X +Y)=dX +dY
(XT) = (dx)"
(XY) = (dX)Y + X(dY)
(X,Y)=({dX,Y)+ (X,dY)

d
d
d
d

lfﬂ“‘}‘i Matrix calculus @0 O
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).

e dA =0 X ¢dX — (dop)X
o d(aX) = a(dX) °d (;) R R

AXB) = A(dX)B . _ 7
X 4Y) = dX 4 dy d(det X) = det X(X~*,dX)

L

s dxC _dx\T T

ALl X) AT - TX):
- o((C[ , X)>=
= (2,40
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).

— min :
‘f Tz Matrix calculus

* dA=0 o g X)) L ¢dX — (d9)X
oo (5) -5
* o d(det X) = det X (X T, dX)
0d(X+Y) dX +dy o dltr X)—

o d(XT) = (dX)T d(tr X) = (I,dX)

o d(XY) = (dX)Y + X(dY)

o d(X,Y) = (dX,Y) + (X,dY)
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).

— min :
‘f Tz Matrix calculus

e dA=0 o (X)) _ ¢4X — (d9)X
- dixs) i o)

o et X) = det X(X T, dX
* d(X +Y)=dX +dY -ngrfx)):(;lix; ,dX)
* d(X") = (dX)" df
° d(XY) = (dX)Y + X(dY) * df(g9(x)) = g ~dg(z)
* d(X,Y) = (dX,Y) + (X,dY)
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).

* dA=0 o g X)) L ¢dX — (d9)X

- dixs) i o) @

* o d(det X) = det X (X T, dX)
° d(X + Y) dX +dY o dltr X)—

° d(XY) = (dX)Y + X(dY) * df(g(x)) = - - dg(z)

* d(X,Y) = (dX,Y) + (X,dY) <

H=(J(V)"

— min :
‘f Tz Matrix calculus
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Differential properties

Let A and B be the constant matrices, while X and Y are the variables (or matrix functions).

°* JA=0 B
d(aX) = a(dX) . d(z) _ 9dX — (o)X

* ¢ ¢?

* d(AXB) = A(dX)B = e ) = i —7

© d(X+Y)=dX +dY |. ggfr%):;;))g@ ,dX)
° d(XT) = (dX)" daf

° d(XY) = (dX)Y + X(dY) * df(g(x)) = ag ~dg(z)

* d(X,Y) = (dX,Y) + (X,dY) .

H=(J(V)"
dX ) =-X"1dx)x !

— min :
‘f Tz Matrix calculus
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Matrix calculus. Example 1 ,F_; Qh_? Q
7= 3hx—4

INx- 4

i Example

Find df, Vf(z), if f(z) = (z, Az) — bTx +c.

Poguue
A}:N{_ — /N )|\X> = LA X>+C 44@’0‘)( ?

Ct\?ﬁ\k@ii o) d (‘*}A"% ALk 9@{)

— min
‘f Tz Matrix calcul
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Matrix calculus. Example 1 0@:(?‘% oy, dx)
L A
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i 4{1\4&‘3)(;&5 — 28 dxy

- (MY £ DO
Eample K(M 3v\cwﬂé 7 = 7
Find df, V f(z), if f(z) = (z, Az) — b7 ;(\X(’%

f(z) = (z, Az) bz +c. /
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Matrix calculus. Example 2

1 Bane df-=7 C\(L'Z obb

(xS
Find df, Vf(z), if f(z) = In(z, Az). 3> 9‘_%_ éZx;ﬁ)
)

1. It is essential for A to be positive definite, because |t is a logarithm argument. So, A € S’ Let’s find the
differential first:

d((z, Az))  (dz, Az) + (z,d(Ax))
(x, Az) (z, Azx)

_ (Az,dz) + (v, Adz)  (Aw,dz) + (ATz,dv)  ((A+ AT)z,dz)

- (z, Az) - (z, Ax) - (z, Az)

df =d(In{z, Azx)) =

lf%?“}‘i Matrix calculus @0 O
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Matrix calculus. Example 2
i Example
Find df, Vf(z), if f(z) = In(z, Az).

1. It is essential for A to be positive definite, because it is a logarithm argument. So, A € S} | Let’s find the
differential first:
d((z, Az))  (dz, Az) + (x,d(Ax))

df = d(Inz, A7) = = =5~ = (x, Az)

(Az,dz) + (x, Adz)  (Az,dz) + (AT2,dz)  ((A+ AT)z,dx)

(z, Az) (z, Ax) N (z, Az)

2. Note, that our main goal is to derive the form df = (-, dx)

2Ax
i = <<A>d>

Hence, the gradient is V f(z) =

(z, Az)

lfﬂ“‘}‘i Matrix calculus 0 0
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deb X
Example Actx >O
Find df, Vf(X), if f(X) = (S, X) —logdet X. = <S (’AXS JEL\QDO\
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