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Geometry of simplex method

B = {1, 3} — Unfeasible basis

B = {4,5} — Feasible basis

‘f — min
Tz

Simplex method

T1

We will consider the following simple formulation of LP,
which is, in fact, dual to the Standard form:

. T
minc
TER™

st. Az <b

(LP.Inequality)

® Definition: a basis B is a subset of n (integer)
numbers between 1 and m, so that rankAz = n.
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Geometry of simplex method
We will consider the following simple formulation of LP,

which is, in fact, dual to the Standard form:

B = {1, 3} — Unfeasible basis

T2
T
mmc T
weR™ (LP.Inequality)
st. Az <b
® Definition: a basis B is a subset of n (integer)
numbers between 1 and m, so that rankAz = n.
® Note, that we can associate submatrix Az and
corresponding right-hand side bz with the basis B.
B = {4,5} — Feasible basis
0 T
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Geometry of simplex method
We will consider the following simple formulation of LP,

which is, in fact, dual to the Standard form:

B = {1, 3} — Unfeasible basis

T2
T
mimc T
weR™ (LP.Inequality)
st. Az <b
® Definition: a basis B is a subset of n (integer)
numbers between 1 and m, so that rankAz = n.
® Note, that we can associate submatrix Az and
corresponding right-hand side bz with the basis B.
® Also, we can derive a point of intersection of all these
hyperplanes from the basis: x5 = Aglbg.
B = {4,5} — Feasible basis
0 T1
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Geometry of simplex method
We will consider the following simple formulation of LP,

which is, in fact, dual to the Standard form:
s B = {1, 3} — Unfeasible basis
min ¢z
ceR™ (LP.Inequality)
st. Az <b

® Definition: a basis B is a subset of n (integer)
numbers between 1 and m, so that rankAz = n.

® Note, that we can associate submatrix Az and
corresponding right-hand side bz with the basis B.

® Also, we can derive a point of intersection of all these
hyperplanes from the basis: x5 = Aglbg.

® |f Axp < b, then basis B is feasible.

B = {4,5} — Feasible basis

0 T

‘f% 5“.}‘; Simplex method 0 O 3
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Geometry of simplex method

B = {1, 3} — Unfeasible basis

B = {4,5} — Feasible basis

‘f — min
Tz

Simplex method

T1

We will consider the following simple formulation of LP,
which is, in fact, dual to the Standard form:

min ¢' z
weR™ (LP.Inequality)
st. Az <b

® Definition: a basis B is a subset of n (integer)
numbers between 1 and m, so that rankAz = n.

® Note, that we can associate submatrix Az and
corresponding right-hand side bz with the basis B.

® Also, we can derive a point of intersection of all these
hyperplanes from the basis: x5 = Aglbg.

® |f Axp < b, then basis B is feasible.

® A basis B is optimal if zg is an optimum of the
LP.Inequality.
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The solution of LP if exists lies in the corner

T2 i Theorem

1. If Standard LP has a nonempty feasible region, then there
is at least one basic feasible point

The high-level idea of the simplex method is following:
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The solution of LP if exists lies in the corner

) c'x
Z2 Xég\ AX"‘ 6 i Theorem
a
L Qs T 3 Xlo 1. If Standard LP has a nonempty feasible region, then there
' » is at least one basic feasible point

2. If Standard LP has solutions, then at least one such
solution is a basic optimal point.

ai

as The high-level idea of the simplex method is following:
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The solution of LP if exists lies in the corner

T2

T1

i Theorem

1. If Standard LP has a nonempty feasible region, then there
is at least one basic feasible point

2. If Standard LP has solutions, then at least one such
solution is a basic optimal point.

3. If Standard LP is feasible and bounded, then it has an
optimal solution.

The high-level idea of the simplex method is following:
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The solution of LP if exists lies in the corner

T2

T1

i Theorem

1. If Standard LP has a nonempty feasible region, then there
is at least one basic feasible point

2. If Standard LP has solutions, then at least one such
solution is a basic optimal point.

3. If Standard LP is feasible and bounded, then it has an
optimal solution.

The high-level idea of the simplex method is following:
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The solution of LP if exists lies in the corner e’k _>K‘"“ g
X<

- & 7
Ayég X = gwh . mxn

T2 i Theorem m=n

@0 1. If Standard LP has a nonempty feasible region, then there

WpuO is at least one basic feasible point
6HM e“2. If Standard LP has solutions, then at least one such

as

n
wep -

KA’ solution is a basic optimal point.
ay Q(D 3. If Standard LP is feasible and bounded, then it has an
ai optimal solution.

For proof see Numerical Optimization by Jorge Nocedal and
Stephen J. Wright theorem 13.2

as The high-level idea of the simplex method is following:
® Ensure, that you are in the corner.
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The solution of LP if exists lies in the corner

T2

‘f — min
Tz

Simplex method

T1

i Theorem

1. If Standard LP has a nonempty feasible region, then there
is at least one basic feasible point
2. If Standard LP has solutions, then at least one such
solution is a basic optimal point.
3. If Standard LP is feasible and bounded, then it has an
optimal solution.
For proof see Numerical Optimization by Jorge Nocedal and
Stephen J. Wright theorem 13.2

The high-level idea of the simplex method is following:
® Ensure, that you are in the corner.
® Check optimality.
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The solution of LP if exists lies in the corner

T2

‘f — min
Tz

Simplex method

T1

i Theorem

1. If Standard LP has a nonempty feasible region, then there
is at least one basic feasible point
2. If Standard LP has solutions, then at least one such
solution is a basic optimal point.
3. If Standard LP is feasible and bounded, then it has an
optimal solution.
For proof see Numerical Optimization by Jorge Nocedal and
Stephen J. Wright theorem 13.2

The high-level idea of the simplex method is following:
® Ensure, that you are in the corner.
® Check optimality.
® If necessary, switch the corner (change the basis).
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The solution of LP if exists lies in the corner

T2 i Theorem

1. If Standard LP has a nonempty feasible region, then there
is at least one basic feasible point
2. If Standard LP has solutions, then at least one such
solution is a basic optimal point.
3. If Standard LP is feasible and bounded, then it has an
optimal solution.
For proof see Numerical Optimization by Jorge Nocedal and
Stephen J. Wright theorem 13.2

The high-level idea of the simplex method is following:
® Ensure, that you are in the corner.
® Check optimality.
® If necessary, switch the corner (change the basis).
® Repeat until converge.

‘f - fnﬂ Simplex method
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Optimal basis

Since we have a basis, we can decompose our objective vector ¢ in
this basis and find the scalar coefficients A\5:

B = {1,3} — Unfeasible basis

T T T T ,—1
as ABAB:C (-)AB:C AB

i Theorem

If all components of Az are non-positive and B is feasible, then
B is optimal.

Proof

.

B = {4,5} — Feasible basis ¥ Azt < b,cTx" < cTap

0 1

‘f% 5“}‘; Simplex method 0 O
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Optimal basis

Since we have a basis, we can decompose our objective vector ¢ in
this basis and find the scalar coefficients A\5:

B = {1,3} — Unfeasible basis

T T T T ,—1
as ABAB:C (-)AB:C AB

i Theorem

If all components of Az are non-positive and B is feasible, then
B is optimal.

Proof

.

B = {4,5} — Feasible basis ¥ Azt < b,cTx" < cTap
0 z1 Apx”™ < bg

‘f% 5“}‘; Simplex method 0 O
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Optimal basis

Since we have a basis, we can decompose our objective vector ¢ in

this basis and find the scalar coefficients A\5:
B = {1,3} — Unfeasible basis

T T T T ,—1
as ABAB:C (-)AB:C AB

i Theorem

If all components of Az are non-positive and B is feasible, then
B is optimal.

Proof

.

B = {4,5} — Feasible basis ¥ Azt < b,cTx" < cTap
0 z1 Apx”™ < bg

Mg Apz* > AEbg

‘f - EHA}‘; Simplex method
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Optimal basis

Since we have a basis, we can decompose our objective vector ¢ in
this basis and find the scalar coefficients A\5:

B = {1,3} — Unfeasible basis

T T T T ,—1
as ABAB:C (-)AB:C AB

i Theorem

If all components of Az are non-positive and B is feasible, then
B is optimal.

Proof

.

B = {4,5} — Feasible basis ¥ Azt < b,cTx" < cTap
0 z1 Apx”™ < bg
Mg Apz* > AEbg

T T
c' " > \gApzs

‘f% 5“}‘; Simplex method 0 O
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Optimal basis

Since we have a basis, we can decompose our objective vector ¢ in
this basis and find the scalar coefficients A\5:

B = {1,3} — Unfeasible basis

T T T T ,—1
as ABAB:C (-)AB:C AB

i Theorem

If all components of Az are non-positive and B is feasible, then
B is optimal.

Proof

.

B = {4,5} — Feasible basis ¥ Azt < b,cTx" < cTap
0 z1 Apx”™ < bg
Mg Apz* > AEbg

T T
c' " > \gApzs

T T
cz>c xp

‘f% 5‘“‘}‘; Simplex method 0 O
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Changing basis

® Suppose, we have a basis B: AL =cTA;?

B
Ts B = {3,4} — Initial basis
as )
as
ay
ai

\

B' = {4,5} — New basis

as

0 T1

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)

‘f - fnﬂ Simplex method
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Changing basis

Ts B = {3,4} — Initial basis
as )
as
ay
ai

\

B' = {4,5} — New basis

as

0 T1

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)

‘f - fnﬂ Simplex method

® Suppose, we have a basis B: \5 = cTAg1

® Let's assume, that A% > 0. We'd like to drop k from the basis and
form a new one:
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Changing basis
® Suppose, we have a basis B: \5 = cTAg1

® Let's assume, that A% > 0. We'd like to drop k from the basis and

Ts B = {3,4} — Initial basis
form a new one:
as a3 )
ald=—1
ay
ai

\

B' = {4,5} — New basis

as

0 T1

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)

‘f% 5‘“‘}‘; Simplex method 0 O
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Changing basis
® Suppose, we have a basis B: \5 = cTAg1

® Let's assume, that A% > 0. We'd like to drop k from the basis and

Ts B = {3,4} — Initial basis
form a new one:
as a3 )
Ap\gryd =0 7
ald=—1
ay
ai

\

B' = {4,5} — New basis

as

0 T1

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)

‘f% 5‘“‘}‘; Simplex method 0 O
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Changing basis
® Suppose, we have a basis B: \5 = cTAg1

® Let's assume, that A% > 0. We'd like to drop k from the basis and

Ts B = {3,4} — Initial basis
form a new one:
as a3 )
Ap\(ryd =0 T T
c¢'d= N\gAgd
{afd =-1 Bas
ay
ai

\

B' = {4,5} — New basis

as

0 T1

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)

‘f% 5‘“‘}‘; Simplex method 0 O
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Changing basis
® Suppose, we have a basis B: \5 = cTAg1

® Let's assume, that A% > 0. We'd like to drop k from the basis and

Ts B = {3,4} — Initial basis
form a new one:
as

N ) A yd = 0 .
B\{k}t = T T i i
c'd=MgAgpd = Ag(Apd
{dpme; Edud = 3 ()

a4 =

ai

\

B' = {4,5} — New basis

as

0 T1

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)

‘f% 5‘“‘}‘; Simplex method 0 O
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Changing basis
® Suppose, we have a basis B: \5 = cTAg1

® Let's assume, that A% > 0. We'd like to drop k from the basis and

Ts B = {3,4} — Initial basis
form a new one:
as
N ) A yd = 0 .
P Td=X5Apd =Y " Ns(Asd)’ = -\ <0
apd=—1 —
a4 =
ai

\

B' = {4,5} — New basis

as

0 T1

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)

‘f% 5‘“‘}‘; Simplex method 0 O
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Changing basis

Ts B = {3,4} — Initial basis
as )
as
ay
ai

\

B' = {4,5} — New basis

as

0 T1

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)

‘f - fnﬂ Simplex method

® Suppose, we have a basis B: \5 = cTAg1

® Let's assume, that A% > 0. We'd like to drop k from the basis and
form a new one:

{AB\{k}d =0

T T 7 7 k
d= \gApd = Ag(Apd)' = —A5 <0
oTd= 1 c BAB g 5(Asd) B

i=1
® For all j ¢ B calculate the projection stepsize:

b; — a?ws
Hy =
afd
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Changing basis

—1

® Suppose, we have a basis B: \5 = cTAB
1 k , . N
e B = {3, 4}  Tnitial basis ® Let's assume, that A3 > 0. We'd like to drop k from the basis and
form a new one:
as

N ) Asyyd =0 .

B\{k}t = T T i i k
cd:/\Adzg Ag(Apd)' = -5 <0

{agd—l BAB — B( B ) B

a4 =

ai

For all j ¢ B calculate the projection stepsize:

\ B b; — a?ws

%Y B = {4,5) — New basis Hi = aTd

0 T . . .
! ® Define the new vertex, that you will add to the new basis:

t = argmin{y; | p1; > 0}
Suppose, some of the coefficients of Az J
are positive. Then we need to go B' = B\{k} U {t}
through the edge of the polytope to the

. . . Tpr = T8 + ued = Ag}bg/
new vertex (i.e., switch the basis)

‘f% 5“}‘; Simplex method 0 O
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Changing basis

—1

® Suppose, we have a basis B: \5 = cTAB
1 k , . N
e B = {3, 4}  Tnitial basis ® Let's assume, that A3 > 0. We'd like to drop k from the basis and
form a new one:
as

N ) Asyyd =0 .

B\{k}t = T T i i k
cd:/\Adzg Ag(Apd)' = -5 <0

{agd—l BAB — B( B ) B

a4 =

ai

For all j ¢ B calculate the projection stepsize:

\ B b; — a?ws

%Y B = {4,5) — New basis Hi = aTd

0 T . . .
! ® Define the new vertex, that you will add to the new basis:

t = argmin{y; | p1; > 0}
Suppose, some of the coefficients of Az J
are positive. Then we need to go B' = B\{k} U {t}
through the edge of the polytope to the tp = &5 + ped = Ag}bg/
new vertex (i.e., switch the basis)

® Note, that changing basis implies objective function decreasing

T T T T
) ¢z =c (zp+md) =c g+ puc d
Boomin e B (x5 + ped) B+ fit 0o o
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Finding an initial basic feasible solution

We aim to solve the following problem:
T
minc T
(1)
st. Az <b

The proposed algorithm requires an initial basic feasible
solution and corresponding basis.

‘f - §ny1r; Simplex method
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Finding an initial basic feasible solution X = 3 -2

We aim to solve the following problem: We start by reformulating the problem:
LT A . T 2“ MPK&ﬂ
min ¢ x min ¢ (y—z)
xER™ (1) yeER™ , zeR™
m 5
st. Ax <b st. Ay — Az <b QV\-(-W\ (2)
y20,220

The proposed algorithm requires an initial basic feasible
solution and corresponding basis.
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‘fﬁ}fnﬂ Simplex method 0 O 7
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Finding an initial basic feasible solution

We aim to solve the following problem: We start by reformulating the problem:
min ¢’ z min ¢ (y—z)
zERN (1) yER™ zER™
st. Ax <b st. Ay — Az <b (2)
y>0,2>0

The proposed algorithm requires an initial basic feasible
solution and corresponding basis.

Given the solution of Problem 2 the solution of Problem 1 can be recovered and vice versa
T=y—2z = yi = max(z;,0), 2z = max(—z;,0)
Now we will try to formulate new LP problem, which solution will be basic feasible point for Problem 2. Which

means, that we firstly run Simplex method for Phase-1 problem and run Phase-2 problem with known starting point.
Note, that basic feasible solution for Phase-1 should be somehow easily established.

‘f% 5“.}‘; Simplex method 0 O 7
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Finding an initial basic feasible solution

min ¢’ (y—2)
YyER™ z€R™

st. Ay— Az <b (Phase-2 (Main LP))
y20,220

‘f - ;‘cny"} Simplex method
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Finding an initial basic feasible solution

min ¢’ (y— 2) P{,\LLQ.H(&Q QC]W L

yER™ ,zeR™

st. Ay— Az <b (Phase-2 (Main LP))

b a3 S

. Zmi . Ldu\. Tokou
§ER™ yER™ zERN L (Phase.1) q)@36( Q

st. Ay— Az <b+¢
y>0,2>0,£>0
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Finding an initial basic feasible solution

min ¢ (y—2)

yER™ ,zeR™

st. Ay— Az <b
y>0,2>0

(Phase-2 (Main LP))

min E &
EER™ ,yER™ 2€R £ 7
i=

st. Ay — Az <b+¢
y>0,22>20,£>0

(Phase-1)

‘f — min
Tz

Simplex method

® |f Phase-2 (Main LP) problem has a feasible solution,
then Phase-1 optimum is zero (i.e. all slacks &; are
zero).
Proof: trivial check.

a6 et a
Atd’Az‘éé
yt =0  2*>0

g=o

¥ ¥


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Finding an initial basic feasible solution
® |f Phase-2 (Main LP) problem has a feasible solution,

min cT(y —2) O?.L then Phase-1 optimum is zero (i.e. all slacks &; are

yER™,zERN zero)
st. Ay— Az <b (Phase-2 (Main LP)) Proof: trivial check.
y>0,2>0 ® |f Phase-1 optimum is zero (i.e. all slacks &; are
zero), then we get a feasible basis for Phase-2.
m Proof: trivial check.
o B0 26 ®L Ny e ot peutted ¥4

st. Ay — Az <b+¢ ([ i
y>0,22>20,£>0
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Finding an initial basic feasible solution
® |f Phase-2 (Main LP) problem has a feasible solution,

RminR ¢ (y—=z) then Phase-1 optimum is zero (i.e. all slacks &; are
yER™, zER™
. zero).
st. Ay— Az <b (Phase-2 (Main LP)) Proof: trivial check.
y>0,2>0 ® |f Phase-1 optimum is zero (i.e. all slacks &; are
zero), then we get a feasible basis for Phase-2.
Proof: trivial check.

T 3
§ER™ yER™ zER" £ r\ \Ll q‘i\ .
st. Ay— Az <b+¢ (Phase-1) P\lg\i (S(‘&M M

y>0,2>0,£>0

® Now we know, that if we can solve a Phase-1 problem then we will either fifd a starting point for the simplex
method in the original method (if slacks are zero) or verify that the original problez was infegsible (if slacks are

non-zero). i
Ingeq bt 4,2,% dntm

‘f - §ny1r; Simplex method
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Finding an initial basic feasible solution
® |f Phase-2 (Main LP) problem has a feasible solution,

RminR ¢ (y—2) then Phase-1 optimum is zero (i.e. all slacks &; are
yER™, zER™
. zero).
st. Ay — Az <b (Phase-2 (Main LP)) Proof: trivial check.
y>0,2>0 ® |f Phase-1 optimum is zero (i.e. all slacks &; are
zero), then we get a feasible basis for Phase-2.
Proof: trivial check.

m

min E &
EER™ ,yER™ 2€R £ 7
=

st. Ay — Az <b+¢
y>0,220,£>0
® Now we know, that if we can solve a Phase-1 problem then we will either find a starting point for the simplex
method in the original method (if slacks are zero) or verify that the original problem was infeasible (if slacks are

non-zero).
® But how to solve Phase-1? It has basic feasible solution (the problem has 2n + m variables and the point below

ensures 2n + m inequalities are satisfied as equalities (active).)

(Phase-1)

z2=0 Y =0 51 :maX(O,—bi)
n N m

‘f - EHA}‘; Simplex method
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Convergence of the Simplex method

‘f - wl} Convergence of the Simplex method
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Unbounded budget set

z2 B = {3,4} — Initial basis
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‘f — min
Tz

Convergence of the Simplex method

In this case,

all p; will be negative.
d ><—>wun
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Degeneracy

T2

Degeneracy

as

e LN

S

as

‘f — min
Tz

Convergence of the Simplex method

T

ag

One needs to handle degenerate corners carefully. If no
degeneracy exists, one can guarantee a monotonic
decrease of the objective function on each iteration.
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Exponential convergence

° . . A
Average computation time on 3 runs for Klee-Minty problem. A wide variety Of appllcatlons could be formulated as
10! 4 linear programming.

—— Interior Point method

—— Simplex method

Time, s

T T T T
8 10 12 14
Dimension, n

N
IS
o4

‘f - ;nylr; Convergence of the Simplex method 0 O 12
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Exponential convergence

Average computation time on 3 runs for Klee-Minty problem.

101 q
—— Interior Point method
Simplex method
100 4
n
g
E 107t

1072 4 ‘/_/‘\

T T T T
8 10 12 14
Dimension, n

N
IS
o4

‘f - 511;1; Convergence of the Simplex method

® A wide variety of applications could be formulated as

linear programming.
® Simplex method is simple but could work
exponentially long.
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Exponential convergence

Average computation time on 3 runs for Klee-Minty problem. ¢ A wide Variety Of applications could be formulated as
104 —— Interior Point method ||near programmlng.
Simplex method ® Simplex method is simple but could work
exponentially long.
100 ® Khachiyan's ellipsoid method (1979) is the first to be

proven to run at polynomial complexity for LPs.
However, it is usually slower than simplex in real
problems.

Time, s

1072 4 //_/‘\

T T T T
8 10 12 14
Dimension, n

N
IS
o4

‘f - 5“.}‘; Convergence of the Simplex method 0 O 12
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Exponential convergence

° . . A
Average computation time on 3 runs for Klee-Minty problem. A wide variety of appllcat|ons could be formulated as

107 - linear programming.
—— Interior Point method 3 . .
Simplex method ® Simplex method is simple but could work
exponentially long.
100 ® Khachiyan's ellipsoid method (1979) is the first to be

proven to run at polynomial complexity for LPs.
However, it is usually slower than simplex in real
problems.

® Major breakthrough - Narendra Karmarkar's method
for solving LP (1984) using interior point method.

Time, s

T T T T
8 10 12 14
Dimension, n

N
IS
o4

‘f - 5“.}‘; Convergence of the Simplex method 0 O 12
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Exponential convergence GU\(O @L

° . . A
Average computation time on 3 runs for Klee-Minty problem. A wide variety of appllcat|ons could be formulated as

107 - linear programming.
—— Interior Point method 3 . .
Simplex method ® Simplex method is simple but could work
exponentially long.
100 ® Khachiyan's ellipsoid method (1979) is the first to be

proven to run at polynomial complexity for LPs.
However, it is usually slower than simplex in real
problems.
® Major breakthrough - Narendra Karmarkar's method
for solving LP (1984) using interior point method.
® |nterior point methods are the last word in this area.
1074 //—/—\ However, good implementations of simplex-based
methods and interior point methods are similar for

" " 5 " routine applications of linear programming.

Time, s

N
IS
o4

Dimension, n

‘f - 511;1; Convergence of the Simplex method 0 O 12
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Klee Minty example

Since the number of edge points is finite, the algorithm should converge (except for some degenerate cases, which
are not covered here). However, the convergence could be exponentially slow, due to the high number of edges.
There is the following iconic example when the simplex method should perform exactly all vertexes.

In the following problem, the simplex method needs to check 2™ — 1 Average computation time on 3 runs
vertexes with xo = 0. R [ET
Klee Minty
max 2n_11:1 + 2n_2;p2 4+ 4 22p_1 + T 100 4
J:GR‘VL
st. 21 <5 é
F 10
4xy + 20 < 25
8x1 + 4z + 23 < 125 //_/
1072 4
2" x1 + 2n71$2 + 2”72113 +... .tz < 5" 2 4 6 8 10 12 14
Dimension, n
x>0

‘f - 5“.}‘; Convergence of the Simplex method
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Duality in Linear Programming

Duality in Linear Programming
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Primal problem:
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Duality

Primal problem:

T
min ¢
TERM
st. Az =10 (3)
z; >0,i=1,...,n

KKT for optimal z*, v*, \*:

‘f — min
Tz

Lz, v,\) =c 'z + v (Az —b) — X'z
— AT N =¢

Az" =0

zF >0

A =0

Aizi =0

Duality in Linear Programming
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Duality

Primal pro

KKT for optimal z*, v*, \*:

‘f — min
Tz

\Cé (ﬂCJ
SLQWJQ(’O( Has the following dual: ‘<$ / Z:zg

blem:
T L p T
min ¢ x max —b v
veen vek™ (4)
st. Az =b ®3) st. —ATv=<c¢
r; 20,i=1,...,n Find the dual problem to the problem above (it should be
the original LP). Also, write down KKT for the dual

Lz, v,\) =c 'z + v (Az —b) — X'z
— AT N =¢

Az" =0

zF >0

A =0

Nz, =0

Duality in Linear Programming

problem, to ensure, they are identical to the primal KKT.
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Strong duality in linear programming

(i) If either problem Equation 3 or Equation 4 has a (finite) solution, then so does the other, and the objective
values are equal.

‘f - ;nylr; Duality in Linear Programming 0 O
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Strong duality in linear programming

(i) If either problem Equation 3 or Equation 4 has a (finite) solution, then so does the other, and the objective
values are equal.

(i) If either problem Equation 3 or Equation 4 is unbounded, then the other problem is infeasible.

‘f - §ny1r; Duality in Linear Programming 0 O
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Strong duality in linear programming

(i) If either problem Equation 3 or Equation 4 has a (finite) solution, then so does the other, and the objective
values are equal.

(i) If either problem Equation 3 or Equation 4 is unbounded, then the other problem is infeasible.

‘f - §ny1r; Duality in Linear Programming 0 O
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Strong duality in linear programming
(i) If either problem Equation 3 or Equation 4 has a (finite) solution, then so does the other, and the objective

values are equal.
(i) If either problem Equation 3 or Equation 4 is unbounded, then the other problem is infeasible.

PROOF. For (i), suppose that Equation 3 has a finite optimal solution z*. It follows from KKT that there are
optimal vectors A* and v* such that (z*,v", \*) satisfies KKT. We noted above that KKT for Equation 3 and
Equation 4 are equivalent. Moreover, c’z* = (—ATv* + X\ )Tx* = —(v*)T Az* = —bTv*, as claimed.

A symmetric argument holds if we start by assuming that the dual problem Equation 4 has a solution.

‘f - 511;!; Duality in Linear Programming
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Strong duality in linear progragaming
(i) If either problem Equation 3 or Equation 4 has a (finite) solution, then so does the other, and the objective

values are equal.
(i) If either problem Equation 3 or Equation 4 is unbounded, then the other problem is infeasible.

PROOF. For (i), suppose that Equation 3 has a finite optimal solution z*. It follows from KKT that there are
optimal vectors A* and v* such that (z*,v", \*) satisfies KKT. We noted above that KKT for Equation 3 and
Equation 4 are equivalent. Moreover, c’z* = (—ATv* + X\ )Tx* = —(v*)T Az* = —bTv*, as claimed.

A symmetric argument holds if we start by assuming that the dual problem Equation 4 has a solution.
. such

To prove (i), suppose that the primal is unbounded, that is, there is a sequence of points zx, k =1,2,3,.

that
chk $—oo, Axp=0b, xp>0.

‘f - 511;!; Duality in Linear Programming
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Strong duality in linear programming
(i) If either problem Equation 3 or Equation 4 has a (finite) solution, then so does the other, and the objective

values are equal.
(i) If either problem Equation 3 or Equation 4 is unbounded, then the other problem is infeasible.

PROOF. For (i), suppose that Equation 3 has a finite optimal solution z*. It follows from KKT that there are
optimal vectors A* and v* such that (z*, v, \*) satisfies KKT. We noted above that KKT for Equation 3 and
Equation 4 are equivalent. Moreover, c’z* = (—ATv* + X\ )Tx* = —(v*)T Az* = —bTv*, as claimed.

A symmetric argument holds if we start by assuming that the dual problem Equation 4 has a solution.
To prove (i), suppose that the primal is unbounded, that is, there is a sequence of points zx, k =1,2,3,... such

that
chk $—oo, Axp=0b, xp>0.

Suppose too that the dual Equation 4 is feasible, that is, there exists a vector & such that —ATo < ¢. From the
latter inequality together with z; > 0, we have that —oT Azy, < ¢Txy, and therefore

T =0T Az < T ap | —o0,

yielding a contradiction. Hence, the dual must be infeasible. A similar argument can be used to show that the
unboundedness of the dual implies the infeasibility of the primal.

‘f - 5“;‘; Duality in Linear Programming
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‘f — min
Tz

Max-flow min-cut

Max-flow min-cut
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Max-flow problem example
SouRct Q, OWUD

@\ SRNG
T

\@/ g\m’\

CAU®

The nodes are routers, the edges are
communications links; associated with each
node is a capacity — node 1 can communicate
to node 2 at as much as 6 Mbps, node 2 can
communicate to node 4 at upto 2 Mbps, etc.

— mi N
‘f i Max-flow min-cut
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Max-flow problem example

The nodes are routers, the edges are
communications links; associated with each
node is a capacity — node 1 can communicate
to node 2 at as much as 6 Mbps, node 2 can
communicate to node 4 at upto 2 Mbps, etc.

— min "
‘f Tz Max-flow min-cut

Question:

® A network of nodes and edges represents communication links,

each with a specified capacity.
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Max-flow problem example

Question:
® A network of nodes and edges represents communication links,
each with a specified capacity.
® Example: Can node 1 (source) communicate with node 6 (sink)
at 6 Mbps? 12 Mbps? What is the maximum rate?

The nodes are routers, the edges are
communications links; associated with each
node is a capacity — node 1 can communicate
to node 2 at as much as 6 Mbps, node 2 can
communicate to node 4 at upto 2 Mbps, etc.

‘f% 5“.}‘; Max-flow min-cut 0 O 18
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Max-flow problem example

The nodes are routers, the edges are
communications links; associated with each
node is a capacity — node 1 can communicate
to node 2 at as much as 6 Mbps, node 2 can
communicate to node 4 at upto 2 Mbps, etc.

— min "
‘f Tz Max-flow min-cut

Question:

® A network of nodes and edges represents communication links,

each with a specified capacity.

® Example: Can node 1 (source) communicate with node 6 (sink)
at 6 Mbps? 12 Mbps? What is the maximum rate?

Capacity Matrix:

OO OO OO0

IA_

SO OO OO

OO O o NO

> X

O Tt O N NO
SO OoO OO,

(A

ON W OO

O

vV
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Max-flow problem example
Question:
® A network of nodes and edges represents communication links,
each with a specified capacity.
® Example: Can node 1 (source) communicate with node 6 (sink)
at 6 Mbps? 12 Mbps? What is the maximum rate?
Capacity Matrix:

OO OO OO0
SO OO OO
SO O OO NO
O Tt O N NO
SO OoO OO,
oON WO o

The nodes are routers, the edges are
communications links; associated with each ~ Flow Matrix: X[i, j] represents flow from node i to node j.

node is a capacity — node 1 can communicate
to node 2 at as much as 6 Mbps, node 2 can
communicate to node 4 at upto 2 Mbps, etc.

‘f% fu.}‘; Max-flow min-cut 0 O 18
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Max-flow problem example

Question:
® A network of nodes and edges represents communication links,
each with a specified capacity.
® Example: Can node 1 (source) communicate with node 6 (sink)
at 6 Mbps? 12 Mbps? What is the maximum rate?
Capacity Matrix:

OO OO OO0
SO OO OO
SO O OO NO
O Tt O N NO
SO OoO OO,
oON WO o

The nodes are routers, the edges are
communications links; associated with each ~ Flow Matrix: X[i, j] represents flow from node i to node J-

node is a capacity — node 1 can communicate Constraints: ’(‘.0
to node 2 at as much as 6 Mbps, node 2 can 0=xX X=2C L{z” «
communicate to node 4 at upto 2 Mbps, etc. N

Flow Conservation: ZX(’L 7) Z X(k,i),1=2,...,N—1

. j=2
‘7: ey g‘lcgé;“;,ﬁ
‘fﬁ}fﬂ.}‘; Max-flow min-cut 0 O 18
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Max-flow problem example

Given the setup, when everything, that is
produced by source will go to the sink. the
flow of the network, is simply the sum of
everything coming out of the source:

N

> X(1,6) (Flow)

=2

— min "
‘f Tz Max-flow min-cut
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Max-flow problem example

2
/g:{ 2 7

6 2

maximize (X, S) 3
st. — X =<0
b=teas

‘fy'ig‘ <X7Ln> :07 n:2>~~'7N_17

L,, consists of a single column (n) of ones (except for the last row)
minus a single row (also n) of ones (except for the first column).

3
6 5 2

0 1 1

\@j/ XYoo ) g 0
ll S R

\ Do

Given the setup, when everything, that|is 00 --- 0

produced by source will go to the sink. h%\M o W

flow of the network, is simply the sum of
everything coming out of the source:

N

> X(1,6) (Flow)

=2

— mi N
‘f i Max-flow min-cut

0

o o

==

1
0
1

(Max-Flow Problem)
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Deriving dual to the Max-flow  me} <>() S > ¢=> win - £ X),C'>

st.
X%0
L (M M) = rze
L%, - <r\_ x>+<A XC>f LXLw =0, 2 ne V-4
+,Z\>L,(>gL\>

9 g(h A ) =k, L AN D= - (A, 0
=5 —S—I\HAUQ:o
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Deriving dual to the Max-flow Zgoa ﬁé@ﬂﬂw 3(13@2@’
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Deriving dual to the Max-flow
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Deriving dual to the Max-flow

minimize (A, C)
A v
(Max-Flow Dual Problem)
st. A+Q =S
A0
where
0 12} V3 e UN—-1 0
O O V3 — V2 UN—-1 — U2 —U2
0 Vo — U3 0 e UN_-1 — V3 —U3
Q =

0 vo—vN-1 V3—VUN-1 --- 0 —UN-1
0 0 0 0 0

‘f - ;nylr; Max-flow min-cut 0 O 19
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Min-cut problem example

A cut of the network separates the vertices into two sets: one containing the source (we call this set S, and one
containing the sink. The capacity of the cut is the total value of the edges coming out of S — we are separating the
sets by “cutting off the flow” along these edges.

S={1,4,5} S=1{1,2,4,5}

of @5\;@

S S

The edges in the cut are 1 —+ 2,4 — 6, and 5 — 6 the  The edges in the cut are 2 — 3,4 — 6, and 5 — 6 the
capacity of this cut is 6 +3 + 2 = 11. capacity of this cutis2+3+4+2=7.
‘fﬁ}fnﬂ Max-flow min-cut 0 O 20
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Min-cut is the dual to max-flow

What is the minimum value of the smallest cut? We will argue that it is same as the optimal value of the solution
d* of the dual program (Max-Flow Dual Problem).

‘f - §ny1r; Max-flow min-cut 0 O 21
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Min-cut is the dual to max-flow

What is the minimum value of the smallest cut? We will argue that it is same as the optimal value of the solution
d* of the dual program (Max-Flow Dual Problem).

First, suppose that S is a valid cut. From S, we can easily find a dual feasible point that matches its capacity: for
n=1,...,N, take

v
Vn:{l’ n€Ss, Gaf max(v; — v5,0), i#1,5#N, //\fﬁWW

Aij =< 1—v;, 1=1,
0, n¢s, 1, ) .
Vi, 7= N.

) R
VMAD&S\%KC% g

— min "
‘f Tz Max-flow min-cut
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Min-cut is the dual to max-flow
What is the minimum value of the smallest cut? We will argue that it is same as the optimal value of the solution
d* of the dual program (Max-Flow Dual Problem).

First, suppose that S is a valid cut. From S, we can easily find a dual feasible point that matches its capacity: for
n=1,...,N, take

(1, nes, L max(vi —v5,0), i#1,j#N, 88230.%@
=0, ngs, " A T = no _
1= g K

U MAX FLOw/
Notice that these choices obey the constraints in the dual, and that X; ; will be 1 if i — j is cut, and 0 otherwise, so

%
capacity(S) = Z AiiCi g WQGE: ?ﬂ'}R&

— min "
‘f Tz Max-flow min-cut


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Min-cut is the dual to max-flow
What is the minimum value of the smallest cut? We will argue that it is same as the optimal value of the solution
d* of the dual program (Max-Flow Dual Problem).

First, suppose that S is a valid cut. From S, we can easily find a dual feasible point that matches its capacity: for
n=1,...,N, take

a. P '707 ; 17. N7
L nes max(s ~13,0), i # 1,7
Up = and )\ijI lfl/j, Z:L

0, S, "
n¢ Vi, ] = N.

Notice that these choices obey the constraints in the dual, and that X; ; will be 1 if i — j is cut, and 0 otherwise, so

capacity(S) = Z Ai,jCi 4. PAB Q E E _
SPpeia,

Every cut is feasible, so

d* < MINCUT. \

‘f% fu.}‘; Max-flow min-cut 0 O 21
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Min-cut is the dual to max-flow
Now we show that for every solution ™, \* of the dual, there is a cut that has a capacity at most d*. We generate a

cut at random, and then show that the expected value of the capacity of the cut is less than d* — this means there
must be at least one with a capacity of d* or less.

‘fﬁ}fﬂ.}‘; Max-flow min-cut 0 O 22
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Min-cut is the dual to max-flow

Now we show that for every solution ™, \* of the dual, there is a cut that has a capacity at most d*. We generate a
cut at random, and then show that the expected value of the capacity of the cut is less than d* — this means there
must be at least one with a capacity of d* or less.

Let Z be a uniform random variable on [0, 1]. Along with A\*,v5, ..., vx_, generated by solving (Max-Flow Dual
Problem), take v1 =1 and vy = 0. Create a cut S with the rule:

if v, > Z, then taken € S.

. . . The probability that a particular edge ¢ — j is in this cut is
Pi€S,j¢S) =P (v <Z<vf)

max(v; —v;,0), 2<4,j <N -1,

1—vy, i=1;7=2,...,N —1,
vr i=2,...,N—1;j=N,
1, i=1;j=N.

S)\;j7

‘f% 5“.}‘; Max-flow min-cut 0 O 22
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Min-cut is the dual to max-flow

The last inequality follows simply from the constraints in the dual program (Max-Flow Dual Problem). This cut is
random, so its capacity is a random variable, and its expectation is

Elcapacity(S)] = » CiP(i€ 8,5 ¢8)

¥
<Y Cighi =d
irJ
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Min-cut is the dual to max-flow

The last inequality follows simply from the constraints in the dual program (Max-Flow Dual Problem). This cut is

random, so its capacity is a random variable, and its expectation is

Elcapacity(S)] = » CiP(i€ 8,5 ¢8)
2%
<Y Cighi;=d.
053

Thus there must be a cut whose capacity is at most d*. This establishes that

MINCUT < d*.

— min "
‘f Tz Max-flow min-cut
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Min-cut is the dual to max-flow

The last inequality follows simply from the constraints in the dual program (Max-Flow Dual Problem). This cut is
random, so its capacity is a random variable, and its expectation is

Elcapacity(S)] = » CiP(i€ 8,5 ¢8)
07
<Y Cighi;=d.
]

Thus there must be a cut whose capacity is at most d*. This establishes that

MINCUT < d*.

Combining these two facts of course means that
d* = MINCUT = MAXFLOW = p*,

where p* is the solution of the primal, and equality follows from strong duality for linear programming.
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Min-cut is the dual to max-flow

The last inequality follows simply from the constraints in the dual program (Max-Flow Dual Problem). This cut is

random, so its capacity is a random variable, and its expectation is

Elcapacity(S)] = » CiP(i€ 8,5 ¢8)

¥
<Y Cighi =d
irJ

Thus there must be a cut whose capacity is at most d*. This establishes that

MINCUT < d*.

Combining these two facts of course means that
d* = MINCUT = MAXFLOW = p*,

where p* is the solution of the primal, and equality follows from strong duality for linear programming.
i Max-flow min-cut theorem.

The maximum value of an s-t flow is equal to the minimum capacity over all s-t cuts.

‘f - §ny1r; Max-flow min-cut Q@0
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‘f — min
Tz

Sensitivity analysis

Sensitivity analysis
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Sensitivity analysis

Let us switch from the original optimization problem

fo(z) — min
TER™

sit. fi(z) <0,i=1,...,m
hi(z) =0,i=1,...

(P)

— mi i :
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Sensitivity analysis

bopuyurpunes ¥genq

Let us switch from the original optimization problem To the perturbed version of it:
fo(z) = min fo(z) = min
zERM zERN
st. fi(z) <0,i=1,...,m (P) sit. fi(zx) <wg,i=1,...,m
hi(x)=0,i=1,...,p hi(x) =v;, i=1,...,p
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Sensitivity analysis

Let us switch from the original optimization problem To the perturbed version of it:

* P w ¢
fo(z) = min P ( J >

folw) = rain
st. fi(z) <0,i=1,...,m (P) sit. fi(zx) <wg,i=1,...,m (Per)

hi(x)=0,i=1,...,p hi(x) =v;, i=1,...,p

Note, that we still have the only variable z € R"™, while treating u € R™, v € RP as parameters. It is obvious, that
Per(u,v) — P if u =0,v = 0. We will denote the optimal value of Per as p*(u, v), while the optimal value of the

original problem P is just p*. One can immediately say, that p*(u,v) = p* P‘i (O @ — P*
/

— mi i :
‘f fnﬂ Sensitivity analysis
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Sensitivity analysis
Let us switch from the original optimization problem To the perturbed version of it:

fo(z) — min

fol@) = in
st. fi(z) <0,i=1,...,m (P) sit. fi(zx) <wg,i=1,...,m (Per)
hi(x)=0,i=1,...,p hi(x) =v;, i=1,...,p

Note, that we still have the only variable z € R"™, while treating u € R™, v € RP as parameters. It is obvious, that
Per(u,v) — P if u =0,v = 0. We will denote the optimal value of Per as p*(u, v), while the optimal value of the

*

original problem P is just p*. One can immediately say, that p*(u,v) = p*.
Speaking of the value of some i-th constraint we can say, that

® u; = 0 leaves the original problem
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Sensitivity analysis
Let us switch from the original optimization problem To the perturbed version of it:

fo(z) — min

fol@) = in
st. fi(z) <0,i=1,...,m (P) sit. fi(zx) <wg,i=1,...,m (Per)
hi(x)=0,i=1,...,p hi(x) =v;, i=1,...,p

Note, that we still have the only variable z € R"™, while treating u € R™, v € RP as parameters. It is obvious, that
Per(u,v) — P if u =0,v = 0. We will denote the optimal value of Per as p*(u, v), while the optimal value of the

*

original problem P is just p*. One can immediately say, that p*(u,v) = p*.
Speaking of the value of some i-th constraint we can say, that

® u; = 0 leaves the original problem
® u; > 0 means that we have relaxed the inequality
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Sensitivity analysis

Let us switch from the original optimization problem To the perturbed version of it:
fo(z) = min fo(z) = min
zERM zERN
st. fi(z) <0,i=1,...,m (P) sit. fi(zx) <wg,i=1,...,m (Per)
hi(x)=0,i=1,...,p hi(x) =v;, i=1,...,p

Note, that we still have the only variable z € R"™, while treating u € R™, v € RP as parameters. It is obvious, that
Per(u,v) — P if u =0,v = 0. We will denote the optimal value of Per as p*(u, v), while the optimal value of the

*

original problem P is just p*. One can immediately say, that p*(u,v) = p*.
Speaking of the value of some i-th constraint we can say, that

® u; = 0 leaves the original problem U
® u; > 0 means that we have relaxed the inequality d.f\“’u
® u; < 0 means that we have tightened the constraint wel M‘“\\"
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Sensitivity analysis

Let us switch from the original optimization problem To the perturbed version of it:
fo(z) = min fo(z) = min
zERM zERN
st. fi(z) <0,i=1,...,m (P) sit. fi(zx) <wg,i=1,...,m (Per)
hi(x)=0,i=1,...,p hi(x) =v;, i=1,...,p

Note, that we still have the only variable z € R"™, while treating u € R™, v € RP as parameters. It is obvious, that
Per(u,v) — P if u =0,v = 0. We will denote the optimal value of Per as p*(u, v), while the optimal value of the

*

original problem P is just p*. One can immediately say, that p*(u,v) = p*.
Speaking of the value of some i-th constraint we can say, that

® u; = 0 leaves the original problem
® u; > 0 means that we have relaxed the inequality
® u; < 0 means that we have tightened the constraint
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Sensitivity analysis

Let us switch from the original optimization problem To the perturbed version of it:
fo(z) = min fo(z) = min
zERM zERN
st. fi(z) <0,i=1,...,m (P) sit. fi(zx) <wg,i=1,...,m (Per)
hi(x)=0,i=1,...,p hi(x) =v;, i=1,...,p

Note, that we still have the only variable z € R"™, while treating u € R™, v € RP as parameters. It is obvious, that
Per(u,v) — P if u =0,v = 0. We will denote the optimal value of Per as p*(u, v), while the optimal value of the

*

original problem P is just p*. One can immediately say, that p*(u,v) = p*.
Speaking of the value of some i-th constraint we can say, that

® u; = 0 leaves the original problem
® u; > 0 means that we have relaxed the inequality
® u; < 0 means that we have tightened the constraint

One can even show, that when P is convex optimization problem] p*(u,v) |s a convex function.
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Sensitivity analysis
Suppose, that strong duality holds for the orriginal problem and suppose, that = is any feasible point for the

perturbed problem: I Xé 5@@%&&"&
p*(0,0):p*:d*:g(A*,I/*)S &’b“

= -
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Sensitivity analysis
Suppose, that strong duality holds for the orriginal problem and suppose, that x is any feasible point for the
perturbed problem:

‘f - Pﬂm Sensitivity analysis Q@0
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Sensitivity analysis
Suppose, that strong duality holds for the orriginal problem and suppose, that x is any feasible point for the
perturbed problem:

< L(z,\",v") =
= fo(x) + ZAffi(x) + Zthi(x) <
=1 =1
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Sensitivity analysis
Suppose, that strong duality holds for the orriginal problem and suppose, that x is any feasible point for the
perturbed problem:

(Wov7) < gl,(x) é U

_f0($)+§:A fi(z +th V\‘\'C)b:\/
< fo(z Z)\ u,-l—lelvZ
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Sensitivity analysis
Suppose, that strong duality holds for the orriginal problem and suppose, that x is any feasible point for the
perturbed problem:

‘f - Pﬂm Sensitivity analysis Q@0
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Sensitivity analysis
Suppose, that strong duality holds for the orriginal problem and suppose, that x is any feasible point for the
perturbed problem:

Which means
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Sensitivity analysis
Suppose, that strong duality holds for the orriginal problem and suppose, that x is any feasible point for the
perturbed problem:

Which means

fo(z) > p"(0,0) — Ny — Ty

And taking the optimal x for the perturbed problem, we have:

P (u,v) > p*(0,0) = X Tu— v (5)
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Sensitivity analysis
In scenarios where strong duality holds, we can draw several insights about the sensitivity of optimal solutions in
relation to the Lagrange multipliers. These insights are derived from the inequality expressed in equation above:

® Impact of Tightening a Constraint (Large \}): ZCUAU!L( ®r PA Hﬂw&

When the ith constraint’s Lagrange multlpller Ids a substantial value, and |f this constraint is tightened
(choosing u; < 0), there is a guarantee that the optlmal value, denoted by p*(u,v), will significantly increase.
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Sensitivity analysis
In scenarios where strong duality holds, we can draw several insights about the sensitivity of optimal solutions in
relation to the Lagrange multipliers. These insights are derived from the inequality expressed in equation above:

® Impact of Tightening a Constraint (Large \}):
When the ith constraint’s Lagrange multiplier, A}, holds a substantial value, and if this constraint is tightened
(choosing u; < 0), there is a guarantee that the optimal value, denoted by p*(u,v), will significantly increase.

e Effect of Adjusting Constraints with Large Positive or Negative v/:
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Sensitivity analysis
In scenarios where strong duality holds, we can draw several insights about the sensitivity of optimal solutions in
relation to the Lagrange multipliers. These insights are derived from the inequality expressed in equation above:

® Impact of Tightening a Constraint (Large \}):
When the ith constraint’s Lagrange multiplier, A}, holds a substantial value, and if this constraint is tightened
(choosing u; < 0), there is a guarantee that the optimal value, denoted by p*(u,v), will significantly increase.

e Effect of Adjusting Constraints with Large Positive or Negative v/:

® If v¥ is large and positive and v; < 0 is chosen, or
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Sensitivity analysis
In scenarios where strong duality holds, we can draw several insights about the sensitivity of optimal solutions in
relation to the Lagrange multipliers. These insights are derived from the inequality expressed in equation above:

® Impact of Tightening a Constraint (Large \}):
When the ith constraint’s Lagrange multiplier, A}, holds a substantial value, and if this constraint is tightened
(choosing u; < 0), there is a guarantee that the optimal value, denoted by p*(u,v), will significantly increase.

e Effect of Adjusting Constraints with Large Positive or Negative v/:

® If v¥ is large and positive and v; < 0 is chosen, or
® If v7 is large and negative and v; > 0 is selected,
then in either scenario, the optimal value p*(u,v) is expected to increase greatly.
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Sensitivity analysis
In scenarios where strong duality holds, we can draw several insights about the sensitivity of optimal solutions in
relation to the Lagrange multipliers. These insights are derived from the inequality expressed in equation above:

® Impact of Tightening a Constraint (Large \}):
When the ith constraint’s Lagrange multiplier, A}, holds a substantial value, and if this constraint is tightened
(choosing u; < 0), there is a guarantee that the optimal value, denoted by p*(u,v), will significantly increase.

e Effect of Adjusting Constraints with Large Positive or Negative v/:

® If v¥ is large and positive and v; < 0 is chosen, or
® If v7 is large and negative and v; > 0 is selected,
then in either scenario, the optimal value p*(u,v) is expected to increase greatly.

® Consequences of Loosening a Constraint (Small \}):
If the Lagrange multiplier A} for the ith constraint is relatively small, and the constraint is loosened (choosing
u; > 0), it is anticipated that the optimal value p*(u, v) will not significantly decrease.
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Sensitivity analysis
In scenarios where strong duality holds, we can draw several insights about the sensitivity of optimal solutions in
relation to the Lagrange multipliers. These insights are derived from the inequality expressed in equation above:

® Impact of Tightening a Constraint (Large \}):
When the ith constraint’s Lagrange multiplier, A}, holds a substantial value, and if this constraint is tightened
(choosing u; < 0), there is a guarantee that the optimal value, denoted by p*(u,v), will significantly increase.

e Effect of Adjusting Constraints with Large Positive or Negative v/:

® If v¥ is large and positive and v; < 0 is chosen, or
® If v7 is large and negative and v; > 0 is selected,
then in either scenario, the optimal value p*(u,v) is expected to increase greatly.

® Consequences of Loosening a Constraint (Small \}):
If the Lagrange multiplier A} for the ith constraint is relatively small, and the constraint is loosened (choosing
u; > 0), it is anticipated that the optimal value p*(u, v) will not significantly decrease.

® Qutcomes of Tiny Adjustments in Constraints with Small v:
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Sensitivity analysis
In scenarios where strong duality holds, we can draw several insights about the sensitivity of optimal solutions in
relation to the Lagrange multipliers. These insights are derived from the inequality expressed in equation above:

® Impact of Tightening a Constraint (Large \}):
When the ith constraint’s Lagrange multiplier, A}, holds a substantial value, and if this constraint is tightened
(choosing u; < 0), there is a guarantee that the optimal value, denoted by p*(u,v), will significantly increase.

e Effect of Adjusting Constraints with Large Positive or Negative v/:

® If v¥ is large and positive and v; < 0 is chosen, or
® If v7 is large and negative and v; > 0 is selected,
then in either scenario, the optimal value p*(u,v) is expected to increase greatly.

® Consequences of Loosening a Constraint (Small \}):
If the Lagrange multiplier A} for the ith constraint is relatively small, and the constraint is loosened (choosing
u; > 0), it is anticipated that the optimal value p*(u, v) will not significantly decrease.

® Qutcomes of Tiny Adjustments in Constraints with Small v:

® When v is small and positive, and v; > 0 is chosen, or
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Sensitivity analysis
In scenarios where strong duality holds, we can draw several insights about the sensitivity of optimal solutions in
relation to the Lagrange multipliers. These insights are derived from the inequality expressed in equation above:

® Impact of Tightening a Constraint (Large \}):
When the ith constraint’s Lagrange multiplier, A}, holds a substantial value, and if this constraint is tightened
(choosing u; < 0), there is a guarantee that the optimal value, denoted by p*(u,v), will significantly increase.

e Effect of Adjusting Constraints with Large Positive or Negative v/:

® If v¥ is large and positive and v; < 0 is chosen, or
® If v7 is large and negative and v; > 0 is selected,
then in either scenario, the optimal value p*(u,v) is expected to increase greatly.

® Consequences of Loosening a Constraint (Small \}):
If the Lagrange multiplier A} for the ith constraint is relatively small, and the constraint is loosened (choosing
u; > 0), it is anticipated that the optimal value p*(u, v) will not significantly decrease.

® Qutcomes of Tiny Adjustments in Constraints with Small v:

® When v is small and positive, and v; > 0 is chosen, or
® When v is small and negative, and v; < 0 is opted for,
in both cases, the optimal value p*(u, v) will not significantly decrease.
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Sensitivity analysis
In scenarios where strong duality holds, we can draw several insights about the sensitivity of optimal solutions in
relation to the Lagrange multipliers. These insights are derived from the inequality expressed in equation above:

® Impact of Tightening a Constraint (Large \}):
When the ith constraint’s Lagrange multiplier, A}, holds a substantial value, and if this constraint is tightened
(choosing u; < 0), there is a guarantee that the optimal value, denoted by p*(u,v), will significantly increase.

e Effect of Adjusting Constraints with Large Positive or Negative v/:

® If v¥ is large and positive and v; < 0 is chosen, or
® If v7 is large and negative and v; > 0 is selected,
then in either scenario, the optimal value p*(u,v) is expected to increase greatly.

® Consequences of Loosening a Constraint (Small \}):
If the Lagrange multiplier A} for the ith constraint is relatively small, and the constraint is loosened (choosing
u; > 0), it is anticipated that the optimal value p*(u, v) will not significantly decrease.

® Qutcomes of Tiny Adjustments in Constraints with Small v:

® When v is small and positive, and v; > 0 is chosen, or
® When v is small and negative, and v; < 0 is opted for,
in both cases, the optimal value p*(u, v) will not significantly decrease.

These interpretations provide a framework for understanding how changes in constraints, reflected through their
corresponding Lagrange multipliers, impact the optimal solution in problems where strong duality holds.
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Local sensitivity

Suppose now that p*(u,v) is differentiable at
u=0,v=0.
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Local sensitivity

Suppose now that p*(u,v) is differentiable at
u=0,v=0.
op(0,0) . 9p”(0,0)
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Local sensitivity

Suppose now that p*(u,v) is differentiable at
u=0,v=0.

«__ 0p"(0,0) «__ 0p"(0,0)
)\i - c’)ui Vi = B’l}i (6)
To show this result we consider the directional derivative

of p*(u,v) along the direction of some i-th basis vector e;:
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Local sensitivity

Suppose now that p*(u,v) is differentiable at
u=0,v=0.

«__ 0p"(0,0) «__ 0p"(0,0)
)\i - c’)ui Vi = B’l}i (6)
To show this result we consider the directional derivative

of p*(u,v) along the direction of some i-th basis vector e;:

lim p (te’iao) - P (07 0) _ ap (070)
t—0 t Ou;
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Local sensitivity

Suppose now that p*(u,v) is differentiable at
u=0,v=0.
«__ 0p*(0,0) .,  0p*(0,0)
)\i - (’)ui Vi = a’l}i (6)

To show this result we consider the directional derivative

of p*(u,v) along the direction of some i-th basis vector e;:

lim p (te’iao) - P (07 0) _ ap (070)
t—0 t Ou;

From the inequality Equation 5 and taking the limit ¢ — 0
with ¢t > 0 we have
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Suppose now that p*(u,v) is differentiable at
u=0,v=0.
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To show this result we consider the directional derivative

of p*(u,v) along the direction of some i-th basis vector e;:

lim p (te’iao) - P (07 0) _ ap (070)
t—0 t Ou;

From the inequality Equation 5 and taking the limit ¢ — 0
with ¢t > 0 we have
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Local sensitivity

Suppose now that p*(u,v) is differentiable at
u=0,v=0.

._ _0p7(0,00 . 39p*(0,0)
)\i o (’)ui Vi = a’l}i (6)

To show this result we consider the directional derivative

of p*(u,v) along the direction of some i-th basis vector e;:

lim p (te’iao) - P (07 0) _ ap (070)
t—0 t Ou;

From the inequality Equation 5 and taking the limit ¢ — 0
with ¢t > 0 we have

p (tei,O)—p > _)\Zf_> Op (070) >
t - ou; -

For the negative ¢t < 0 we have:

Y

— mi i :
‘f fnﬂ Sensitivity analysis

28


Daniil Merkulov

https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Local sensitivity

Suppose now that p*(u,v) is differentiable at
u=0,v=0.

._ _0p7(0,00 . 39p*(0,0)
)\i o (’)ui Vi = 61}1- (6)

To show this result we consider the directional derivative

of p*(u,v) along the direction of some i-th basis vector e;:

lim p (te’iao) - P (07 0) _ ap (070)
t—0 t Ou;

From the inequality Equation 5 and taking the limit ¢ — 0
with ¢t > 0 we have

t Ou;
For the negative ¢t < 0 we have:
p (temo)*p S_)\:_> ap (070) S_)\:
t Ou;
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Local sensitivity

Suppose now that p*(u,v) is differentiable at
u=0,v=0.

B _9p™(0,0)

6
(’)ui 61}1‘ ( )
To show this result we consider the directional derivative

Al = Op (070) v =

of p*(u,v) along the direction of some i-th basis vector e;:

P (tei, 0) — p(0,0) _ 9p*(0,0)

811,1'

From the inequality Equation 5 and taking the limit ¢ — 0
with ¢t > 0 we have

lim
t—0 t

p*(tei,O) _p* 61)*(07 O) >

>\ — =i
t - ‘ ou; - ‘
For the negative ¢t < 0 we have:
p (temo)*p < _)\;k N ap (070) < _)\:
t Ou;
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Sensitivity analysis

The same idea can be used to establish the fact about v;.
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Local sensitivity

Suppose now that p*(u,v) is differentiable at The same idea can be used to establish the fact about v;.
u=0,v=0. The local sensitivity result Equation 6 provides a way to
understand the impact of constraints on the optimal
Af = _Bp*(0,0) vl = _8p*(0,0) (6) solution ™ of an optimization problem. If a constraint

Ou; ov; fi(z*) is negative at z*, it's not affecting the optimal
To show this result we consider the directional derivative solution, meaning small changes to this constraint won't
of p*(u,v) along the direction of some i-th basis vector ¢;: alter the optimal value. In this case, the corresponding
i i . optimal Lagrange multiplier will be zero, as per the

lim 2 (tes,0) —p*(0,0) _ op™(0,0) principle of complementary slackness.

t—0 t (911,1'
From the inequality Equation 5 and taking the limit ¢ — 0
with ¢ > 0 we have

t Ou;
For the negative ¢t < 0 we have:
p (temo)*p S_)\:_> ap (070) S_)\:
t Ou;
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Local sensitivity

Suppose now that p*(u,v) is differentiable at
u=0,v=0.

o' (0,0) . __9p'(0,0)

_— 7 _— 7 6

c’iui 61}1- ( )
To show this result we consider the directional derivative
of p*(u,v) along the direction of some i-th basis vector e;:

P (tes,0) = p™(0,0) _ 9p*(0,0)
(911,1'

From the inequality Equation 5 and taking the limit ¢ — 0
with ¢t > 0 we have

A=

lim
t—0 t

t Ou;
For the negative ¢t < 0 we have:
p (temo)*p S_)\:_> ap (070) S_)\:
t Ou;

‘f — min
Tz

Sensitivity analysis

The same idea can be used to establish the fact about v;.
The local sensitivity result Equation 6 provides a way to
understand the impact of constraints on the optimal
solution ™ of an optimization problem. If a constraint
fi(z™) is negative at z*, it's not affecting the optimal
solution, meaning small changes to this constraint won't
alter the optimal value. In this case, the corresponding
optimal Lagrange multiplier will be zero, as per the
principle of complementary slackness.

However, if f;(z*) = 0, meaning the constraint is
precisely met at the optimum, then the situation is
different. The value of the i-th optimal Lagrange
multiplier, A}, gives us insight into how ‘sensitive’ or
‘active’ this constraint is. A small A} indicates that slight
adjustments to the constraint won't significantly affect
the optimal value. Conversely, a large A} implies that
even minor changes to the constraint can have a
significant impact on the optimal solution.
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Complexity of MIP

Consider the following Mixed Integer Programming (MIP):

2z =8x1 + 11lxs + 63 + 424 — max

z1,r2,23,%4
s.t. b1 + Txe + 4xs + 3x4 < 14 (7)
i€ {0,1} Vi

‘f - §ny1r; Mixed Integer Programming
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Complexity of MIP
Consider the following Mixed Integer Programming (MIP): Relax it to:

z = 8x1 + 1lxs + 63 + 424 — max z = 8x1 + 1wz + 623 + 424 —  max

T1,T2,23,T4 T1,72,T3,%4

s.it. 5z + Tao + 4das + 3z4 < 14 (7) s.t. br1 + Txe + 4xs + 3x4 < 14 (8)

z € {0,1} Vi Vz’
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Complexity of MIP
Consider the following Mixed Integer Programming (MIP): Relax it to:

z = 8x1 + 1lxs + 63 + 424 — max z = 8x1 + 1wz + 623 + 424 —  max
x1,T2,T3,T4 x1,T2,T3,T4
s.it. 5z + Tao + 4das + 3z4 < 14 (7) s.t. br1 + Txe + 4xs + 3x4 < 14 (8)
xz; € {0,1} Vi xz; €[0,1] Vi

Optimal solution

1 =0,22 =23 =24 =1, and z = 21.
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Complexity of MIP
Consider the following Mixed Integer Programming (MIP): Relax it to:

z = 8x1 + 1lxs + 63 + 424 — max z = 8x1 + 1wz + 623 + 424 —  max
x1,T2,T3,T4 x1,T2,T3,T4
s.it. 5z + Tao + 4das + 3z4 < 14 (7) s.t. br1 + Txe + 4xs + 3x4 < 14 (8)
xz; € {0,1} Vi xz; €[0,1] Vi

Optimal solution Optimal solution

1 =0,22 =23 =24 =1, and z = 21. 1 =22 = 1,23 =0.5,24 =0, and z = 22.
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Complexity of MIP
Consider the following Mixed Integer Programming (MIP): Relax it to:

z =8x1 + 1lxz + 623 + 424 —  max z=8x1 + 11wz + 623 + 4vg —  max
z1,T2,T3,T4 x1,%2,T3,T4
s.t. 51+ Two + 4dws 4+ 324 < 14 @) s.t. by + Taxo +4x3 + 324 < 14 (8)
xz; € {0,1} Vi xz; €10,1] Vi

Optimal solution Optimal solution
1 =0,22 =23 =24 =1, and z = 21. 1 =22 = 1,23 =0.5,24 =0, and z = 22.

® Rounding 3 = 0: gives z = 19.
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Complexity of MIP
Consider the following Mixed Integer Programming (MIP): Relax it to:

z =8x1 + 1lxz + 623 + 424 —  max z=8x1 + 11wz + 623 + 4vg —  max
z1,T2,T3,T4 x1,%2,T3,T4
s.t. 51+ Two + 4dws 4+ 324 < 14 @) s.t. by + Taxo +4x3 + 324 < 14 (8)
xz; € {0,1} Vi xz; €10,1] Vi

Optimal solution Optimal solution
1 =0,22 =23 =24 =1, and z = 21. 1 =22 = 1,23 =0.5,24 =0, and z = 22.

® Rounding 3 = 0: gives z = 19.
® Rounding z3 = 1: Infeasible.
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Consider the following Mixed Integer Programming (MIP): Relax it to:
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® Rounding 3 = 0: gives z = 19.
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Complexity of MIP

Consider the following Mixed Integer Programming (MIP): Relax it to:

z = 8x1 + 1lxs + 63 + 424 — max z = 8z1 + 11wz + 623 + 4z4 —

max
z1,T2,T3,T4

x1,%2,T3,T4

s.t. 51+ Two + 4dws 4+ 324 < 14 @) s.t. by + Taxo +4x3 + 324 < 14 (8)

€ {0,1} Vi zi €[0,1] Vi
Optimal solution z {01} Wi Optimal solution

1 =0,22 =23 =24 =1, and z = 21. 1 =22 = 1,23 =0.5,24 =0, and z = 22.

® Rounding 3 = 0: gives z = 19.
® Rounding z3 = 1: Infeasible.

! MIP is much harder, than LP

® Naive rounding of LP relaxation of the initial MIP problem might lead to infeasible or suboptimal
solution.
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Complexity of MIP
Consider the following Mixed Integer Programming (MIP): Relax it to:

z=8x1 + 1lzs + 623 + 424 — max z =8z1 + 11z + 6xs + dz4 — max
r1,r2,T3,T4 T1,T2,T3,T4
s.t. 5xy + Too + dxs + 324 < 14 @) s.t. by + Taxo +4x3 + 324 < 14 (8)
z € {0,1} Vi ziel0,1] Vi

Optimal solution Optimal solution
1 =0,22 =23 =24 =1, and z = 21. 1 =22 = 1,23 =0.5,24 =0, and z = 22.

® Rounding 3 = 0: gives z = 19.
® Rounding z3 = 1: Infeasible.

! MIP is much harder, than LP

® Naive rounding of LP relaxation of the initial MIP problem might lead to infeasible or suboptimal
solution.
® General MIP is NP-hard.

‘f - §ny1r; Mixed Integer Programming 0 O 30


Daniil Merkulov

https://en.wikipedia.org/wiki/Integer_programming
https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Complexity of MIP
Consider the following Mixed Integer Programming (MIP): Relax it to:

z =8xy + 1las + 623 + 424 — max z = 8r1 + 1laz + 623 + 424 — max
1,T2,T3,T4 T1,T2,T3,T4
s.t. 51+ Two + 4dws 4+ 324 < 14 @) s.t. by + Taxo +4x3 + 324 < 14 (8)
z; €{0,1} Vi z; € 10,1 Vi

Optimal solution Optimal solution

1 =0,22 =23 =24 =1, and z = 21. 1 =22 = 1,23 =0.5,24 =0, and z = 22.

® Rounding 3 = 0: gives z = 19.
® Rounding z3 = 1: Infeasible.

! MIP is much harder, than LP

® Naive rounding of LP relaxation of the initial MIP problem might lead to infeasible or suboptimal
solution.

® General MIP is NP-hard.

® However, if the coefficient matrix of an MIP is a totally unimodular matrix, then it can be solved in
polynomial time.
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Unpredictable complexity of MIP

® |t is hard to predict what will be
solved quickly and what will take a

long time

‘f — min
Tz

Mixed Integer Programming

Number of Constraints

Running time to optimality for different MIPs
MIPLIB 2017 Collection Set

@® Easy (<1 hour) (] P
107 4 ]

<& Hard (> 1 hour) = |

B Unsolved & - L] ‘<-> o
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105 E
104 E
103 E
102 4
101 E
1004 @ °
10t 102 103 104 10° 106 107
Number of Variables
D0
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Hardware progress vs Software progress

What would you choose, assuming, that the question posed correctly (you can compile software for any hardware
and the problem is the same for both options)? We will consider the time period from 1992 to 2023.

O Hardware O Software
Solving MIP with an old software on the modern Solving MIP with a modern software on the old
hardware hardware
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Hardware progress vs Software progress

What would you choose, assuming, that the question posed correctly (you can compile software for any hardware
and the problem is the same for both options)? We will consider the time period from 1992 to 2023.

O Hardware O Software
Solving MIP with an old software on the modern Solving MIP with a modern software on the old
hardware hardware

=~ 1.664.510 x speedup ~ 2.349.000 x speedup

Moore's law states, that computational power doubles R. Bixby conducted an intensive experiment with
benchmarking all CPLEX software version starting from
1992 to 2007 and measured overall software progress
(29000 times), later (in 2009) he was a cofounder of
Gurobi optimization software, which gives additional ~ 81
speedup on MILP.

every 18 monthes.
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Hardware progress vs Software progress

What would you choose, assuming, that the question posed correctly (you can compile software for any hardware
and the problem is the same for both options)? We will consider the time period from 1992 to 2023.

O Hardware O Software
Solving MIP with an old software on the modern Solving MIP with a modern software on the old
hardware hardware

=~ 1.664.510 x speedup ~ 2.349.000 x speedup

Moore's law states, that computational power doubles R. Bixby conducted an intensive experiment with
benchmarking all CPLEX software version starting from
1992 to 2007 and measured overall software progress
(29000 times), later (in 2009) he was a cofounder of
Gurobi optimization software, which gives additional ~ 81
speedup on MILP.

every 18 monthes.

It turns out that if you need to solve a MILP, it is better to use an old computer and modern methods than vice
versa, the newest computer and methods of the early 1990s!
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Sources

® Optimization Theory (MATH4230) course @ CUHK by Professor Tieyong Zeng
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