Lower bounds for gradient descent.
Accelerated gradient descent. Momentum.
Nesterov’s acceleration

Daniil Merkulov

Optimization methods. MIPT



https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Recap of Gradient Descent convergence
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Recap of Gradient Descent convergence
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For smooth strongly convex we have: _ i & K

s -1 < (1= ) (6% - 1),

Note also, that for any x, since e™* is convex and 1 — x is
its tangent line at x = 0, we have:

l—xz<e”
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For smooth strongly convex we have: Finally we have
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For smooth strongly convex we have: Finally we have

e - (12 g - ). =1 -1 < (1) ) - )

L
Note also, that for any z, since e™ is convex and 1 — z is < exp (*ke%) (f(xo) - )

its tangent line at x = 0, we have: 0 X
ke > %logw =0 (%log é)

l—xz<e™™
Question: Can we do faster, than this using the first-order information?
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Recap of Gradient Descent convergence

Gradient Descent: min f(z) 2" = 2F — oF V)
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For smooth strongly convex we have: Finally we have

e - (12 g - ). =1 -1 < (1) ) - )

L
Note also, that for any z, since e™ is convex and 1 — z is < exp (*ke%) (f(xo) - )

its tangent line at x = 0, we have: 0 X
ke > %logw =0 (%log é)

l—xz<e™™
Question: Can we do faster, than this using the first-order information? Yes, we can.
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Black box iteration

The iteration of gradient descent:

" = 2F — oV (")
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The iteration of gradient descent:
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Consider a family of first-order methods, where

2" € 2° + span {Vf(aco),Vf(asl), e ,Vf(xk)} f - smooth
" e 2° + span{go,g1,...,9x}, where g; € df(z*)  f - non-smooth
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Black box iteration

The iteration of gradient descent:

_ l’k71 _ ak*lvf(xkfl) _ akvf(l'k)

k
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Consider a family of first-order methods, where

2" e 2% + span {Vf(aco),Vf(xl), e ,Vf(ask)} f - smooth
2" e 2% + span{go,g1,..., 9%}, where g; € df(z')  f - non-smooth

1)

In order to construct a lower bound, we need to find a function f from corresponding class such that any method
from the family 1 will work at least as slow as the lower bound.
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Smooth case

i Theorem

There exists a function f that is L-smooth and convex such that any method 1 satisfies forany k: 1 < k < "Tfl:
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Smooth case

i Theorem

There exists a function f that is L-smooth and convex such that any method 1 satisfies forany k: 1 < k < ”Tfl:
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® No matter what gradient method you provide, there is always a function f that, when you apply your gradient
method on minimizing such f, the convergence rate is lower bounded as O (,712)
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Smooth case

i Theorem

There exists a function f that is L-smooth and convex such that any method 1 satisfies forany k: 1 < k < "Tfl:
. BL[2° — 2|3

GRS = 32(k + 1)

® No matter what gradient method you provide, there is always a function f that, when you apply your gradient
method on minimizing such f, the convergence rate is lower bounded as O (,712)
® The key to the proof is to explicitly build a special function f.
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Smooth case

Theorem

There exists a function f that is L-smooth and convex such that any method 1 satisfies forany k: 1 < k < "Tfl:
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® No matter what gradient method you provide, there is always a function f that, when you apply your gradient
method on minimizing such f, the convergence rate is lower bounded as O (,712)

® The key to the proof is to explicitly build a special function f.

® Note, that this bound O (k%) does not match the rate of gradient descent O (%) Two options possible:

lf%?“}‘i Lower bounds 0 O


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Smooth case

Theorem

There exists a function f that is L-smooth and convex such that any method 1 satisfies forany k: 1 < k < "Tfl:
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® No matter what gradient method you provide, there is always a function f that, when you apply your gradient
method on minimizing such f, the convergence rate is lower bounded as O (,712)
® The key to the proof is to explicitly build a special function f.
® Note, that this bound O (k%) does not match the rate of gradient descent O (%) Two options possible:
a. The lower bound is not tight.
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Smooth case

i Theorem

There exists a function f that is L-smooth and convex such that any method 1 satisfies forany k: 1 < k < ”Tfl:

® No matter what gradient method you provide, there is always a function f that, when you apply your gradient
method on minimizing such f, the convergence rate is lower bounded as O (,712)

® The key to the proof is to explicitly build a special function f.

® Note, that this bound O (k%) does not match the rate of gradient descent O (%) Two options possible:

a. The lower bound is not tight.
b. The gradient method is not optimal for this problem.
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® No matter what gradient method you provide, there is always a function f that, when you apply your gradient
method on minimizing such f, the convergence rate is lower bounded as O (,712)

® The key to the proof is to explicitly build a special function f.

® Note, that this bound O (k%) does not match the rate of gradient descent O (%) Two options possible:

a. The lower bound is not tight.
b. The gradient method is not optimal for this problem.
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Nesterov’s worst function
e letn=2k+1and A R"™". —7 =

2 -1 0 0 0
-1 2 -1 0 0
0 -1 2 -1 0
A=10 0 -1 2 0
0 0 0 0 2
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Nesterov’s worst function
® letn=2k+1and A € R"™".

2 -1 0 0 0
-1 2 -1 0 0
0o -1 2 -1 0
A=10 0 -1 2 0
0 0 0 0 2
® Notice, that
n—1

2T Ay = x? + xi + Z(xz — :Bi+1)2,

i=1

Therefore, z7 Az > 0. It is also easy to see that
0=<A=<14].

‘f - §ny1r; Lower bounds
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0o -1 2 -1 0
A=10 0 -1 2 0
0 0 0 0 2
® Notice, that
n—1

2T Ay = x? + xi + Z(xz — :Bi+1)2,

i=1

Therefore, z7 Az > 0. It is also easy to see that
0=<A=<14].
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Example, when n = 3:
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Nesterov’s worst function
® letn=2k+1and A € R"™".

® Notice, that

2T Ay = x? + xi + Z(xz — :Bi+1)2,

Therefore, 7 Az > 0. It is also easy to see that

0=<A=<4I.

‘f - §ny1r; Lower bounds

-1 0 0
2 -1 0
-1 2 -1
0o -1 2
0 0 0
n—1

i=1

o O OO

Example, when n = 3:

2 2 2 2 2
=] +x] — 2x172 + x5 + x5 =2Tox3 + 3 + =3

=2} + (21 — 22)> + (v2 —23)° + 25 >0
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Nesterov’s worst function
® letn=2k+1and A € R"™".

2 -1 0 0 0
-1 2 -1 0 0
o -1 2 -1 0
A=10 0 -1 2 0
0 0 0 0 2
® Notice, that
n—1

zT Az =27 + 22 + Z(m

i=1

_Therefare o Az > 0. It is also easy to see that
0=<A=<A4I

T YA

‘f - ;nylr; Lower bounds
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Example, when n = 3:

Lower bound:

2T Az = 227 + 2235 + 222 — 23170 — 22073
:ﬁ‘f'ﬁ —2$1$2+$§+$§—2m2m3+x§+x§
=ai+ (x1 —22)* + (x2 —a3)> + 23>0

Upper bound

x7 Az = 22% + 222 + 222 — 2170 — 2:102:53
okA3R
§4($1 +$2+$3) KO‘&& g

0< Zx% + 29:3 + ng + 22129 + 22023

O§x%er%+2x1x2+x§+x§+2m2x3+x§+m§
0 < z? + (v1 + 22)* + (22 + 3)° + 23 @

0 O 7
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Nesterov’s worst function
1 T \|l_ L T

® Define the following L-smooth convex function: |f(z) = % (gacTA:c —e x) = 8acTAac — %el T.

‘f - ;nyul Lower bounds
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Nesterov’s worst function

bonguiep L -\laguas

® Define the following L-smooth convex function: f(z) = (%xTA:c — elTac) = LT Az — Lefa.
® The optimal solution z* satisfies|Az™ = e1,| and solving this system of equations gives:
2 -1 0 0 0 * 1
-1 2 -1 0 of [ ..
0 -1 2 -1 o| |*2 g 2% — a5 =1
0 0 -1 2 ol |"3| = —a] 422 — T =0,i=2,...,n—1
: —xy_1+ 25 =0
0 0 0 0 2| Ln 0

‘f - §ny1r; Lower bounds
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Nesterov’s worst function

® Define the following L-smooth convex function: f(z) = (%xTA:c — elTx) = LT Az — Lefa.
® The optimal solution z* satisfies Az™ = e1, and solving this system of equations gives:
2 -1 0 0 0 * 1
-1 2 -1 0 of [ ..
0 -1 2 -1 o| |*2 g 2% — a5 =1
0 0 -1 2 ol |"3| = —a] 422 — T =0,i=2,...,n—1
—xy_1+ 25 =0
0 0 0 0 ... 2L 0

® The hypothesis:inspired by physics). Check, that the second equation is satisfied, while a and b
are computed from the first and the last equations.

X: = A+ @ XJ* = Q4 2-56 e in—:a'("(‘g
2(&“’6) — ((1 ‘\‘90@) :( :> Q= i - g:;—\—‘q
= (at (h-&)@ 12 (a+ h@) =0 |+(§lh~n+5>@>'°

— min
‘f Tz Lower bounds
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Nesterov’s worst function

® Define the following L-smooth convex function: f(z) = (%xTA:c — elTx) = LT Az — Lefa.
® The optimal solution z* satisfies Az™ = e1, and solving this system of equations gives:
2 -1 0 0 0 * 1
-1 2 -1 0 of [ ..
0 -1 2 -1 of [*2 g 2ry —ay =1
0 0 -1 2 ol |*| = f;‘+zzx’-‘+1—\é;‘+2=0,i_ yooen =4
] e,
0 0 0 0 ... 2L 0

® The hypothesis: x; = a + bi (inspired by physics). Check, that the second equation is satisfied, while a and b
are computed from the first and the last equations.

® The solution is:

lf%ﬁ}‘i Lower bounds 0 O
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Nesterov’s worst function

® Define the following L-smooth convex function: f(z) = (%xTA:c — elTx) = LT Az — Lefa.

® The optimal solution z* satisfies Az™ = e1, and solving this system of equations gives:

2 -1 0 0 0] e .

-1 2 -1 0 o| [ o

0o -1 2 -1 o |*2 0 221 —23 =1

0 0 -1 2 of [%3] = |0 2w — e =0,i=2,...,n—1
: : —x5  +225,=0

0o 0 0 0 - 2|t 0

® The hypothesis: x; = a + bi (inspired by physics). Check, that the second equation is satisfied, while a and b
are computed from the first and the last equations.

® The solution is:

R
® And the objective yalue is
. L ., « L, . L, . L 1
== Az* — = == - _Z _
) =g 1@hen =gt = -2 (1- =)
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Smooth case (proofz
® Suppose, we start from z° = 0. Asking the oracle for
the gradient, we ge Then, 2 must lie on
the line generated BV €1: 7 Is point all the
components of ! are zero except the first one, so

] Re-£fEhee
| 96 =kih-e,)

L
1

x| £

‘fﬁ}fny"} Lower bounds 0 O 9
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Smooth case (proofz
® Suppose, we start from z° = 0. Asking the oracle for
the gradient, we get go = —e;. Then, z! must lie on
the line generated by e;. At this point all the
components of ! are zero except the first one, so

® At the second iteration we ask the oracle again and
get g1 = Az’ —e;. Then, 22 must lie on the line
generated by e; and Az' — e;. All the components
of 2% are zero except the first two, so

2 -1 0 0 ro

-1 2 -1 ol |4 .
0 -1 2 Of |7 =222 [0
0 0 0 o] 1O 0

— min
‘f Tz Lower bounds
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Smooth case (proofz
® Suppose, we start from z° = 0. Asking the oracle for
the gradient, we get go = —e;. Then, z! must lie on
the line generated by e;. At this point all the
components of ! are zero except the first one, so

® At the second iteration we ask the oracle again and
get g1 = Az’ —e;. Then, 22 must lie on the line
generated by e; and Az' — e;. All the components
of 2% are zero except the first two, so

2 -1 0 0 ro
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Smooth case (proofz

® Suppose, we start from 2 = 0. Asking the oracle for ~® Due to the structure of the matrix A one can show

the gradient, we get go = —e;. Then, z! must lie on using induction that after k iterations we have all the
the line generated by e;. At this point all the last n — k components of z* to be zero.
components of ! are zero except the first one, so ol 1

° o 2

0

o= (k)
: ) = |e| k
0 0f k+1
® At the second iteration we ask the oracle again and

get g1 = Az’ —e;. Then, 22 must lie on the line 0] n

generated by e; and Az' — e;. All the components
of 2% are zero except the first two, so

2 -1 0 0 ro

-1 2 -1 ol |4 .
0 -1 2 Of || =222 [0
0 0 0 o] 1O 0
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Smooth case (proofz
® Suppose, we start from z° = 0. Asking the oracle for
the gradient, we get go = —e;. Then, z! must lie on
the line generated by e;. At this point all the
components of ! are zero except the first one, so

® At the second iteration we ask the oracle again and
get g1 = Az’ —e;. Then, 22 must lie on the line
generated by e; and Az' — e;. All the components
of 2% are zero except the first two, so

2 -1 0 0 ro
-1 2 -1 ol |4 .
0 -1 2 Of |7 =222 [0
0 0 0 o] 1O 0

Lower bounds

® Due to the structure of the matrix A one can show
using induction that after k iterations we have all the
last n — k components of z* to be zero.

1

2

2P = |e| K
0l k+1

0] n

® However, since every iterate z* produced by our
method lies in Sy = span{ei,ea,...,ex} (i.e. has
zeros in the coordinates k + 1,...,n), it cannot
“reach” the full optimal vector z*. In other words,
even if one were to choose the best possible vector
from Sk, denoted by

#* = arg min f(z),
zESy,
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Smooth case (proof)

® Because z* € S, = span{ey, ea,...,e,} and Z" is the best possible approximation to z* within Sy, we have

F@*) > f(@").

‘f - ;nylr; Lower bounds 0 O
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Smooth case (proof)

® Because z* € Sj, = span{ei, ea,

® Thus, the optimality gap obeys

‘f - ;nylr; Lower bounds

...,ex} and Z* is the best possible approximation to z* within Sj, we have

f(@®) > f(@").
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Smooth case (proof)

® Because z* € S, = span{ey, ea,...,e,} and Z" is the best possible approximation to z* within Sy, we have
k ~k
f(@®) > f(@7).

® Thus, the optimality gap obeys

f@®) = fz7) > (@) - f@).

* Similarly, to the optimum of the original function, we have|#} = 1 — 5 |and [f(2¥) = — % (1 — L)

‘f - ;nylr; Lower bounds 0 O
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Smooth case (proof)

® Because z* € S, = span{ey, ea,...,e,} and Z" is the best possible approximation to z* within Sy, we have
k ~k
f(@®) > f(@7).

® Thus, the optimality gap obeys
Fah) = f(@") = f(@*) - f ().

* Similarly, to the optimum of the original function, we have Z} = 1 — 5 and f(z*) = —% (1 - #)

® \We now have: o
f&@") = f@) > F@°) - f(a")

()

‘f - §ny1r; Lower bounds 0 O 10
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Smooth case (proof)

® Because z* € Sy = span{ei,e2,...,ex} and Z" is the best possible approximation to * within Sy, we have
k ~k
fa") > f(@").

® Thus, the optimality gap obeys
f@*) = f@") = f@) - f(@").

e Similarly, to the optimum of the original function, we have &% =1 — k+ﬁ-1 and f(z") ‘
® We now have:

f@®) = ) > @) - f(2)

)

kfﬁi’f‘,,i,‘i Lower bounds 0 O 10
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Smooth case (proof)

® Because z* € Sy = span{ei, e, ..

® Thus, the optimality gap obeys

e Similarly, to the optimum of the original function, we have &% =1 — #1 and f(z*) = —% (1 —

)
(1-57) - (5 (-79)

® \We now have:

‘f — min
Tz

Lower bounds

.,exrand &

k

f(@®) > f(@").

f@®) = fz7) > (@) - f@).

):

L
8
L
8

(

n—=k

E+1)(n+1)

)

w)-

is the best possible approximation to ™ within Sk, we have

()
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Smooth case (proof)

® Because z* € S, = span{ey, ea,...,e,} and Z" is the best possible approximation to z* within Sy, we have
k ~k
f(@®) > f(@7).

® Thus, the optimality gap obeys

f@®) = fz7) > (@) - f@).

e Similarly, to the optimum of the original function, we have &% =1 — = and f@h)y=-% (1 - %_H)
® We now have:

= 1 1

‘f - §ny1r; Lower bounds 0 O 10
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Smooth case (proof)

® Now we boumi R=|z° - 35*”25‘

o = "3 = 0 = 21} = " 13 = Y (1~

‘f - ;nylr; Lower bounds
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i=1
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We observe, that
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Smooth case (proof)

® Now we bound R = ||z° — 2*||2: We observe, that
- i\ 2 "\ n(n+1)
0 * (12 * (12 * (12 1 —
- =0 — = = 1— i=
la® — a1 = [0 = "3 = fla" Z( —) 2=
Y Y >t Mt
(n+1)3

IN

3
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Smooth case (proof)

® Now we bound R = ||z° — 2*||2:

n

. 2
0 * (12 * (12 * (12 7
— = |0 — = = 1-—
=" —27[l2 =10 — 27|z = [|l=7[2 E ( n+1)

i=1

n

2 . 1 ‘
:”_m;”(nﬂ)zzﬂ

i=1

2 nn+1) 1 (n+1)>°

< — . .
=T 2 T m+1? 3

— min
‘f Tz Lower bounds

We observe, that
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Smooth case (proof)

® Now we bound R = ||z° — 2*||2:

n

; 2
* 112 *112 1
— = = 1—
o7l = a3 = 3 (1- -5)

i=1

2 — ™13

n

2 . 1 ,
n—m;Z-‘rmZ’tz

i=1

2 nn+1) 1 (n+1)>°

< — . .
=T 2 T m+1? 3
41 onmakg 2(k 4 1)
~T3 - 3

— min
‘f Tz Lower bounds

We observe, that

n

. n(n+1)
LS

1

1 =

M=

o
Il
=

6
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Smooth case (proof)

® Now we bound R = ||2° — z*||2: We observe, that
) . . u i \? "N n(nA+1)
I2* =21 =10 =215 = 1e"13 = 3 (1 ) 2=
S L G 2 6
cp_ 2 nlntD 1 (n+1) (n+1)°
=7 n+1 2 (n+1)2 3 -3
~ n+ 1 n=2k41 2(k+1) Z

§ 3 1 <« =

3 « 3
k412 Slla” —a®|3. = SR

® Thus,

lf%?“}‘i Lower bounds @0 O
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Smooth case (proof)

Finally, using (2) and (3), we get:

‘f - §ny1r; Lower bounds

F(a) = (=)

Y
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Smooth case (proof)

Finally, using (2) and (3), we get:

F@t) = fa) 2

Which concludes the proof with the desired O (k%

‘f - §ny1r; Lower bounds

L _ L(k+1)

= 16(k+1)  16(k + 1)2
L 3 o

> - 0=

Z Tok+ 12t

_ 3LR?

T 32(k 4+ 1)2

) rate.
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Smooth case lower bound theorems

°
1 Smooth convex case

There exists a function f that is L-smooth and convex such that any method 1 satisfies forany k£ : 1 < k < ”T_lz

k * 3L‘|$0 _x*Hg
_ > e = 12
U e A STUEE

i Smooth strongly convex case

For any z° and any jt > 0, = £ > 1, there exists a function f that is L-smooth and p-strongly convex such

that for any method of the form 1 holds:

=

2k
|xk_x||§2<\/;+l 2° — o2
p(vrE—1\"
f(wk)—f*>2(ﬁ+1> Jla® — 2"|I3

lf%ﬁ}‘i Lower bounds 0 0
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Acceleration for quadratics

Acceleration for quadratics
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Convergence result for quadratics

Suppose, we have a strongly convex quadratic function minimization problem solved by the gradient descent method:

fz) = %xTAm — " 2" =ab — V().

i Theorem

The gradient descent method with the learning rate|ax = HLL converges to the optimal solution =™ with the

following guarantee:

e+t — o7l = (%l)k o~ s ) g6 = (Z0) (6% - 1)

where|s = = |is the condition number of A.

T |~

‘f - 5“.}‘; Acceleration for quadratics 0 O 15
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—
Convergence from the first principles e X=S
Qe =X +

QK = Xz —X

flx) = %xTAx Ty Tht1 = T — apV f(Tk).

, where

Let z* be the unique solution of the linear system Az = b and put"ek": [|lzk — x*|
Tr+1 = xk — ax(Az, — b) is defined recursively starting from some xo, and ay, is a step size we'll determing shortly.

] = fr- ) - el

Polynomials

The above calculation gives u$ ex = pr(A)eo,
where py is the polynomial

k
pr(a) = H(l — axa).

=1

We can upper bound the norm of the error term as

llewll < k(A - lleoll -

— min : "
‘f Tz Acceleration for quadratics
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Convergence from the first principles

1
flx) = ia:TAa: —b"z Tpt1 = T — oV f(zr).

Let z* be the unique solution of the linear system Az = b and put ex = ||xx — z™||, where
Tr+1 = i — ax(Axz, — b) is defined recursively starting from some xo, and ay, is a step size we'll determine shortly.

Ck4+1 = (I — akA)ek.

Polynomials

The above calculation gives us e = pr(A)eo,

Since A is a symmetric matrix with eigenvalues in [u, L],:
where py is the polynomial

lpe(A)]| < ) Ipk(a)] -

k
pe(a) = [0 - axa).

This leads to an interesting problem: Among all
i=1

polynomials that satisfy py(0) = 1 we're looking for a
We can upper bound the norm of the error term as polynomial whose magnitude is as small as possible in the

interval [u, L].
llexll < [lpx (A - lleoll -

— mi . .
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Naive
A naive so

2
k= 5T
()] =

polynomial solution
lution is to choose a uniform step size

in the expression. This choise makes
pr(L)|.

1 k
lexl < (1= ) el

This is exactly the rate we proved in the previous lecture
for any smooth and strongly convex function.

Let's look

at this polynomial a bit closer. On the right

figure we choose o = 1 and 8 = 10 so that kK = 10. The
relevant interval is therefore [1,10].
Can we do better? The answer is yes.

— mi . .
‘f 510;1; Acceleration for quadratics
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Naive polynomials up to degree 2
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Naive polynomial solution
A naive solution is to choose a uniform step size

ap = HJ%L in the expression. This choise makes

[px ()| = Ipx(L)]-

1 k
lexl < (1= ) el

This is exactly the rate we proved in the previous lecture
for any smooth and strongly convex function.

Let's look at this polynomial a bit closer. On the right
figure we choose o = 1 and 8 = 10 so that kK = 10. The
relevant interval is therefore [1,10].

Can we do better? The answer is yes.

— mi . .
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Naive polynomials up to degree 3
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Naive polynomial solution
A naive solution is to choose a uniform step size

ap = HJ%L in the expression. This choise makes

[px ()| = Ipx(L)]-

1 k
lexl < (1= ) el

This is exactly the rate we proved in the previous lecture
for any smooth and strongly convex function.

Let's look at this polynomial a bit closer. On the right
figure we choose o = 1 and 8 = 10 so that kK = 10. The
relevant interval is therefore [1,10].

Can we do better? The answer is yes.
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Naive polynomials up to degree 4
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Naive polynomial solution
A naive solution is to choose a uniform step size

o = HJ%L in the expression. This choise makes 0 Naive polynomials up to degree 5

[px ()| = Ipx(L)]-

1 k
lexl < (1= ) el

This is exactly the rate we proved in the previous lecture
for any smooth and strongly convex function.

Let's look at this polynomial a bit closer. On the right
figure we choose o = 1 and 8 = 10 so that kK = 10. The
relevant interval is therefore [1,10].

Can we do better? The answer is yes.

— ps(a)

-0.6
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Naive polynomial solution

A naive solution is to choose a uniform step size
ap = HJ%L in the expression. This choise makes
Ipx ()] = [Pk (L)]-

1 k
lexl < (1= ) el

This is exactly the rate we proved in the previous lecture
for any smooth and strongly convex function.

Let's look at this polynomial a bit closer. On the right
figure we choose o = 1 and 8 = 10 so that kK = 10. The
relevant interval is therefore [1,10].

Can we do better? The answer is yes.

— mi . .
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Naive polynomials up to degree 6

1.0
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Chebyshev polynomials

Chebyshev polynomials turn out to give an optimal answer )
to the question that we asked. Suitably rescaled, they 100 Chebyshev polynomials up to degree 1

minimize the absolute value in a desired interval [u, L]
while satisfying the normalization constraint of having
value 1 at the origin. 0.75 1
To(z) =1 0.50 1
Ti(z)==x
— 0.25 1
Ti(x) = 22Tk-1(z) — Th—2(x), k>2.
Let's plot the standard Chebyshev polynomials (without 0.00 A
rescaling):
—0.25 4
—0.50 ~
—-0.75 1
_1.00 T T T

-1.0 -0.5 0.0 0.5 1.0
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Chebyshev polynomials

Chebyshev polynomials turn out to give an optimal answer )
to the question that we asked. Suitably rescaled, they 100 Chebyshev polynomials up to degree 2

minimize the absolute value in a desired interval [u, L]
while satisfying the normalization constraint of having
value 1 at the origin. 0.75 1
To(z) =1 0.50 1
Ti(z)==x
— 0.25 1
Ti(x) = 22Tk-1(z) — Th—2(x), k>2.
Let's plot the standard Chebyshev polynomials (without 0.00 A
rescaling):
—0.25 4
—0.50 ~
—-0.75 1
_1.00 T T T

-1.0 -0.5 0.0 0.5 1.0
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Chebyshev polynomials

Chebyshev polynomials turn out to give an optimal answer )
to the question that we asked. Suitably rescaled, they 100 Chebyshev polynomials up to degree 3

minimize the absolute value in a desired interval [u, L]
while satisfying the normalization constraint of having
value 1 at the origin. 0.75 1
To(z) = 1 0.50
Ti(z)==x
_ 0.25 A
Ti(z) = 22Ti—1(x) — Tr—2(x), k> 2.
Let's plot the standard Chebyshev polynomials (without 0.00 A
rescaling):
—0.25 1
—0.50 4
—-0.75 1
_1.00 T T T

-1.0 -0.5 0.0 0.5 1.0
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Chebyshev polynomials

Chebyshev polynomials turn out to give an optimal answer )
to the question that we asked. Suitably rescaled, they 100 Chebyshev polynomials up to degree 4

minimize the absolute value in a desired interval [u, L]
while satisfying the normalization constraint of having
value 1 at the origin. 0.75 1
To(z) =1 0.50
Ti(z)==x
_ 0.25 A
Ti(z) = 22Ti—1(x) — Tr—2(x), k> 2.
Let's plot the standard Chebyshev polynomials (without 0.00 A
rescaling):
—0.25 1
—0.50 4
—-0.75 1
_1.00 T T T

-1.0 -0.5 0.0 0.5 1.0
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Chebyshev polynomials

Chebyshev polynomials turn out to give an optimal answer

to the question that we asked. Suitably rescaled, they 100 Chebyshev polynomials up to degree 5

minimize the absolute value in a desired interval [u, L]
while satisfying the normalization constraint of having
value 1 at the origin. 0.75 1
To(x) =1 0.50 1
T\(z) ==z
_ 0.25 A
Tk(x) = 22Tk—1(z) — Th—2(z), k> 2.
Let's plot the standard Chebyshev polynomials (without 0.00 -
rescaling):
—0.25 4
—0.50 4
—-0.75 1
-1.00 T T T

-1.0 -0.5 0.0 0.5 1.0
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Rescaled Chebyshev polynomials
Original Chebyshev polynomials are defined on the interval [—1,1]. To use them for our purposes, we need to rescale
them to the interval [u, L].

‘f - §ny1r; Acceleration for quadratics 0 O 20
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Rescaled Chebyshev polynomials
Original Chebyshev polynomials are defined on the interval [—1,1]. To use them for our purposes, we need to rescale
them to the interval [u, L].

We will use the following affine transformation:

L _
v — +u—2a
L—p

)

— mi . .
‘f 510;1; Acceleration for quadratics

a € [u, L],

z € [-1,1].

Note, that x = 1 corresponds to a = u, x = —1
corresponds to a = L and = = 0 corresponds to a = %
This transformation ensures that the behavior of the
Chebyshev polynomial on [—1,1] is reflected on the
interval [u, L]
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Rescaled Chebyshev polynomials
Original Chebyshev polynomials are defined on the interval [—1,1]. To use them for our purposes, we need to rescale
them to the interval [u, L].

We will use the following affine transformation: Note, that z = 1 corresponds to a = i, z = —1
L+ p—2a corresponds to a = L and = = 0 corresponds to a = %
r="—"1—" ac|y L], ze|[-1,1]. This transformation ensures that the behavior of the
L-mp Chebyshev polynomial on [—1,1] is reflected on the
interval [u, L]

In our error analysis, we require that the polynomial equals 1 at O (i.e., px(0) = 1). After applying the
transformation, the value T}, takes at the point corresponding to a = 0 might not be 1. Thus, we multiply by the
inverse of T}, evaluated at

—1
L L — L
Ztp ensuring that P (0) = T} ('FMO) - Ty (—HL> =1

L—u L—pu L—pu

\

Q‘lg‘”_ \KOPMPO‘g 9

HocuTend
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Rescaled Chebyshev polynomials
Original Chebyshev polynomials are defined on the interval [—1,1]. To use them for our purposes, we need to rescale
them to the interval [u, L].

We will use the following affine transformation: Note, that z = 1 corresponds to a = i, z = —1
L+ p—2a corresponds to a = L and = = 0 corresponds to a = %
r="—"1—" ac|y L], ze|[-1,1]. This transformation ensures that the behavior of the
L-mp Chebyshev polynomial on [—1,1] is reflected on the
interval [u, L]

In our error analysis, we require that the polynomial equals 1 at O (i.e., px(0) = 1). After applying the
transformation, the value T}, takes at the point corresponding to a = 0 might not be 1. Thus, we multiply by the
inverse of T}, evaluated at

-1
L L — L
el “, ensuring that P (0) = T} <+ a 0) Ty (+ M) =1.
L—pu L—pu

Let's plot the rescaled Chebyshev_polynomials

and observe, that they are much Getter erms of the magnitude in the interval
[, L].
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Rescaled Chebyshev polynomials

Polynomials of degree 1

1.0
—— Naive
Chebyshev
0.5 A
0.0 A
~0.5 - L
4 6 8 10

— min : "
‘f Tz Acceleration for quadratics
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Rescaled Chebyshev polynomials

1.0

Polynomials of degree 2

0.5 A1

0.0 A

—0.5 1

—— Naive

——— Chebyshev
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Rescaled Chebyshev polynomials

1.0

Polynomials of degree 3

0.5 A1

0.0 A

—0.5 1

—— Naive
—— Chebyshev
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Rescaled Chebyshev polynomials

Polynomials of degree 4

1.0
—— Naive
—— Chebyshev
0.5 A : _
0.0 - |
~0.5 1 L.
4 6 8 10
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Rescaled Chebyshev polynomials

1.0

Polynomials of degree 5

0.5 A1

0.0 A

—0.5 1

—— Naive

Chebyshev

<

— mi . .
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Rescaled Chebyshev polynomials

Polynomials of degree 6

1.0
—— Naive
Chebyshev
0.5
0.0 1 /
~0.5 - L
4 6 8 10
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Rescaled Chebyshev polynomials

Polynomials of degree 7

1.0
—— Naive
Chebyshev
0.5 A
O-O N \\n
~0.5 - L
4 6 8 10
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Rescaled Chebyshev polynomials

Polynomials of degree 8

1.0
—— Naive
Chebyshev
0.5 A
0.0 « — ﬂ/—
—-0.5 A M L
0 2 4 8 10
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Rescaled Chebyshev polynomials

Polynomials of degree 9

1.0
—— Naive
Chebyshev
0.5 A
0.0 A _— ﬁ
—-0.5 A M L
2 4 6 8 10
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Rescaled Chebyshev polynomials

Polynomials of degree 10

1.0
—— Naive
Chebyshev
0.5 A
0.0 - S N S S—
~0.51 L
4 6 8 10

— mi . .
‘f 5“.}‘; Acceleration for quadratics

21


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Chebyshev polynomials upper bound

We can see, that the maximum value of the Chebyshev polynomial on the interval [u, L] is achieved at the point
a = . Therefore, we can use the following upper bound:

L -2 L I I
Il < i (SR3) o () =mon () =n(Eh)

‘f - 510;1; Acceleration for quadratics 0 O
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Chebyshev polynomials upper bound

We can see, that the maximum value of the Chebyshev polynomial on the interval [u, L] is achieved at the point
a = . Therefore, we can use the following upper bound:

L -2 L I I
Il < o = (2 ) o (1) =mo o (£24) = n(72)

Using the definition of condition number >r = £ we get:

1\ ! 2 =1 _ 2
1P <7 (252) =m (14 25) [Fravo, =2

‘f - 510;1; Acceleration for quadratics 0 O
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Chebyshev polynomials upper bound

We can see, that the maximum value of the Chebyshev polynomial on the interval [u, L] is achieved at the point
a = . Therefore, we can use the following upper bound:

L -2 L I I
It s g = (FPA52) m (F20) =morn (20) = n(720)

Using the definition of condition number 3¢ = % we get:

s+ 1\7! 2\t 1 2
< Zrt- = = = =
1A < T (Z55) =1 (14 225) =na+97, e
Therefore, we only need to understand the value of T}, at 1 + €. This is where the acceleration comes from. We will

bound this value with O ﬁ
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Chebyshev polynomials upper bound

To upper bound | Py

, we need to lower bound |T%x(1 + €)]|.
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Chebyshev polynomials upper bound

To upper bound | Py

1. For any = > 1, the Chebyshev polynomial of the first
kind can be written as

‘f — min
Tz

Tk (xz) = cosh (k arccosh(z))
Tx(1 + €) = cosh (k arccosh(1 +€)) .

Acceleration for quadratics

, we need to lower bound |T%x(1 + €)]|.

23
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Chebyshev polynomials upper bound
To upper bound | Py

1. For any = > 1, the Chebyshev polynomial of the first
kind can be written as

T (z) = cosh (k arccosh(x))
Tx(1 + €) = cosh (karccosh(1 +€)) .

2. Recall that:

cosh(z) = % arccosh(z) = In(z++/22 — 1).

— mi . .
‘f §ny1r; Acceleration for quadratics

, we need to lower bound |T%x(1 + €)]|.
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Chebyshev polynomials upper bound
To upper bound |Py|,

1. For any = > 1, the Chebyshev polynomial of the first
kind can be written as

T (z) = cosh (k arccosh(x))
Tx(1 + €) = cosh (karccosh(1 +€)) .

2. Recall that:

cosh(z) = % arccosh(z n(z++/x .

3. Now, letting ¢ = arccosh(1 + ¢)

P =1+4e+ \/26+62

— mi . .
‘f §ny1r; Acceleration for quadratics

we need to lower bound |T% (1 + ¢€)|.
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Chebyshev polynomials upper bound
To upper bound |Py|, we need to lower bound |T%(1 + €)|.

1. For any = > 1, the Chebyshev polynomial of the first 4. Therefore,

kind can be written as
Tk(1 4 €) = cosh (karccosh(1 + €))

T (z) = cosh (k arccosh(x)) — cosh (ko)
Tx(1 + €) = cosh (karccosh(1 +€)) . P N
=& TC S
2. Recall that: 2 T2
k
T (1+ V)
cosh(z) = % arccosh(z) = In(z++/22 — 1). =5

3. Now, letting ¢ = arccosh(1 + ¢€),

e? =1+e+/2+e>1+ /e

‘f - §ny1r; Acceleration for quadratics D0
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Chebyshev polynomials upper bound
To upper bound |Py|, we need to lower bound |T%(1 + €)|.

1. For any = > 1, the Chebyshev polynomial of the first 4. Therefore,

kind can be written as
Tk(1 4 €) = cosh (karccosh(1 + €))

T (z) = cosh (k arccosh(x)) — cosh (ko)
Tx(1 + €) = cosh (karccosh(1 +€)) . ek . oo
2. Recall that: - 2 T2
e’ +e ” (1 + \/E)k
cosh(z) = — arccosh(z) = In(z++/22 — 1). =5
3. Now, letting ¢ = arccosh(1 + ¢€), 5. Finally, we get:

2
ed’:l—&—e—f— 26+6221+\/E. @S ”P’C(A)””%”Sikﬂeon
(1+ )

—k
2

<211 _—

< <+ %_1> leol

< B (—\/Lk> leol
x—1

— mi . .
‘f 510;1; Acceleration for quadratics [w)
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Accelerated method [1/2]

Due to the recursive definition of the Chebyshev polynomials, we directly obtain an iterative acceleration scheme.
Reformulating the recurrence in terms of our rescaled Chebyshev polynomials, we obtain:

Trs1(z) = 22Tk (z) — Th—1(x)

Given the fact, that z = LJZ“_;Q“, and:

=il
L+p—2 L+
n =1 (£752 ) (£22)

T (M> = Pi(a)Tx <§t5>

— mi . .
‘f 510;1; Acceleration for quadratics
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Accelerated method [1/2]

Due to the recursive definition of the Chebyshev polynomials, we directly obtain an iterative acceleration scheme
Reformulating the recurrence in terms of our rescaled Chebyshev polynomials, we obtain:

Trv1(z) = 22Tk (x) — Te—1(x)

Given the fact, that z = Lt“i_f“ and:

-1
L -2 L L+p—2a
Pk(a):Tk( —’I_/M_u a) Ty (sz> Th—1 <L—IL =Pr1(a)Tk—1 I—u
7

- L4p—2
T, (M> — Pu(a)T <§+H> Tt (L”Ma) = Poy1(a)This (M)
p — -

L—p
L -2 L
Pk+1(a)tk+1!: Q%Pk(a)tk —|Pr—1(a)tp—1) wherp t = Ty ( +H>
o L+p—2a tr tr—
Pra(e) =27 j Pk(a)tkﬂ Py t’”l @(Q
“

— mi . .
‘f 5“.}‘; Acceleration for quadratics
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Accelerated method [1/2]

Due to the recursive definition of the Chebyshev polynomials, we directly obtain an iterative acceleration scheme.
Reformulating the recurrence in terms of our rescaled Chebyshev polynomials, we obtain:

Trv1(z) = 22Tk (x) — Te—1(x)

Given the fact, that z = LJZ“:MQ‘I, and:

=il
_ L+upu—2a L+p 7 L+ p—2a -p T L+p
Pk(a)—Tk( L—p, >Tk (L—M) k—1 L—iu = k—l(a) k—1 7[/_“
Ltp—2a\ L+p T L+pu—2a _p T L+p
T (L—u) = Pk(a)Tk <L_N) k+1 L—pu = k+1(‘1) k+1 L—pu
L+ p—2a L+
Prri(a)tpyr = 2Lu7_upk(a)tk — Pi_1(a)tg—1, where ty = T} (L—llj>
L+ p—2a t tk—1
P =2——PF, — P
e+1(a) L Lk a e %—1(a) o
Since we have P11(0) = Px(0) = Pr—1(0) = 1, we can find the method in the following form:
Pyta(a) = (1 — axa)Py(a) + Bk (Pr(a) — Pr-1(a)) -
0 O

— mi . .
‘f 5“.}‘; Acceleration for quadratics
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Accelerated method [2/2]

Rearranging the terms, we get:

Piia1(a) = (1 + Br)Pr(a) — araPy(a) — BrPr-1(a),

L+p t 4a ¢t
Pri1(a) = fu * Pi(a) — — k
L — ptpsr L — piksr

— mi . .
‘f ;nylr; Acceleration for quadratics
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Accelerated method [2/2]

Rearranging the terms, we get:

tre—1
Br = e
1
Pita(a) = (1 + Bi)Pr(a) — araPi(a) — BuPe—1(a), P
L+p t da  ty Te—1 T T it
P, a) =2—F Pi(a) — Pr(a) — Py_1(a H Ukt
e+1(a) L —ptpg * L — ptisr . th+1 e-1(a) 1+ By = L+up te
L —ptesr

— mi . .
‘f §ny1r; Acceleration for quadratics
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Accelerated method [2/2]

Rearranging the terms, we get:

tre—1
Br = e
1
Pk+1(a) = (1 + Bk)Pk(a) — ozkaPk(a) - 51.@Pk71(a)7 -Z tk
L+p t da  ty Te—1 T T it
P, a) =2—F Pi(a) — Pi(a) — Py_1(a K tet1
e+1(a) L —ptpg * L — ptisr . th+1 e-1(a) 1+ By = L+up te
L — ptps

We are almost done :) We remember, that ex41 = Pet1(A)eo. Note also, that we work with the quadratic problem,
so we can assume z* = 0 without loss of generality. In this case, eg = z¢ and ex4+1 = Tk41.

Th1 = Pry1(A)zo = (I — o A)Pr(A)xo + Br (Pr(A) — Pe—1(A)) zo

= (I — agA)xy, + Br (v, — T-1)
—al——

T % = i
Xic ~ ol V)
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Accelerated method [2/2]

Rearranging the terms, we get:

tre—1
Br = e
1
Pk+1(a) = (1 + Bk)Pk(a) — ozkaPk(a) - 51.@Pk71(a)7 -Z tk:
L+p t da  ty Te—1 T T it
P, a) =2—F Pi(a) — Pi(a) — Py_1(a K tet1
e+1(a) L —ptpg * L — ptisr . th+1 e-1(a) 1+ By = L+up te
L — ptps

We are almost done :) We remember, that ex41 = Pet1(A)eo. Note also, that we work with the quadratic problem,
so we can assume z* = 0 without loss of generality. In this case, eg = z¢ and ex4+1 = Tk41.

Tip1 = Pry1(A)zo = (I — o A)Pr(A)xo + Br (Pr(A) — Pe—1(A)) zo
= (I — agA)zy, + Br (v, — T-1)

For quadratic problem, we have V f(zr) = Az, so we can rewrite the update as:

‘ Tot1 = 2 — axVf(zk) + Br (T — Tr—1) ‘

— mi . .
‘f 5“.}‘; Acceleration for quadratics
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Acceleration from the first principles

x=1.0
—e— GD
4 - —e— Accelerated GD
2 -
< 04 <
—2 -
—4 -
-4 -2 0 2 4
X1

— mi . .
‘f ;nylr; Acceleration for quadratics

x=100.0

—e— GD

—e— Accelerated GD
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‘f — min
Tz

Heavy ball

Heavy ball
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Oscillations and acceleration

Gradient Descent \n Heavy Ball
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Polyak Heavy ball method

Trajectories with Contour Plot
o Gradient Descent wih step 3.50.01

Start Point
Optimal Point

Trajectories with Contour Plot
~&— Heavy Ball with a 3.5e-01 and B 3.0e-01 §§

Start Point
Optimal Point

‘f - wl} Heavy ball

Let's introduce the idea of momentum, proposed by Polyak in 1964. Recall that the

momentum update is

T

ML= ob —aVf(") 4+ Bt — 2.
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Polyak Heavy ball method
Trajectories with Contour Plot Let’s introduce the idea of momentum, proposed by Polyak in 1964. Recall that the
—-— Grad\enlDescentwvmslep3Se~01§ momentum Update is

4 Start Point
Optimal Point

" =2 —aVf(®) + Bt — .

Which is in our (quadratics) case is

Thy1 = Tp — alAZ + ﬂ(ﬁk — ;@k,l) = ([ — ol + ﬁ])i’k — BTk—_1

Trajectories with Contour Plot
~e— Heavy Ball with o 3.5¢-01 and B 3.ue»01§

4 Start Point
Optimal Point

‘f - ;nyul Heavy ball 0 O
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Polyak Heavy ball method
Trajectories with Contour Plot Let’s introduce the idea of momentum, proposed by Polyak in 1964. Recall that the
—e— Gradient Descent with step 3.5e-01 \i momentum Update iS

4 Start Point
Optimal Point

" =2 —aVf(®) + Bt — .

-0 Which is in our (quadratics) case is

-2 Trt1 = &k — oAk + ﬂ(i’k — Lfk71) = ([ —al + ﬂ])i’k — BTk—_1
v . .

4@ This can be rewritten as follows
e

-4 -2 ] 2 4
Trajectories with Contour Plot ~ ~ A~

e Trppr = (I — aA + LTy — BEk-1,

a4 Start Point
; Optimal Point jk — jk.

‘f - Wy‘l} Heavy ball @00
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Polyak Heavy ball method

Trajectories with Contour Plot

—&— Gradient Descent with step 3.5e-01 \i

4 ; Start Point

Optimal Point

Trajectories with Contour Plot

—e— Heavy Ball with o 3.5¢-01 and B 3,ue—01§

4 ; Start Point

Optimal Point

‘f — min
Tz

Heavy ball

Let's introduce the idea of momentum, proposed by Polyak in 1964. Recall that the
momentum update is

" = b — aVf(") + Bt — ).
Which is in our (quadratics) case is
Thy1 = Tp — alAZ + ﬂ(i’k — Lfk71) = ([ — ol + ﬂ])i’k — BTk—_1

This can be rewritten as follows

(I —aA+ BIix — BEr—1,

IS
>
+
AR
I

. L z 5 5
Let's use the following notation 2, = { ;H} . Therefore Z2x+1 = M 2k, where the
k

iteration matrix M is:
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Polyak Heavy ball method

Trajectories with Contour Plot

—&— Gradient Descent with step 3.5e-01 \i

4 ; Start Point

Optimal Point

Trajectories with Contour Plot

Tk

—e— Heavy Ball with o 3.5¢-01 and B 3,ue—01§

Start Point
Optimal Point

‘f — min
Tz

Heavy ball

Let's introduce the idea of momentum, proposed by Polyak in 1964. Recall that the
momentum update is

" = b — aVf(") + Bt — ).
Which is in our (quadratics) case is
Thy1 = Tp — alAZ + ﬂ(i’k — Lfk71) = ([ — ol + ﬂ])i’k — BTk—_1

This can be rewritten as follows

(I —aA+ BIix — BEr—1,

IS
>
+
AR
I

. L z 5 5
Let's use the following notation 2, = { ;H} . Therefore Z2x+1 = M 2k, where the
k

iteration matrix M is:

o — {I—aA—FﬁI —51]'

1 04
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Reduction to a scalar case

Note, that M is 2d X 2d matrix with 4 block-diagonal matrices of size d X d inside. It means, that we can rearrange
the order of coordinates to make M block-diagonal in the following form. Note that in the equation below, the
matrix M denotes the same as in the notation above, except for the described permutation of rows and columns.

We use this slight abuse of notation for the sake of clarity.

‘f - EHA}‘; Heavy ball
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Reduction to a scalar case

Note, that M is 2d X 2d matrix with 4 block-diagonal matrices of size d X d inside. It means, that we can rearrange
the order of coordinates to make M block-diagonal in the following form. Note that in the equation below, the
matrix M denotes the same as in the notation above, except for the described permutation of rows and columns.

We use this slight abuse of notation for the sake of clarity.

1)
% _ _
k 3O
: (1
£@ T M L
” o |7 M= 2
a’\: N e
k.—l fl(j) M,
: ~(d)
. (d) | L1
LLh—1]

Figure 1: lllustration of matrix M rearrangement

where i:,(;) is i-th coordinate of vector & € R% and M; stands for 2 x 2 matrix. This rearrangement allows us to
study the dynamics of the method independently for each dimension. One may observe, that the asymptotic
convergence rate of the 2d-dimensional vector sequence of Zj is defined by the worst convergence rate among its
block of coordinates. Thus, it is enough to study the optimization in a one-dimensional case.

‘f - 5“;‘; Heavy ball
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Reduction to a scalar case

For i-th coordinate with \; as an i-th eigenvalue of matrix W we have:

_17&/\1+ﬁ *,B
i

‘f - ;nylr; Heavy ball
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Reduction to a scalar case

For i-th coordinate with \; as an i-th eigenvalue of matrix W we have:

17&/\1+ﬁ *,B
i

The method will be convergent if p(M) < 1, and the optimal parameters can be computed by optimizing the
spectral radius

. o . . 4 . Jf—\/ﬁf
, 87 = arg min max p(M; = — = ——] .
R N i (\/er\/ﬁ

‘f - §“}‘§ Heavy ball @0
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Reduction to a scalar case

For i-th coordinate with \; as an i-th eigenvalue of matrix W we have:

17&/\14*,3 *,3
i

The method will be convergent if p(M) < 1, and the optimal parameters can be computed by optimizing the
spectral radius

2
4 . (\/f - Vi )

o, 8" =argminmax p(M;) o = ———; _
we (VL + /i) VL + Vi

It can be shown, that for such parameters the matrix M has complex eigenvalues, which forms a conjugate pair, so
the distance to the optimum (in this case, ||zx||), generally, will not go to zero monotonically.

‘f% 5“.}‘; Heavy ball 0 O 31


https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Heavy ball quadratic convergence

We can explicitly calculate the eigenvalues of M;:

1—0[)\7,4— —
A%Aé”—A([ NEEs

‘f - ;nylr; Heavy ball

)

1+ B—ahiE/(1+8—al)?—4B

2
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Heavy ball quadratic convergence

We can explicitly calculate the eigenvalues of M;:

AM My l—aX+p -8 _1+/3—04>\ii\/(1+ﬂ—a)\i)2—4ﬂ
1,72 — 1 0 = 3 .

When « and 3 are optimal (a*, 8*), the eigenvalues are complex-conjugated pair (14 8 — a\;)? — 46 <0,

ie. 5> (1-Va\)’

‘f - §ny1r; Heavy ball @0
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Heavy ball quadratic convergence

We can explicitly calculate the eigenvalues of M;:

AM My l—aX+p -8 _1+/3—04>\ii\/(1+ﬂ—a)\i)2—4ﬂ
1,72 — 1 0 = 3 .

When « and 3 are optimal (a*, 8*), the eigenvalues are complex-conjugated pair (14 8 — a\;)? — 46 <0,

ie. 5> (1-Va\)’

_EB2VE -2 PRy
WL+yp?

(VL +/m)?

‘f - §“}‘§ Heavy ball @0
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Heavy ball quadratic convergence

We can explicitly calculate the eigenvalues of M;:

\M AM_AQPMH% —5]> _1+B-anE /I +F—ak)? - 48
1 5,72 1 0 3 .

When « and 3 are optimal (a*, 8*), the eigenvalues are complex-conjugated pair (14 8 — a\;)? — 46 <0,

ie. 5> (1-Va\)’

 LAp—2X\ O E2V(L =) (N — ) \M

M M
Re(A)) = A Im(AM) = VT i

L—p
M

(VL +/m)?

And the convergence rate does not depend on the stepsize and equals to v/5*.

‘f - fnﬂ Heavy ball @0
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Heavy Ball quadratics convergence

i Theorem

Assume that f is quadratic p-strongly convex L-smooth quadratics, then Heavy Ball method with parameters

o 4 5 VL — /i
(VL + VR)? VL + i
converges linearly:
K

* _1 *
ok — 22 < (‘f 1) [

‘f - §ny1r; Heavy ball 0 O
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Heavy Ball Global Convergence 3
i Theorem

Assume that f is smooth and convex and that

Bel0,1), aec (0,2(1;5))

Then, the sequence {x)} generated by Heavy-ball iteration satisfies
llzo—a*|I> [ LB 1-8 . 1-p8
2‘2T+1)<16+o¢)7 IfozE(O,T]:

lzo—a*|> -2\ 1-8 2(1-5)
ST A= =aT) <L/5' + >, if ac [T’ T)’

where T is the Cesaro average of the iterates, i.e.,

T
_ 1

f@r) - f" <

3Global convergence of the Heavy-ball method for convex optimization, Euhanna Ghadimi et.al.

‘f - fnﬂ Heavy ball
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Heavy Ball Global Convergence *

i Theorem
Assume that f is smooth and strongly convex and that
ae(0,2), 0<p<i “O‘+\/“20‘2+4(1—6“L)
L7 - 2\ 2 4 2 )

where ag € (0,1/L]. Then, the sequence {z\} generated by Heavy-ball iteration converges linearly to a
unique optimizer z*. In particular,

flaw) = 5 < " (f(xo) — ),
where g € [0,1).

“Global convergence of the Heavy-ball method for convex optimization, Euhanna Ghadimi et.al.
lf%ﬁ}‘i Heavy ball 0 O
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Heavy ball method summary

® Ensures accelerated convergence for strongly convex quadratic problems

‘f - ;nylr; Heavy ball
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Heavy ball method summary

® Ensures accelerated convergence for strongly convex quadratic problems
® |ocal accelerated convergence was proved in the original paper.
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Heavy ball method summary

® Ensures accelerated convergence for strongly convex quadratic problems
® |ocal accelerated convergence was proved in the original paper.
® Recently was proved, that there is no global accelerated convergence for the method.
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Heavy ball method summary

Ensures accelerated convergence for strongly convex quadratic problems

Local accelerated convergence was proved in the original paper.

Recently was proved, that there is no global accelerated convergence for the method.
Method was not extremely popular until the ML boom
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Heavy ball method summary

Ensures accelerated convergence for strongly convex quadratic problems

Local accelerated convergence was proved in the original paper.

Recently was proved, that there is no global accelerated convergence for the method.

Method was not extremely popular until the ML boom

Nowadays, it is de-facto standard for practical acceleration of gradient methods, even for the non-convex
problems (neural network training)

‘f%w‘; Heavy ball 0 O
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‘f — min
Tz

Nesterov accelerated gradient

Nesterov accelerated gradient
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The concept of Nesterov Accelerated Gradient method

Tpp1 = T — aV f(ay) Tpy1 = ok —aV f(xr) + B(zr — k1) {

— mi .
‘f ;nyul Nesterov accelerated gradient

Yrt1 = T + B(Tr — Tr—1)
Tht1 = Yr+1 — aV f(Yr+1)
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The concept of Nesterov Accelerated Gradient method

Vier = PVK = dw 7 6"*\

Yxét = Xk + Viet) Yk = Tk + B(xk — Th_1)
Tet1 = xx — aV f(zk) Tet1 = xp —aVf(zk) + Bk — TK-1) ‘m)

- -
Let's define the following notation

@: z —aVf(z) Gradient step
Br(xr — Tr—1) Momentum term

Then we can write down:

Tht1 = xﬁ Gradient Descent
Thi1 =z + di Heavy Ball
Tho1 = (2 +di)t Nesterov accelerated gradient

— mi .
‘f §ny1r; Nesterov accelerated gradient D0
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General case convergence
i Theorem
Let f: R™ — R is convex and L-smooth. The Nesterov Accelerated Gradient Descent (NAG) algorithm is

designed to solve the minimization problem starting with an initial point zo = yo € R™ and Ao = 0. The
algorithm iteratgs the following steps:

Gradient update: Ykl = Th — %Vf(xk)
Extrapolation: Tht1 = (1 — &) Yk+1 + YeYs
Extrapolation weight: \g;1 = 1-%-7 ';+4>\]2€
Extrapolation weight: Y = 1)\;+);k

The sequences {f(yx)}ken produced by the algorithm will converge to the optimal value f* at the rate of
o (1%2) specifically:

« _ 2L||zo — z*|?

fle) - 7 < Mz 2o

‘f - ;nylr; Nesterov accelerated gradient 0 O 39
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General case convergence

i Theorem

Let f : R™ — R is u-strongly convex and L-smooth. The Nesterov Accelerated Gradient Descent (NAG)
algorithm is. designed t'::? solve the minimization problem starting with an initial point zo = yo € R™ and

Ao :Qj)('(fﬂé Igori?m iterates the following steps:

Gradient update: Ykt1 = Tk — %Vf(ack)
5xtrapolation: Trr1 = (1 — Ye)Yht1 + Ve
Extrapolation weight: Ve = M
VL+ i
The sequences { f(yx)}ren produced by the algorithm will converge to the optimal value f* linearly:
* L . k
o) = 1 < B o = e (- )

2

‘f - 5“.}‘; Nesterov accelerated gradient 0 O
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