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| think the first 40 years or so of automatic differentiation was largely

people not using it because they didn't believe such an algorithm could
possibly exist.
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MycTb ecTb 3agaya onTumm3ayuu:

L(w) — min
weR4

® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML
model (i.e. train a neural network).
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MycTb ecTb 3agaya onTumm3ayuu:

L(w) — min
weR4

® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML
model (i.e. train a neural network).

® You may use a lot of algorithms to approach this problem, but given the modern size of the problem, where d
could be dozens of billions it is very challenging to solve this problem without information about the gradients
using zero-order optimization algorithms.
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3apaua

MycTb ecTb 3agaya onTumm3ayuu:

L(w) — min
weR?
® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML

model (i.e. train a neural network).
® You may use a lot of algorithms to approach this problem, but given the modern size of the problem, where d
could be dozens of billions it is very challenging to solve this problem without information about the gradients

using zero-order optimization algorithms.

. or \T
® That is why it would be beneficial to be able to calculate the gradient vector V L = (%, N a(/)wL ) .
1 d
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3apaua

MycTb ecTb 3agaya onTumm3ayuu:

L(w) — min
weR?
® Such problems typically arise in machine learning, when you need to find optimal hyperparameters w of an ML

model (i.e. train a neural network).
® You may use a lot of algorithms to approach this problem, but given the modern size of the problem, where d
could be dozens of billions it is very challenging to solve this problem without information about the gradients

using zero-order optimization algorithms.

. or \T
® That is why it would be beneficial to be able to calculate the gradient vector V L = (6‘1{’ y e BQwL )
1 d

® Typically, first-order methods perform much better in huge-scale optimization, while second-order methods
require too much memory.
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Mpumep: 3apgay4a MHOroMepHOro LKAIMPOBaHUS

Suppose, we have a pairwise distance matrix for N d-dimensional objects D € RN*¥ _Given this matrix, our goal is
to recover the initial coordinates W, € R i=1,..,N.
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Mpumep: 3apgay4a MHOroMepHOro LKAIMPOBaHUS

Suppose, we have a pairwise distance matrix for N d-dimensional objects D € RN*¥ _Given this matrix, our goal is
to recover the initial coordinates W, € R i=1,..,N.

WeRNx*d

N

2 .

LW) =Y (IW,=W,|3—D,;)" - min
i,j=1
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Mpumep: 3apgay4a MHOroMepHOro LKAIMPOBaHUS

Suppose, we have a pairwise distance matrix for N d-dimensional objects D € RN*¥ _Given this matrix, our goal is
to recover the initial coordinates W, € R i=1,..,N.

WeRNx*d

N
2 .
LW) = (IW; =W~ D;;)” - min
ii=1

Link to a nice visualization &, where one can see, that gradient-free methods handle this problem much slower,
especially in higher dimensions.

i Question

Is it somehow connected with PCA?
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BMECTe C MeTOAOM rpagueHTHoro cnycka (GD)

Wiy = wy, — , V,, L(wy)
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BMECTe C MeTOAOM rpagueHTHoro cnycka (GD)

Wiy = wy, — , V,, L(wy)

MoxHo nn samennts V,, L(w,,), ncnosbsys, auwe
MHPOPMaLMIO HYNEBOrO Nopsifka o pyHKLmUn?
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L(w) — min
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BMECTe C MeTOAOM rpagueHTHoro cnycka (GD)

Wiy = wy, — , V,, L(wy)

MoxHo nn samennts V,, L(w,,), ncnosbsys, auwe
MHPOPMaLMIO HYNEBOrO Nopsifka o pyHKLmUn?
[Ja, Ho ecTb HIOaHC.
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Mpumep: be3rpagneHTHbIN rPAagNEHTHbIW CNYCK

PaccmoTpum cnepytowyto 3agady ontuMusauum
L(w) — min
weR4

BMECTe C MeTOAOM rpagueHTHoro cnycka (GD)

Wiy = Wy, — @V, L(wy,)
MoxHo nn samennts V,, L(w,,), ncnosbsys, auwe
MHPOPMaLMIO HYNEBOrO Nopsifka o pyHKLmUn?
[Ja, Ho ecTb HIoaHC.
One can consider 2-point gradient estimator® G-

L(w + ev) — L(w — ev)
v
2¢ ’
where v is spherically symmetric.

G=d

2| suggest a nice presentation about gradient-free methods
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PaccmoTpum cnepytowyto 3agady ontuMusauum
L(w) — min
weR4

BMECTe C MeTOAOM rpagueHTHoro cnycka (GD)

Wiy = Wy, — @V, L(wy,)
MoxHo nn samennts V,, L(w,,), ncnosbsys, auwe
MHPOPMaLMIO HYNEBOrO Nopsifka o pyHKLmUn?
[Ja, Ho ecTb HIoaHC.
One can consider 2-point gradient estimator® G-

L(w + ev) — L(w — ev)
v
2¢ ’
where v is spherically symmetric.

G=d

2| suggest a nice presentation about gradient-free methods
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Trajectories with Contour Plot

—o— GD
| 2-P Estimator GD

@ Start Point
Y Optimal Point

2]

> 04
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-4 -2 0 2 4
x
Puc. 4: *lllustration of two-point estimator of Gradient Descent''
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Mpumep: KOHEYHO-PaA3HOCTHbLIN FPAAUEHTHBIN CMNYCK

Wiy = wy — .G
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Mpumep: KOHEYHO-PA3HOCTHbIV FPAgUNEHTHbIW CNYCK

Wiy = wy — .G

Trajectories with Contour Plot

One can also consider the idea of finite differences: —o— Gradient Descent
| =< Finite Differences Gradient Descent
@ Start Point

Y Optimal Point

d
L(w +ee;) — L(w — ee;)
¢= Z 2e e 21

i=1

Open In Colab &

Puc. 5: ~lllustration of finite differences estimator of Gradient
Descent'!
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min f(z)

TER™

— min
‘f 2,9,z AsTomaTuyeckoe anddepeHunpoBaHne

10


Daniil Merkulov

https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

MpoknsaTue pazmepHOCTM METOAO0B HYNEBOro Nopsigka

min f(z)

TER™

GD: zy =2, — o,V f(xy) Zero order GD: x| = x), — oy, G,

where G is a 2-point or multi-point estimator of the gradient.

— min
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g0 1 210 (' 2
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GD: zy =2, — o,V f(xy) Zero order GD: x| =z, — oy, G, "0,_ K)
where G is a 2-point or multi-point estimator of the gradient. 1__ —4/ = Q;Q_\
2-00 200
f(z) - smooth f(z) - smooth and convex f(z) ~¥mooth and strongly convex
1 1 N
2 o - Y = _e*|2 _
o viel~o() - feo()) oot =0((1-7))
2 n o n k2 o _ "
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MeTtog kKoHe4dHbIX pa3HocTei

The naive approach to get approximate values of gradients is Finite differences approach. For each coordinate, one
can calculate the partial derivative approximation:

oL L(w + eey,) — L(w)

—_— ~ = P
8wk (w) c 9 €k (Oa 7k’ 70)

ILinnainmaa S. The representation of the cumulative rounding error of an algorithm as a Taylor expansion of the local rounding errors. Master's
Thesis (in Finnish), Univ. Helsinki, 1970.
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MeTtog kKoHe4dHbIX pa3HocTei ‘ﬂﬁ" ,\o\efﬂ’f?q

The naive approach to get approximate values of gradients is Finite differences approach. For each coomzate, one

can calculate the partial derivative approximation:
g Hdho el
oL L(w + eey,) — L(w)

87k(w) ~ ! . ey = (0,...7%,...70) 661%6

Question L{@

If the time needed for one calculation of L(w) is T, what is the time needed for calculating VL with this
approach?
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MeTtog kKoHe4dHbIX pa3HocTei

The naive approach to get approximate values of gradients is Finite differences approach. For each coordinate, one
can calculate the partial derivative approximation:

OL o  L(w+ee,) — L(w) B
8wk(w) ~ 8 , e = (O,...7%,...70)

i Question

If the time needed for one calculation of L(w) is T, what is the time needed for calculating VL with this

approach?
Answer 2dT’, which is extremely long for the huge scale optimization. Moreover, this exact scheme is unstable,

which means that you will have to choose between accuracy and stability.
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MeTtog kKoHe4dHbIX pa3HocTei

The naive approach to get approximate values of gradients is Finite differences approach. For each coordinate, one
can calculate the partial derivative approximation:
oL L(w + eey,) — L(w)

~ =(0,...,1,...,0
(’UJ) c 9 €k (7 7k7 9 )

dwy,

Question

If the time needed for one calculation of L(w) is T, what is the time needed for calculating VL with this

approach?
Answer 2dT', which is extremely long for the huge scale optimization. Moreover, this exact scheme is unstable,

which means that you will have to choose between accuracy and stability.

Theorem
There is an algorithm to compute VL in O(T) operations. !

ILinnainmaa S. The representation of the cumulative rounding error of an algorithm as a Taylor expansion of the local rounding errors. Master's
Thesis (in Finnish), Univ. Helsinki, 1970.
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Forward mode automatic differentiation

To dive deep into the idea of automatic differentiation we will consider a simple function for calculating derjvatives:

‘f — min
2oz

AsTomaTnyeckoe andeperunposarne

L(wy,wy) = wy logwy +

wqy log wy

L
oL

— a—

DW,) W
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Forward mode automatic differentiation
To dive deep into the idea of automatic differentiation we will consider a simple function for calculating derivatives:

L(wy,wy) = wy logw, + y/wy logw,

Let's draw a computational graph of this function:

L(wl, w2) = ws logw; + /w2 logw;

)
o HD e D Dy S

Puc. 6: Illustration of computation graph of primitive arithmetic operations for the function L(w;, ws)

‘fﬁ}fnﬂ AsTomaTnyeckoe andeperunposarne P00 O
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Forward mode automatic differentiation
To dive deep into the idea of automatic differentiation we will consider a simple function for calculating derivatives:

L(wy,wy) = wy logw, + y/wy logw,

Let's draw a computational graph of this function:

L(wl, w2) = ws logw; + /w2 logw;

)
o HD e D Dy S

Puc. 6: Illustration of computation graph of primitive arithmetic operations for the function L(w;, ws)

. ... oL
Let's go from the beginning of the graph to the end and calculate the derivative v
wy
‘fﬁ}fnﬂ AsTomaTuyeckoe anddepeHunpoBaHne P00 O
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Forward mode automatic differentiation

ege

Puc. 7: lllustration of forward mode automatic differentiation

Function
Wy = Wy, Wy = Wo

— min
‘f 2,4,z AsTomaTnyeckoe andeperunposarne

12


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Forward mode automatic differentiation
: @ = log ) @@@ > o
w 6w1
(o)— " Ty
( ) w 8w2
2 8’11)1

Puc. 7: lllustration of forward mode automatic differentiation

Function Derivativea
_ _ w w
Wy = Wy, Wy = Wy 112229
0 )
Wy wy
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Forward mode automatic differentiation

Puc. 8: lllustration of forward mode automatic differentiation

— min
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Forward mode automatic differentiation

Puc. 8: lllustration of forward mode automatic differentiation

Function
v, = logw,

‘f — min
Tz

AsTomaTnyeckoe andeperunposarne
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Forward mode automatic differentiation

Function v
v, = logw, = — 17

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne
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Forward mode automatic differentiation

(=)
e ED g B Ry S

v 8’1)1
1y o
V2, 5—
81.02 a’l.U1
'LUQ, aw
1

Puc. 9: Illustration of forward mode automatic differentiation

— min
‘f 2,4,z AsTomaTnyeckoe andeperunposarne
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Forward mode automatic differentiation

(=)
e ED g B Ry S

v 8’1)1
1y o
V2, 5—
81.02 a’l.U1
'LUQ, aw
1

Puc. 9: Illustration of forward mode automatic differentiation

Function
Uy = Wyl

— min
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Forward mode automatic differentiation

(=)
e ED g B Ry S

8’1)1
U1, 35—
V2, 5—
81.02 a’l.U1
'LUQ, aw

Puc. 9: lllustration of forward mode automatlc d{ferentlatlon

Function
Uy = Wyl

‘f — min
2oz

AsTomaTnyeckoe andeperunposarne

Derlvat
dvy Ovz Jwy
Ow; Bwl 3w2 dw, |

9u)2
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Forward mode automatic differentiation

i
!

Puc. 10: lllustration of forward mode automatic differentiation

— min
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Forward mode automatic differentiation

i
!

Puc. 10: lllustration of forward mode automatic differentiation

Function
V3 = 1/Usq

— min
‘f 2,4,z AsTomaTnyeckoe andeperunposarne
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Forward mode automatic differentiation g.}ﬁx W&Tq “OOQ%Q%‘()(
HH\)M&{ NPOLLXY TOUHEIZ
SLNUChEAu)

Puc. 10: lllustration of forward mode automatic differentiation

Function Derivative
_ Ovg _ Ovg vy 1 Ovuy
U3 = 4/Va ow,; ~— Ovy Owy, ow,
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Forward mode automatic differentiation

‘f — min
2oz

H Dy B gy =

31)2

V2, aw]_ @ 8L
L, —
8’03 8w1

'1.)3, aw
1

Puc. 11: lllustration of forward mode automatic differentiation

AsTomaTnyeckoe andeperunposarne
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Forward mode automatic differentiation

H Dy B gy =

0’02

V2, awl @ 8L
L, —
6’03 8101

'U3, aw
1

Puc. 11: lllustration of forward mode automatic differentiation

'D[/_’ oL ™\ _\_é,t‘_-

Function

L=vy+uvy ®W\ ‘ava_' DW| OVa

— min
‘f 2,4,z AsTomaTnyeckoe andeperunposarne

Vs
oW,

DO

o
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Forward mode automatic differentiation

'U3, a

Puc. 11: lllustration of forward mode automatic differentiation

Function Derivative
= oL __ OL vy
L= Vg + V3 Ow, ~ Ovy Ow,
B S~ min

AsTomaTnyeckoe andeperunposarne

L(w) ~ o(T)
el A S

OL Ovy _
vy Ow,

vy
ow,

} &) ~ o

1 Ovg

Ow,
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oL

Make the similar computations fo
¥,

— min
‘f 2,4,z AsTomaTnyeckoe andeperunposarne
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Forward mode automatic differentiation example
w 6w1
(e)— B
( ) w 8w2
2 8’!1)2

Puc. 13: lllustration of forward mode automatic differentiation

Function Derivativea
_ _ w w
Wy = Wy, Wy = Wy Tl .22 -
0 )
Wo Wy

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne
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Forward mode automatic differentiation example

Puc. 14: lllustration of forward mode automatic differentiation

Function Derivative
_ Ovy, __ Ovy Owy __ .
v, = logw, Ow, — Owy Owy, 0-1
B /— min

AsTomaTnyeckoe andeperunposarne
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Forward mode automatic differentiation example

() 4
Bl T g SR
()

V2, 5—
81.02 a’l.UQ

'LUQ, 8w

Puc. 15: lllustration of forward mode automatic differentiation

Function Derivative
_ dvy, __ Ovy Ovy Ovy Owy Ovy 9u)2
Uy = Waly Ow, — Ovy Ow,y Owy Ow, 28w +tu3
B S~ min

AsTomaTnyeckoe andeperunposarne
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Forward mode automatic differentiation example

i
!

Puc. 16: lllustration of forward mode automatic differentiation

Function Derivative
F) 9
vy = \/@ vy _ Ovg Ouyg _ 1 Ouy

Owy — vy Owy — 2,/Ug Owy

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne
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Forward mode automatic differentiation example

2 Ows @ oL Of (
v 81;3 ’ 8’1.02
3 6w2

Puc. 17: lllustration of forward mode automatic differentiation

Function Derivative
= OL _ 9L Ovy | 9L Ovy _ 1 0vy Ovg
L= Vg + g OQwy — Ouy Owy vy Owy — T Owsy Owy
B /— min

AsTomaTnyeckoe andeperunposarne
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Forward mode automatic differentiation algorithm
Suppose, we have a computational graph v;,i € [1; N].
Our goal is to calculate the derivative of the output of this
. . . . 51}1\;
graph with respect to some input variable wy, i.e. T,
This idea implies propagation of the gradient with res;fect
to the input variable from start to end, that is why we can

introduce the notation:

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne
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Forward mode automatic differentiation algorithm
Suppose, we have a computational graph v;,i € [1; N].
Our goal is to calculate the derivative of the output of this
. . ) Ovy
graph with respect to some input variable wy, i.e. T,
This idea implies propagation of the gradient with res;fect
to the input variable from start to end, that is why we can

introduce the notation:
\
oo O C [’\O(l 4]

. Rule

oz,
T1, ——
’ Bwk
oy v; = vi(@1,..., @)
Ty, —— ——>
? Bwk
v, Ov; Ox;
oz, i _Z i OTj
Tty B, Owy, Oz; Bwk

Puc. 18: lllustration of forward chain rule to calculate the
derivative of the function L with respect to wy,.

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne
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Forward mode automatic differentiation algorithm

Suppose, we have a computational graph v;,i € [1; N]. ® Fori=1,..

Our goal is to calculate the derivative of the output of this
. . ) Ovy
graph with respect to some input variable wy, i.e. T,
Wy,
This idea implies propagation of the gradient with respect
to the input variable from start to end, that is why we can

introduce the notation:

Oy
v 6wk
z oz,
L —
Ow
Bx: v; = vi(@1,..., @)
Ty, —— ——>
[)wk
oz, Ovi Z Ov; am]
Ty, o Awy, dz; dwy,
Owy,

Puc. 18: lllustration of forward chain rule to calculate the
derivative of the function L with respect to wy,.

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne
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Forward mode automatic differentiation algorithm

Suppose, we have a computational graph v;,i € [1; N]. ® Fori=1,...,N:

Our goal is to calculate the derivative of the output of this ® Compute v; as a function of its parents (inputs)
. . . Ovy Taseen Ty

graph with respect to some input variable wy, i.e. P, v =Ty, 3

This idea implies propagation of the gradient with respect
to the input variable from start to end, that is why we can
introduce the notation:

Oy
v 6wk
z oz,
L —
Ow
Bx: v; = vi(@1,..., @)
Ty, —— ——>
[)wk
oz, Ovi Z Ov; am]
Ty, o Awy, dz; dwy,
Owy,

Puc. 18: lllustration of forward chain rule to calculate the
derivative of the function L with respect to wy,.
lf%ﬁ}‘i AsTomaTnyeckoe andeperunposarne DO
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Forward mode automatic differentiation algorithm

Suppose, we have a computational graph v;,i € [1; N]. ® Fori=1,..,N:
Our goal is to calculate the derivative of the output of this ® Compute v; as a function of its parents (inputs)
) _ _ v ox Ty By
graph with respect to some input variable w;, i.e. — v; = v;(Ty, 3y
8 Wy, ? i\ 1 thad 71
This idea implies propagation of the gradient with respect ¢ Compute the derivative v; using the forward chain rule:
to the input variable from start to end, that is why we can b o
introduce the notation: T = Vi O
' 4~ Jx; Owy,
J=1 J
Oy
¢ Owy
z oz,
1y 35—
17
37:: v; = vi(@1,..., @)
Ty 77— —>
Owy,
v, Ov; Oz
oz, (. i Oz
Ty, 32% Owy, Z Oz; By,
i

Puc. 18: lllustration of forward chain rule to calculate the
derivative of the function L with respect to wy,.
‘fﬁ}fnﬂ AsTomaTnyeckoe andeperunposarne P00 O 14
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Forward mode automatic differentiation algorithm

Suppose, we have a computational graph v;,i € [1; N]. ® Fori=1,..,N:
Our goal is to calculate the derivative of the output of this ® Compute v; as a function of its parents (inputs)
) _ _ v ox Ty By
graph with respect to some input variable w;, i.e. — v; = v;(Ty, 3y
8 Wy, ? i\ 1 thad 71
This idea implies propagation of the gradient with respect ¢ Compute the derivative v; using the forward chain rule:
to the input variable from start to end, that is why we can b o
introduce the notation: T = Vi O
— Jx; Owy,
J=1 J
Oy
' Owy,
z oz,
1y 35—
17
37:: v; = vi(@1,..., @)
Ty 77— —>
Owy,
v, Ov; Oz
oz, (. i Oz
Ty, 32% Owy, Z Oz; By,
i

Puc. 18: lllustration of forward chain rule to calculate the
derivative of the function L with respect to wy,.
lf%ﬁ}‘i AsTomaTnyeckoe andeperunposarne P00 O 14


Daniil Merkulov

https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Forward mode automatic differentiation algorithm

Suppose, we have a computational graph v;,i € [1; N]. ® Fori=1,...,N:
Our goal is to calculate the derivative of the output of this ® Compute v; as a function of its parents (inputs)
. . ) ov UN Lpseees gy
graph with respect to some input variable w;, i.e. — v; = v;(Ty, 3y
6 Wy, 2 i\ 1 thad 71
This idea implies propagation of the gradient with respect ¢ Compute the derivative W using the forward chain rule:
to the input variable from start to end, that is why we can o0, 9,
introduce the notation: T; = Vi
' o Oxy (?wk
Oy
i dwy, Note, that this approach does not require storing all
intermediate computations, but one can see, that for
. . .. 0L .
oy calculating the derivative o we need O(T') operations.
15— Wi,
‘Z};j v = vi(@1,. .., T This means, that for the whole gradient, we need dO(T')
2 By operations, which is the same as for finite differences, but
o dv; Z dv; da; we do not have stability issues, or inaccuracies now (the
ti =
T B dui dz;j Q. formulas above are exact).
Puc. 18: Illustration of forward chain rule to calculate the
derivative of the function L with respect to wy,.
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There 1S another
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Backward mode automatic differentiation

We will consider the same function with a computational graph:

L(wl, ’IU2) = ws logwy + 1/ ws log wy

=)
o HD e D Dy S

Puc. 19: Illustration of computation graph of primitive arithmetic operations for the function L(w;, ws)
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Backward mode automatic differentiation

We will consider the same function with a computational graph:

L(wl, ’l.U2) = ws logwy + 1/ ws log wy

=)
o HD e D Dy S

Puc. 19: Illustration of computation graph of primitive arithmetic operations for the function L(w;, ws)

Assume, that we have some values of the parameters w;,w, and we have already performed a forward pass (i.e. single
propagation through the computational graph from left to right). Suppose, also, that we somehow saved all

intermediate values of v;. Let's go from the end of the graph to the beginning and calculate the derivatives
oL 0L

ow,’ dwy
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Backward mode automatic differentiation example
N (i

R

Puc. 20: lllustration of backward mode automatic differentiation
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Backward mode automatic differentiation example

o HD s B Dy S

R

Puc. 20: lllustration of backward mode automatic differentiation

Derivatives

— min
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Backward mode automatic differentiation example

o HD s B Dy S
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Puc. 20: lllustration of backward mode automatic differentiation

Derivatives
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oL
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Backward mode automatic differentiation example
2
6’03 6_L

Puc. 21: lllustration of backward mode automatic differentiation o 4
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Backward mode automatic differentiation example
2
6’03 6_L

Puc. 21: lllustration of backward mode automatic differentiation

Derivatives @L—~ DL . BL——
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Backward mode automatic differentiation example
2
6’03 6_L

Puc. 21: lllustration of backward mode automatic differentiation

Derivatives Av
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Backward mode automatic differentiation example
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Puc. 22: lllustration of backward mode automatic differentiation
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Backward mode automatic differentiation example

(=)
@ = Togu) ‘I’
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/ 8113
ooy <G
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Puc. 22: lllustration of backward mode automatic differentiation
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Backward mode automatic differentiation example

(=)

@ =log ) @@@
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L v o
oL \[ﬂ-— 33

brar

Puc. 22: lllustration of backward mode automatic differentiation

Derivatives OA W&m
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Backward mode automatic differentiation example
Pty O 2
3—111 @ Ovy

Puc. 23: lllustration of backward mode automatic differentiation
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Backward mode automatic differentiation example
Pty O 2
3—111 @ Ovy

Puc. 23: lllustration of backward mode automatic differentiation

Derivatives
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Backward mode automatic differentiation example
Pty O 2
3—111 @ Ovy

Puc. 23: lllustration of backward mode automatic differentiation
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Backward mode automatic differentiation example

‘f — min
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Puc. 24: lllustration of backward mode automatic differentiation
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Backward mode automatic differentiation example

()
p D B R S

oL

=5 def fuasd,
=X 0 (’ka
oL O g_i Y (0} ) )
Sz.= X0 )R
Puc. 24: lllustration of backward mode automatic differentiation _
Derivatives 33 _’S( /g'L
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Backward mode automatic differentiation example
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Puc. 24: lllustration of backward mode automatic differentiation

Derivatives
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Backward (reverse) mode automatic differentiation

i Question

Note, that for the same price of computations as it was in the forward mode we have the full vector of gradient
VL. Is it a free lunch? What is the cost of acceleration?
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Backward (reverse) mode automatic differentiation

i Question

Note, that for the same price of computations as it was in the forward mode we have the full vector of gradient
VL. Is it a free lunch? What is the cost of acceleration?

Answer Note, that for using the reverse mode AD you need to store all intermediate computations from the
forward pass. This problem could be somehow mitigated with the gradient checkpointing approach, which involves
necessary recomputations of some intermediate values. This could significantly reduce the memory footprint of
the large machine-learning model.
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Reverse mode automatic differentiation algorithm

Suppose, we have a computational graph v;,i € [1; N].
Our goal is to calculate the derivative of the output of this

graph with respect to all inputs variable w,

T

e, Vb = (225, .., 2) 7. This idea implies
propagation of the gradient of the function with respect to
the intermediate variables from the end to the origin, that

? Qwy

is why we can introduce the notation:

Puc. 25: lllustration of reverse chain rule to calculate the
derivative of the function L with respect to the node v;.

‘f — min
Tz

0L 0wy
Ui_(‘)vi Oy,

2

Memory: vy

AsTomaTnyeckoe andeperunposarne

oL
Oy
oL

Oz

oL
Oxy;

* FORWARD PASS
Fori=1,...,N:

18
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Reverse mode automatic differentiation algorithm

Suppose, we have a computational graph v;,i € [1; N].
Our goal is to calculate the derivative of the output of this

graph with respect to all inputs variable w,

T

e, Vb = (225, .., 2) 7. This idea implies
propagation of the gradient of the function with respect to
the intermediate variables from the end to the origin, that

? Qwy

is why we can introduce the notation:

Puc. 25: lllustration of reverse chain rule to calculate the
derivative of the function L with respect to the node v;.

‘f — min
Tz

0L 0wy
Ui_(‘)vi Oy,

2

Memory: vy

AsTomaTnyeckoe andeperunposarne

oL
Oy
oL

Oz

oL
Oxy;

* FORWARD PASS
Fori=1,...,N:

® Compute and store the values of v; as a function of its

parents (inputs)
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Reverse mode automatic differentiation algorithm

Suppose, we have a computational graph v;,i € [1; N].
Our goal is to calculate the derivative of the output of this

graph with respect to all inputs variable w,

T

e, Vb = (225, .., 2) 7. This idea implies
propagation of the gradient of the function with respect to
the intermediate variables from the end to the origin, that

? Qwy

is why we can introduce the notation:

Puc. 25: lllustration of reverse chain rule to calculate the
derivative of the function L with respect to the node v;.

‘f — min
Tz

0L 0wy
Ui_(‘)vi Oy,

2

Memory: vy

AsTomaTnyeckoe andeperunposarne

oL
Oy
oL

Oz

oL
Oxy;

* FORWARD PASS
Fori=1,...,N:

® Compute and store the values of v; as a function of its

parents (inputs)
* BACKWARD PASS
Fori=N,...

)

1:
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Reverse mode automatic differentiation algorithm

Suppose, we have a computational graph v;,i € [1; N]. ® FORWARD PASS

Our goal is to calculate the derivative of the output of this Fori=1,...,N:

graph with respect to all inputs variable w, ° Compute_and store the values of v; as a function of its

. v o T o o parents (inputs)

ie. V, oy = <817UA1[7 e 81012) . This idea implies e BACKWARD PASS

propagation of the gradient of the function with respect to Fori=N,...,1:

the intermediate variables from the end to the origin, that ® Compute the derivative 7; using the backward chain

is why we can introduce the notation: Eule and inf())rmation from all of its children (outputs)
Ty @y, )

—_ 8L o 8'UN

5 9L _ 5~ 9L 0z,
Yy £ Oz; Ov;

~ @(T\

if%?‘;‘l AsTomaTuueckoe anddepeHLMpoBaHe P00 O 18

v, = — =
Y v, Oy

Memory: vy oL

Oy
oL

L i 0L Oz, Bz,

oL
Oxy;

Puc. 25: Illustration of reverse chain rule to calculate the
derivative of the function L with respect to the node v;.
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Choose your fighter

Puc. 26: Which mode would you choose for
calculating gradients there?

OO

— min
‘f 2,4,z AsTomaTnyeckoe andeperunposarne

1 Question

Which of the AD modes would you choose (forward/ reverse)
for the following computational graph of primitive arithmetic
operations? Suppose, you are needed to compute the jacobian
g oL,

N {811}]- }Z

¥
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Choose your fighter

Puc. 26: Which mode would you choose for
calculating gradients there?

Question

Which of the AD modes would you choose (forward/ reverse)
for the following computational graph of primitive arithmetic
operations? Suppose, you are needed to compute the jacobian
g oL,

N {811}]- }Z

¥

Answer Note, that the reverse mode computational time is
proportional to the number of outputs here, while the forward mode
works proportionally to the number of inputs there. This is why it
would be a good idea to consider the forward mode AD.

OO
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Choose your fighter F@ — AX XCVQ e Q”K‘)
Reverse MoTe AD-x.mdx__ A

Comparison of Forward Mode and Reverse Mode A

¢
10°y —— Forward Mode AD 8’%\‘}% v‘
Reverse Mode AD VY\ > n

) clogh bovceetym

3
,\
D

i
o
|
w
L

H

2
L
;

Time for V,f calculation, (seconds)

Lo | \/\‘S\ M‘V) |

T T A=
1072 107t 100. 101 102 %&

Puc. 27: & This graph nicely illustrates the idea of choice between the modes. The n = 100 dimension is fixed and the graph
presents the time needed for Jacobian calculation w.r.t. = for f(z) = Ax

f Bh\M

T
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Choose your fighter

Puc. 28: Which mode would you choose for

calculating gradients there?

‘f — min
2oz

AsTomaTnyeckoe andeperunposarne

1 Question

Which of the AD modes would you choose (forward/ reverse)
for the following computational graph of primitive arithmetic
operations? Suppose, you are needed to compute the jacobian

0L,
J = {8 Z} . Note, that G is an arbitrary computational
w
77

2J
graph
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Choose your fighter

Puc. 28: Which mode would you choose for
calculating gradients there?

Question

Which of the AD modes would you choose (forward/ reverse)
for the following computational graph of primitive arithmetic
operations? Suppose, you are needed to compute the jacobian

0L,
J = {8 Z} . Note, that G is an arbitrary computational
w
77

N
graph

Answer It is generally impossible to say it without some knowledge
about the specific structure of the graph G. Note, that there are also
plenty of advanced approaches to mix forward and reverse mode AD,
based on the specific G structure.
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Feedforward Architecture

FORWARD .
® v, = x typically we have a batch of data Weights @ @ a

s (D AD D A~
Q'\
6/ Vg = Vk—1 : Wk

b x ny bXng Np_1 X Ny

BACKWARD

Puc. 29: Feedforward neural network architecture

lf*W;ﬂ AsTomaTnyeckoe andeperunposarne P00 O 22


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Feedforward Architecture

FORWARD .
® v, = z typically we have a batch of data Weights

x here as an input. Input ° ° ° @ ° °
® Fork=1,..,t—1,t

b x Nk b x Nkg—1 Ng—1 X Nk
BACKWARD

Puc. 29: Feedforward neural network architecture
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Feedforward Architecture

FORWARD .
® v, = x typically we have a batch of data Weights @ @ Q
x here as an input. Input a ° @ @ Q °
® Fork=1,..,t—1.t n

% v, = o(vp_wy). Note, that practically
speaking the data has dimension

2 € R4 where b is the batch size (for ——]
the single data point b = 1). While the ,0 Ok :L o1 . w
weight matrix w;, of a k layer has a shape — L=

ny_1 X ny, where ny, is the dimension of
an inner representatlon of the

x) b x Nk b x Nkg—1 Ng—1 X Nk

3!5!’"0\0{ Puc. 29: Feedforward neural network architecture

> W, X@/@(w x\>

‘53.
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Feedforward Architecture

FORWARD
® 9y, = z typically we have a batch of data

e =D+ A~
® Fork=1,..,t—1,t
® v, = o(v,_qwy). Note, that practically
speaking the data has dimension

2 € R4 where b is the batch size (for
the single data point b = 1). While the

Weights

- " Uk = Vk-1 Wk
weight matrix w;, of a k layer has a shape
ny_1 X ny, where ny, is the dimension of
an inner representation of the data.
® L = L(v,) - calculate the loss function. bx bx ny Mot X Mg

BACKWARD

Puc. 29: Feedforward neural network architecture
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Feedforward Architecture

FORWARD
® 9y, = z typically we have a batch of data

e =D+ A~
® Fork=1,..,t—1,t
® v, = o(v,_qwy). Note, that practically
speaking the data has dimension

2 € R4 where b is the batch size (for
the single data point b = 1). While the

Weights

; " Vk = Vk-1 Wk
weight matrix w;, of a k layer has a shape
ny_1 X ny, where ny, is the dimension of
an inner representation of the data.
® L = L(v,) - calculate the loss function. bx bx ny Mot X Mg
BACKWARD
° =L 67.[/ =1 Puc. 29: Feedforward neural network architecture
Upy1 = 9L
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Feedforward Architecture

FORWARD
® 9y, = z typically we have a batch of data

e =D+ A~
® Fork=1,..,t—1,t
® v, = o(v,_qwy). Note, that practically
speaking the data has dimension

2 € R4 where b is the batch size (for
the single data point b = 1). While the

Weights

. . Vi = Vg—1 W
weight matrix w;, of a k layer has a shape
ny_1 X ny, where ny, is the dimension of
an inner representation of the data.
® L = L(v,) - calculate the loss function. bx bx ny Mot X Mg
BACKWARD
°y,, = L= =1 Puc. 29: Feedforward neural network architecture

® Fork=tt—1,..,1:
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Feedforward Architecture

FORWARD
® 9y, = z typically we have a batch of data
x here as an input.
® Fork=1,..,t—1,t
® v, = o(v,_wy). Note, that practically
speaking the data has dimension \[!,“
2 € R4 where b is the batch size (for ——
the single data point b = 1). While the a\/K
weight matrix w;, of a k layer has a shape
ny_1 X ny, where ny, is the dimension of

Weights

Vg =

Vk-1

an inner representation of the data. w V
® L = L(v,) - calculate the loss function.VlL*L KVK) bxmy

BACKWARD
® Uy :L787 =1
® Fork=tt—1,..,1:
oL _ oL 6vk+1
37”1@ vy Oy %—
bxny bXnpeyq Mk+1 XNk av
("=

— min
‘f 2,4,z AsTomaTnyeckoe andeperunposarne

26° o

b X ng_1

g1 X Nk

6) - G_, é:‘6>) Puc. 29: Feedforward neural network architecture
_ ’me 0%

Input a ° @ o @ Q °
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Feedforward Architecture

FORWARD
® 9y, = z typically we have a batch of data
x here as an input.
® Fork=1,..,t—1,t
® v, = o(v,_wy). Note, that practically
speaking the data has dimension
2 € R4 where b is the batch size (for
the single data point b = 1). While the
weight matrix w;, of a k layer has a shape
ny_1 X ny, where ny, is the dimension of
an inner representation of the data.
® L = L(v,) - calculate the loss function.
BACKWARD

® Vi1 :L787 =1

® Fork=tt—=Tlywu,l:
AL _ 0L vy,
B’Uk - 8Uk+1 c%k
bxny bxnp 1 "k+1 XMk

BL _ BL . 8’Uk+1
3wk kaH Bwk
bxng 1 ng bxmpq Mk+1XME—1"Nk

‘f — min
2oz

AsTomaTnyeckoe andeperunposarne

Weights

wARD

b x ny, b X ng_1 N1 X N,

Puc. 29: Feedforward neural network architecture

fr@

bx

. 6_%-7
=1 BT

DO

Input a ° @ o @ Q °
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Gradient propagation through the linear least squares

oL Suppose, we have an invertible matrix A and a vector b, the vector x
A =7 is the solution of the linear system{Ax = b, namely one can write
L,_ __“)( " down an analytical solution 2 = A~1b, in this example we will show,
oL 8L
Aerme that computing all derivatives —, —, —, i.e. the backward pass,
e PUtIng 0A’ Ob’ Ox p

costs approximately the same as the forward pass.

L=LK)  cghywtosss

Puc. 30: x could be found as a solution of linear
system

= dl 24.\7"L)0(X> = [VL)o”BT
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Gradient propagation through the linear least squares

Suppose, we have an invertible matrix A and a vector b, the vector =
is the solution of the linear system Ax = b, namely one can write

down an analytical solution 2 = A™'b, in this example we will show,
oL E)L

that computing all derivatives —, — i.e. the backward pass,

) OA’ 9b’ Oz
costs approximately the same as the forward pass.

It is known, that the differential of the function does not depend on
the parametrization:

oL oL oL
L = <% d"”> = <a71 dA> <% db>

oL
o

=7

Puc. 30: x could be found as a solution of linear
system
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Gradient propagation through the linear least squares

oL Suppose, we have an invertible matrix A and a vector b, the vector =
24 = is the solution of the linear system Ax = b, namely one can write
down an analytical solution 2 = A™'b, in this example we will show,
oL OL
A e RV that computing all derivatives —, —, —, i.e. the backward pass,
c prting DA’ b’ Oz P

costs approximately the same as the forward pass.
It is known, that the differential of the function does not depend on
the parametrization:

dL = <8i d:r> = <8i dA> + <8—L,db>

oz’ 0A’ ob
Given the linear system, we have;
oL
v A= d(8) = folvehx
Puc. 30: « could be found as a solution of linear —Ax =b
system dAz + Adx = db —|dx = A~'(db — dAx)
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Gradient propagation through the linear least squares V\oacJCﬂglAAM d)(

oL The straightforward substitution gives us:
- =7
A

oL oL oL
<—A (db—dAa:)> <8—A,dA>+<%,db>

oz’

oL
o

2

Puc. 31: x could be found as a solution of linear
system
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Gradient propagation through the linear least squares

oL The straightforward substitution gives us:

<8£A1<db 4 = (25 a1} + (2% )

() - - @ &

AeR™™

oL
ob

=?

Puc. 31: x could be found as a solution of linear
system
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Gradient propagation through the linear least squares

The straightforward substitution gives us:

o, L o
<a—x,A (db—dAa:)>_<8A,dA>+<ab,db>

<—A‘Tg—imT,dA> + <A—T%,db> _ <g—j,dA> + <%,db>

Therefore:

oL

oL
VL _ =T
0b A

oz

oL _
o

Puc. 31: x could be found as a solution of linear Dd&(m )/

2

~ e Ao s gy
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Gradient propagation through the linear least squares
The straightforward substitution gives us:
oL ., /oL oL
<a—x,A (db—dAa:)> - <8—A,dA> + <%,db>

<—A‘T8—LxT,dA> + <A—T oL db> = <8L dA> + <6L db>

Ox ox’ HA’ b’
Therefore:
0L _ gOL ., OL_ 0L
oL 0A ox ab ox
B = It is interesting, that the most computationally intensive part here is
the matrix inverse, which is the same as for the forward pass.
Puc. 31:  could be found as a solution of linear Sometimes it is even possible to store the result itself, which makes

system the backward pass even cheaper.
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Gradient propagation through the SVD é A ML
6 HHUKUOT

ey

Suppose, we have the rectangular matrix W € R™*™, which has a singular value
decomposition:

W=UxvVT UTU=1I, VIV=I X=dagoy,..,0

1. Similarly t i le: —
imilarly o(j‘;/rewous (aap&iv‘

W =UsvT
dW = dUSVT + UdSVT + UsdvT, uT( %

UTAWY = UTdUSYFY + DASEEY + Dsav™V
UTAWY = UTdUS + dS + SaVTV -

min(m,n) )
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Gradient propagation through the SVD

2. Note, that UTU = I — dUTU + UTdU = 0. But also dUTU = (UTdU)T,
which actually involves, that the matrix U7 dU is antisymmetric:

UTd)T +UTdU =0 —  diag(UTdU) = (0, ...,0)

@ The same logic could be applied to the matrix V' and

diag(dVTV) = (0, ...,0)

()
N
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Gradient propagation through the SVD

2. Note, that UTU = I — dUTU + UTdU = 0. But also dUTU = (UTdU)T,
which actually involves, that the matrix U7 dU is antisymmetric:

UTd)T +UTdU =0 —  diag(UTdU) = (0, ...,0)

@ The same logic could be applied to the matrix V' and

diag(dVTV) = (0, ...,0)

3. At the same time, the matrix dX is diagonal, which means (look at the 1.)
that

()
N

diag(UTdWV) = dX

Here on both sides, we have diagonal matrices.

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne
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Gradient propagation through the SVD

4. Now, we can decompose the differential of the loss function as a function of
3 - such problems arise in ML problems, where we need to restrict the matrix
rank:

) o (5.0

= <8—2, diag(UTdWV)>

0
oL” .

()
N
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Gradient propagation through the SVD

5. As soon as we have diagonal matrices inside the product, the trace of the

dL = aLTd' Urdawv
@ =tr ool iag( )

T
=tr (8 UTdWV>

()
N

0%

_ oL T
7<5§JIdWV>

_ aLT
7<U5§V,dW>

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne

diagonal part of the matrix will be equal to the trace of the whole matrix:
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Gradient propagation through the SVD

0%

<U8—LVT, aw

oW’

oL

L
—uokyr,

oL, oL
’DwMDZ

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne

6. Finally, using another parametrization of the differential

) ()

ow

oL
ox

R =tr(3)
ow
S - 0L
This nice result allows us to connect the gradients — and ——.
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Hessian vector product without the Hessian

When you need some information about the curvature of the function you usually need to work with the hessian.
However, when the dimension of the problem is large it is challenging. For a scalar-valued function f : R™ — R, the
Hessian at a point € R™ is written as V2 f(x). A Hessian-vector product function is then able to evaluate

v V2f(z) v
for any vector v € R™. We have to use the identity
V2 f(z)v=V[z > Vf(z) v] = Vg(),
where g(x) = Vf(x)T - v is a new vector-valued function that dots the gradient of f at x with the vector v.

import jax.numpy as jnp

def hvp(f, x, v):
return grad(lambda x: jnp.vdot(grad(f) (x), v))(x)

‘fﬁ}fnﬂ AsTomaTnyeckoe andeperunposarne P00 O
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Hutchinson Trace Estimation °

This example illustrates the estimation the Hessian trace of a neural network using Hutchinson's method, which is an
algorithm to obtain such an estimate from matrix-vector products:

Let X € R¥9 and v € R? be a random vector such that E[vv”] = I. Then,

|
Tr(X) = E[vT Xo] = % E vl X, . =
f

107
Number of Samples

Puc. 32: Source

I j&iﬁtochastic estimator of the trace of the influence matrix for Laplacian smoothing splines - M.F. Hutchinson, 1990
‘ 2,4,z AsTomaTnyeckoe andeperunposarne 0 0 31
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Activation checkpointing

The animated visualization of the above approaches €)

An example of using a gradient checkpointing €)

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne
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What automatic differentiation (AD) is NOT:

® AD is not a finite differences

‘f — min
Tz

AsTomaTnyeckoe andeperunposarne

DIFFERENTIATION
W;g;%a STABLE | L= ([wl
SYMBOLIC AUTOMATIC QW
SLoW FAST
%(YM%VMMERiCAL MANWAL O
dX (iv PYACTICAL)

UNSTABLE

Puc. 33: Different approaches for taking derivatives
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What automatic differentiation (AD) is NOT:

® AD is not a finite differences
® AD is not a symbolic derivative

‘f — min
Tz

AsTomaTnyeckoe andeperunposarne

DIFFERENTIAT {ON
STABLE
SYMBOLIC ARTOMATIC
sLow/ FAST
1 MANWAL &
MUMERIC AL (I PACTIORD
WNSTABLE

Puc. 33: Different approaches for taking derivatives
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What automatic differentiation (AD) is NOT:

® AD is not a finite differences
® AD is not a symbolic derivative
® AD is not just the chain rule

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne

DIFFERENTIAT {ON
STABLE
SYMBOLIC ARTOMATIC
sLow/ FAST
1 MANWAL &
MUMERIC AL (I PACTIORD
WNSTABLE

Puc. 33: Different approaches for taking derivatives
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What automatic differentiation (AD) is NOT:

‘f — min
Tz

AD is not a finite differences
AD is not a symbolic derivative
AD is not just the chain rule
AD is not just backpropagation

AsTomaTnyeckoe andeperunposarne

DIFFERENTIAT {ON
STABLE
SYMBOLIC ARTOMATIC
sLow/ FAST
1 MANWAL &
MUMERIC AL (I PACTIORD
WNSTABLE

Puc. 33: Different approaches for taking derivatives
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What automatic differentiation (AD) is NOT:

AD is not a finite differences

AD is not a symbolic derivative

AD is not just the chain rule

AD is not just backpropagation

AD (reverse mode) is time-efficient and

numerically stable

‘f — min
Tz

AsTomaTnyeckoe andeperunposarne

DIFFERENTIAT iON

STABLE
SYMBOLIC AUTOMATIC
sLowW FAST
(imPVACTILAL)
UNSTABLE

Puc. 33: Different approaches for taking derivatives
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What automatic differentiation (AD) is NOT:

AD is not a finite differences

AD is not a symbolic derivative

AD is not just the chain rule

AD is not just backpropagation

AD (reverse mode) is time-efficient and
numerically stable

® AD (reverse mode) is memory inefficient
(you need to store all intermediate
computations from the forward pass).

— min
‘f 2,9,z AsTomaTnyeckoe andeperunposarne

DIFFERENTIAT iON

SYMBOLIC

STABLE

ARTOMATIC

SLO\A/
VUMERIC AL

FAST
MANWAL O
(imPVACTILAL)
UNSTABLE

Puc. 33: Different approaches for taking derivatives
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Code

Open In

‘f — min
Tz

Colab &

AsTomaTnyeckoe andeperunposarne
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