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Mpumep 1

i Example

Haiitu reccnan V2 f(), ecn f(z) = (z, Az) — b7z +c.

1. Pacnnwem audpdpepenyuan df

df =d({(Az,x) — (b,x) + ¢)
= (Az,dz) + (x, Adzx) — (b, dx)
= (Az,dz) + (ATz,dz) — (b, dx)
={((A+ ATz —b,dz)

Yto ozHauaet, uTo rpaguent Vf = (A + AT)z —b.

‘f - fny"; MNosTopum maTpuyHoe anddeperumnposarne
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1. Pacnnwem audpdpepenyuan df

df =d({(Az,x) — (b,x) + ¢)
= (Az,dz) + (x, Adzx) — (b, dx)
= (Az,dz) + (ATz,dz) — (b, dx)
={((A+ ATz —b,dz)

Yto ozHauaet, uTo rpaguent Vf = (A + AT)z —b.

‘f - fn‘}'; MNosTopum maTpuyHoe anddeperumnposarne

2. Haiinem sTopoii gudbdeperumnan df = d(df),
nonaras, 4yto dx = dx; = const:
&f = d ((A+ A7)z —b,dz,))
= ((A+ ATYdz, dx,)
= (dx, (A + AT)Tdz,)
= ((A+ ATYdz,,dx)

Takum obpasom, reccnan: V2f = (A + AT).
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Haiitu reccnan V2 f(z), ecn f(z) = In{x, Ax).

<%LA - qQ\x(Ax}ﬂo(x o\X(B
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(xS
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Mpumep 3

i Example

Haiitu rpaguent V f(x) u reccnan V2 f(x), ecnu f(z) = In (1 + exp(a, x))

& =

‘f - fny"; MNosTopum maTpuyHoe anddeperumnposarne


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Mpumep 3

i Example

Haiitu rpaguent V f(x) u reccnan V2 f(x), ecnu f(z) = In (1 + exp(a, x))

1. Haunem c 3anucn gudpcpeperuymana df. Nmeem:
f(z) =In (1 +exp(a, z))

WNcnonb3sysi npaBuio gudpdepeHunpoBaHns CAOXKHO
dyHKLMu:

df = d(In(1+ expla,z))) = %}M
Tenepb nocynTaem AnEPEHLNAN SKCMOHEHTBI:

d (exp(a,x)) = exp(a, x){(a, dx)
MoacTaBnsis B BbIpaXKEHME BbILLE, IMEEM:
1= o
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Mpumep 3 M(X) = 67%“'665)% V.(L: 6’(46())03 L

Example
Haiitu rpaguent V f(x) u reccnan V2 f(x), ecnu f(z) = In (1 + exp(a, x)) V,_F
1. Haunem c 3anucn gudpcpeperuymana df. Nmeem: 2. [ns Boipaxerunsi df B Hy>XXHOIi chopme, 3anuLuem:
f(z) =In (1 + expla, x)) df — exp(a, ) iz
1+ exp(a, )
WNcnonb3sysi npaBuio gudpdepeHunpoBaHns CAOXKHO
dyHKuMY: HanomHum, 4To dyHKLMS curmongbl onpeaensiercs
KakK:
d (1 + exp(a,x)) 1
df =d(In(1+exp{a,z))) = ——— —= o(t) = —m——
f=d(n (1 +expla.n)) = SR )= oo
Tenepb nocynTaem anddepeHumnan SKCNOHEHTbI: Takum obpasom, MbI MOXeM nepenucaTs
andpdepeHuman:

d (exp(a, r)) = exp(a, z){(a, dx) df = (oc({a,x))a,dx)

CnepoBaTencHo, rpagueHT:

nOACTaB.ﬂﬂﬂ B BblIpa)>Xe€HNE BblllE, UMEEM!

exp(a, z){a, dr)
df = 1+ exp(a, ) Vf(z) =o((a,z))a

‘f - fu.}‘; MNosTopum maTpuyHoe anddeperumnposarne @0 O
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Mpumep 3 dF—-G'(édQ@\) -(C(,OKX? = {6 O\,CbO
i Example 6:= G((CHX))
Haiitu rpaguent V f(z) v reccuan V2f(x), ecnn f(z) = In (1 + exp(a, z)) d{r = [d(@'d) ‘&)g\ ~

3. Tenepb HailiieM reccmaH ¢ noMo3sbio BToporo auddepeHunana:

VI =A@ 16 o dis o A

Tak Kak BEKTOP G KOHCTaHTa, HaM HeobxogMMO NpoANEPEHLMPOBaTL NNLLL CUTMONAY’

d(o((a,z))) = o({a,z))(1 — o((a, z)))(a, dz)
:(5(4—(5) & -{a,dX) ,d"t) =

d ) =o({a,x —o({a,x))){a,dx)a =
(Vf(z)) = o({a,z))(1 = o({a,z)))( L(G(i'“)ﬂdx)dm)

To ecTb:

3anuiiem reccuaH:

V2 (@) = ol(a, 2))(1 - o({a,2)))ad” |G < 6.(4-6) aa’

# AsTomaTuyeckoe audepeHLpoBaHme

‘f - Wy‘rﬁ MNosTopum maTpuyHoe anddeperumnposarne 0 O
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@dpiponi@mathstodon.xyz
@sigfpe

| think the first 40 years or so of automatic differentiation was largely

people not using it because they didn't believe such an algorithm could
possibly exist.

11:36 PM - Sep 17, 2019
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MycTb ecTb 3agaya onTumm3ayuu:

L(w) — min
weR4
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3apaua

MycTb ecTb 3agaya onTumm3ayuu:

L(w) — min
weR4

® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML
model (i.e. train a neural network).
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3apaua

MycTb ecTb 3agaya onTumm3ayuu:

L(w) — min
weR4

® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML
model (i.e. train a neural network).

® You may use a lot of algorithms to approach this problem, but given the modern size of the problem, where d
could be dozens of billions it is very challenging to solve this problem without information about the gradients
using zero-order optimization algorithms.
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3apaua

MycTb ecTb 3agaya onTumm3ayuu:

L(w) — min
weR?
® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML

model (i.e. train a neural network).
® You may use a lot of algorithms to approach this problem, but given the modern size of the problem, where d
could be dozens of billions it is very challenging to solve this problem without information about the gradients

using zero-order optimization algorithms.

.. . T

® That is why it would be beneficial to be able to calculate the gradient vectonV L = (6815 yeees 6%;) .
1

‘f - fn.}‘; MNosTopum maTpuyHoe anddeperumnposarne
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3apaua

MycTb ecTb 3agaya onTumm3ayuu:

L(w) — min
weR?
® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML

model (i.e. train a neural network).

® You may use a lot of algorithms to approach this problem, but given the modern size of the problem, where d
could be dozens of billions it is very challenging to solve this problem without information about the gradients
using zero-order optimization algorithms.

® That is why it would be beneficial to be able to calculate the gradient vector V L = (51{’1 y e aé,)u}Ld )T.

® Typically, first-order methods perform much better in huge-scale optimization, while second-order methods

require too much memory.
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Mpumep: 3apgay4a MHOroMepHOro LKAIMPOBaHUS

Suppose, we have a pairwise distance matrix for N d-dimensional objects D € RN*¥ _Given this matrix, our goal is
to recover the initial coordinates W, € R i=1,..,N.

‘f - Wy‘rﬁ MNosTopum maTpuyHoe anddeperumnposarne 0 O
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Mpumep: 3apgay4a MHOroMepHOro LKAIMPOBaHUS

Suppose, we have a pairwise distance matrix for N d-dimensional objects D € RN*¥ _Given this matrix, our goal is
to recover the initial coordinates W, € R i=1,..,N.

N
2 .
L(W) = z (IW; =W, — Dy ;)" — i
=1

T

TM PHep I
Mock R
AT
YNoAHoBLK
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Mpumep: 3apgay4a MHOroMepHOro LKAIMPOBaHUS

Suppose, we have a pairwise distance matrix for N d-dimensional objects D € RN*¥ _Given this matrix, our goal is
to recover the initial coordinates W, € R i=1,..,N.

WeRNx*d

N
2 .
LW) = (IW; =W~ D;;)” - min
ii=1

Link to a nice visualization &, where one can see, that gradient-free methods handle this problem much slower,
especially in higher dimensions.

i Question

Is it somehow connected with PCA?
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I'Iplnmep: 3ad4d MHOIromMepHoro wkaanposaHusa
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Mpumep: be3rpagneHTHbIN rPAagNEHTHbIW CNYCK
PaccmoTpum cnepytowyto 3agady ontuMusauum

L(w) — min
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L(w) — min
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BMECTE C METOAOM FpafguNEHTHOro C

Wiy1 = Wy — d

MoxHo nn samenuts V,, L(w,,), ACTONG3ys, AuLb
MHPOPMaLMIO HYNEBOrO Nopsifka o pyHKLmUn?

‘f - Wy‘g MNosTopum maTpuyHoe anddeperumnposarne
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BMECTe C MeTOAOM rpagueHTHoro cnycka (GD)

Wiy = wy, — , V,, L(wy)

MoxHo nn samennts V,, L(w,,), ncnosbsys, auwe
MHPOPMaLMIO HYNEBOrO Nopsifka o pyHKLmUn?
[Ja, Ho ecTb HIOaHC.

‘f - §ny1r; MNosTopum maTpuyHoe anddeperumnposarne

11


Daniil Merkulov

https://scholar.harvard.edu/files/yujietang/files/slides_2019_zero-order_opt_tutorial.pdf
https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Mpumep: be3rpagneHTHbIN rPAagNEHTHbIW CNYCK
PaccmoTpum cnepytowyto 3agady ontuMusauum

L(w) — mi

we

w"e/

BMECTe C MeTOAOM rpagueHTHoro cnycka (GD)

Wiy = Wy, — @V, L(wy,)
MoxHo nn samennts V,, L(w,,), ncnosbsys, auwe
MHPOPMaLMIO HYNEBOrO Nopsifka o pyHKLmUn?
[Ja, Ho ecTb HIOaHC. —
One can consider 2-point gradient estimator® G-

L(w+ev) — L(w —ev /CkAﬂ\a?
o pute) L=, €

where v is Sphericalty symmetric.

2| suggest a nice presentation about gradient-free methods

‘f - fn‘}'; MNosTopum maTpuyHoe anddeperumnposarne
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Mpumep: be3rpagneHTHbIN rPAagNEHTHbIW CNYCK

PaccmoTtpum cnepytouyto 3agady ontuMunsauun

BMECTe C MeTOAOM rpagueHTHoro cnycka (GD)

L(w) — min
weR4

Wiy = wy, — , V,, L(wy)

MoxHo nn samennts V,, L(w,,), ncnosbsys, auwe
MHPOPMaLMIO HYNEBOrO Nopsifka o pyHKLmUn?
[Ja, Ho ecTb HIoaHC.
One can consider 2-point gradient estimator® G-

L(w + ev) — L(w — ev)

G=d %

where v is spherically symmetric.

v,

4

2| suggest a nice presentation about gradient-free methods

‘f — min
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MNosTopum maTpuyHoe anddeperumnposarne
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Trajectories with Contour Plot

—o— GD
| 2-P Estimator GD

@ Start Point
Y Optimal Point
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4]
-4 -2 0 2 4
x
Puc. 4: *lllustration of two-point estimator of Gradient Descent''
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Mpumep: KOHEYHO-PaA3HOCTHbLIN FPAAUEHTHBIN CMNYCK

Wiy = wy — .G
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Mpumep: KOHEYHO-PA3HOCTHbIV FPAgUNEHTHbIW CNYCK

Wiy = wy — .G ‘24
One can also consider the idea of finite differences:

Trajectories with Contour Plot
—o— Gradient Descent
N Finite Differences Gradient Descent °
:’ Start Point /£
d Optimal Point
G ZLw+5e L(w—&ei)

€.

?

24
= 2e
Open In Colab &

N v/

ogt¥ a9
@
S
‘\

Puc. 5: ~lllustration of finite differences estimator of Gradient
Descent'!
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HPOKJ'IRTI/IE pPa3MepHOCTN METoA0B HY/1IEBOro nopsiaka

min f(z)

TER™

‘f ZID qoropuM MaTpUUHOE AndhdbepeHLIpoBaHme
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MpoknsTue pa3mepHOCTN METOA0B HYNEBOro nopsakKa
A ~~——— ———————~—— —/\.

GO: apyy = 7 — oV f ()

min f(z)

TER™

Zero order GD

where G is a 2-point or multi-point estimator of the gradient.

‘f — min
Tz

MNosTopum maTpuyHoe anddeperumnposarne

Ty = Ty — G,
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MpoknsTue pasmMepHOCTU METOA0B HYNEBOro Nopsigka
min f(x
min f(z)

GD: zy =2, — o,V f(xy) Zero order GD: x| = x), — oy, G,

where G is a 2-point or multi-point estimator of the gradient.

f(z) - smooth f(z) - smooth and convex f(z) - smooth and strongly convex
) 1 1 k
@ |(vr@or)o (j) fo)— =0 () oy — a2 =0 ((1-4)
Zeroorder | [V ()l ~ 0 %) | feo-r=~o (%‘) | — | ~ O ((1 “off) )

N

‘f - fn.}‘; MNosTopum maTpuyHoe anddeperumnposarne P00 O
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