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The reader will find no% in this work. The methods which

| set forth do not require either constructions or geometrical or
mechanical reasonings: but only algebraic operations, subject to a
regular and uniform rule of procedure.

Preface to Mécanique analytique

Figure 1: Joseph-Louis Lagrange
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Example of inequality constraints

fl@)=a1+25 gla)=a]+25—1
Ay AT e

f(z) —» min
zER™

s.it. g(z) <0

N —
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Optimization with inequality constraints AWM

af%ﬂ&

z* = argmin f(z)

T2

/

Contour lines of f(z) = 23 + z3 = C
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Optimization with inequality constraints a(K\ 2o

a@ = X.L'h&' L

T2

Feasible region g(z) = 2 + 25 —1 <0
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Optimization with inequality constraints

How to recognize that some feasible point is

at local minimum? %2

TF
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Optimization with inequality constraints

‘f — min
Tz

gocTAT oLhee

Easy in this case! Just check unconstrained J c'jc“
1
optimality conditionsm2 Vf(zr) =0 8’ (ﬁ) = X';;
K
V2 f(zF) = 0 V{L:(a:o
— 2
iyl —
o s { 02
0 - _ aaa@\.
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Optimization with inequality constraints

Thus, if the constraints of the type of inequalities are inactive in the constrained problem, then don’t worry and
write out the solution to the unconstrained problem. However, this is not the whole story. Consider the second
childish example

f@) =@ —1)°+(@:2+41)° gl@)=ai+a25-1

i
f(z) - min

sit. g(z) <0
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Optimization with inequality constraints 3“]10&1 C’Q"Wi

fl@)=(z1-1)*+ (22 +1)*=C
T2

Contour lines of f(x)

/

Zf

—

zy = argmin f(x)
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Optimization with inequality constraints

R /- min

Optimization with inequality constraints

Feasible region g(z) = z3 + 22 — 1 <0

$2\

Zf
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Optimization with inequality constraints

How to recognize that some feasible point is

at local minimum? %2
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Optimization with inequality constraints

Not very easy in this case!{Even gradient # 0
T3

at local optimum @ \_/_g (X{> # O

Zf

‘f - i Optimization with inequality constraints D0
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Optimization with inequality constraints onTUM'\fJHOQ

Effectively have a problem with equality ? Wuﬂ
T2

constraints! 30(':( (TQRe]oagal
g(z*) =0 A TPAHR LE
MHOXEGEA
0 1
m*
[ ] mf
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T2

A
Y

Zf
~Vf

—Vf(z*) = AVh(z")
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Optimization with inequality constraints

Not a constrained local minimum as — V f(z)

points in towards the

. feasible region

Y

Y

—Vf(z*) = AVh(z")
A>0
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Optimization with inequality constraints ,G&) —min
%R’

Bb“b u\oeﬂﬂﬁ 503&\0 = 55

So, we have a problem: \/ wed = yg MM %Q
N red
% = X .
Smuatym © o)~ min
_ U‘\"u"‘udM (5 s.t. g(z) <0

Two possible cases:
g(z) <0 is inactive. g(z*) <0 Cfvfo_
o gz") <0 . o oats -g
*cS
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Optimization with inequality constraints

So, we have a problem:

f(z) —» min
TER™

s.it. g(z) <0

Two possible cases:

g(z) <0 is inactive. g(z*) <0
® g(z") <0
° Vf(z*)=0
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TER™
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Optimization with inequality constraints

So, we have a problem:

f(z) —» min
TER™

s.it. g(z) <0
Two possible cases:
g(z) <0 is inactive. g(z*) <0
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Optimization with inequality constraints

So, we have a problem:

Two possible cases:

g(z) <0 is inactive. g(z*) <0
® g(z") <0
° Vf(z*)=0
o V2f(z*) >0

‘f 511;1; Optimization with inequality constraints

g(z) <0 is active. g(z*) =0
cge)=0 —
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Optimization with inequality constraints

So, we have a problem:

f(z) —» min
zeR™
s.it. g(z) <0
Two possible cases:
g(z) <0 is inactive. g(z*) <0 g(z) <0 is active. g(z*) =0
® g(z") <0 ® g(z")=0
° Vf(z*)=0 ® Necessary conditions: —V f(z*) = AVg(z*), A > 0

o V2f(z*) >0

‘f ;nylr; Optimization with inequality constraints
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Optimization with inequality constraints

So, we have a problem:

Two possible cases:

g(z) <0 is inactive. g(z*) <0
® g(z") <0
° Vf(z*)=0
o V2f(z*) >0

‘f 511;1; Optimization with inequality constraints

f(z) —» min
zeRn

s.t. g(z) <0 %@L’L@\ C o‘\edhlﬂﬂﬂlﬂ-ﬂu’

@9)“&7 @QM
g(z) <0 is active. g(z*) =0
®g(z")=0
® Necessary conditions: —V f(z*) = AVg(z*), A > 0
® Sufficient conditions:
(y, Vi, L(z",\")y) > 0,Vy #0 € R" : Vg(z*) 'y =0
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Lagrange function for inequality constraints

Combining two possible cases, we can
write down the general conditions for the
problem:

g
f(z) > min

s.t. g(z) <0

Let’s define the Lagrange function:

L(z,A) = f(z) + Ag(z)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.

‘f 511;1; Optimization with inequality constraints
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Lagrange function for inequality constraints

Combining two possible cases, we can  If 2 is a local minimum of the problem described above, then there exists
write down the general conditions for the a unique Lagrange multiplier A* such that:
problem:

(1) VoL(z*,A*) = 0

.
f(z) - min

st. g(z) <0

Let’s define the Lagrange function:

L(z,A) = f(z) + Ag(z)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.

‘f - 5“.}‘; Optimization with inequality constraints 0 O 18
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Lagrange function for inequality constraints

Combining two possible cases, we can  If 2 is a local minimum of the problem described above, then there exists
write down the general conditions for the a unique Lagrange multiplier A* such that:
problem:

(1) VoL(z*,A*) = 0

f(z) - min (2) A" >0

st. g(z) <0

Let’s define the Lagrange function:

L(z,A) = f(z) + Ag(z)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.
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Lagrange function for inequality constraints

Combining two possible cases, we can  If 2 is a local minimum of the problem described above, then there exists
write down the general conditions for the a unique Lagrange multiplier A* such that:
problem:

(1) VoL(z*,A*) = 0

f(z) - min (2) A" >0

st. g(z) <0 (3) N'g(z") =0

Let’s define the Lagrange function:

L(z,A) = f(z) + Ag(z)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.
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Lagrange function for inequality constraints

Combining two possible cases, we can  If 2 is a local minimum of the problem described above, then there exists
write down the general conditions for the a unique Lagrange multiplier A* such that:

problem: )COQUJJ-UL \&C B 3

(1) VoL(z",\*) = 0 Neo
f(z) = min (2) X" >0 W/?
st. g(z) <0 (3) Ng(@") =

()g(x*)go 8®\\ Yoo 229

cof®
Lz, \) = f(x) + Ag(z) PREEHTMA

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.

Let’s define the Lagrange function:

‘f - 511;1; Optimization with inequality constraints 0 O 18
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Lagrange function for inequality constraints

Combining two possible cases, we can  If 2 is a local minimum of the problem described above, then there exists
write down the general conditions for the a unique Lagrange multiplier A* such that:

problem:
(1) VoL(z",A\*) =0
f(z) - min (2) A" >0
st. g(z) <0 (3) A'g(=z") =0
4 <0
Let's define the Lagrange function: @) 9(@) < 5
(5) Yy € C(z7) : (y, Vi L(z", X" )y) > 0

L(z,A) = f(z) + Ag(z)

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.

‘f - 5“.}‘; Optimization with inequality constraints 0 O 18
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Lagrange function for inequality constraints

Combining two possible cases, we can  If 2 is a local minimum of the problem described above, then there exists
write down the general conditions for the a unique Lagrange multiplier A* such that:

problem:

(1) VoL(z",A\*) =0
f(z) — min (2) A" >0
st. g(z) <0 (3) Ng(z") =0

4 <0

Let's define the Lagrange function: (4) 9(z”) < ,
(5)Vy € C(z") : (y, Vau L(z", X" )y) > 0

L(z,\) = f(z) + Ag(z) where C(z*) = {y € Ran(ﬂc*)Ty <0andVieI(@): Vgi(x*)Ty <0}

The classical Karush-Kuhn-Tucker first
and second-order optimality conditions
for a local minimizer z*, stated under
some regularity conditions, can be
written as follows.
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Lagrange function for inequality constraints

Combining two possible cases, we can  If 2 is a local minimum of the problem described above, then there exists
write down the general conditions for the a unique Lagrange multiplier A* such that:

problem:

(1) VoL(z",A\*) =0
f(z) — min (2) A" >0
st. g(z) <0 (3) Ng(z") =0

4 <0

Let's define the Lagrange function: (4) 9(z”) < ,
(5)Vy € C(z") : (y, Vau L(z", X" )y) > 0

L(z,\) = f(z) + Ag(z) where C(z*) = {y € Ran(ﬂc*)Ty <0andVieI(@): Vgi(x*)Ty <0}

The classical Karush-Kuhn-Tucker first  T(z*) = {i | g;(z*) = 0}
and second-order optimality conditions

for a local minimizer z*, stated under

some regularity conditions, can be

written as follows.
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General formulation od was
%pga_’u‘l upelon®
apam- g6

.
fo(z) — min

s.t. fz(CC)S(L i=1,...,m
hz(CIZ):O, i:l,...7p

This formulation is a general problem of mathematical programming.

The solution involves constructing a Lagrange function:

L(z,\v) = +Z)\fz Zzz(x):

=1

~ £+ XE0 + Jhe

R Somin o r S0 O 2
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. e .
Necessary conditions wmu.w WRE MO W

Let =", (A",v™) be a solution to a mathematical programming problem with zero duality gap,(the optimal value for
the primal problem p* is equal to the optimal value for the dual problem d*). Let also the functions fo, f;, h: be
differentiable.

® V.L(z*, A", v*)=0

R Somin o r @00 21
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Necessary conditions

Let z*, (A", ") be a solution to a mathematical programming problem with zero duality gap (the optimal value for
the primal problem p* is equal to the optimal value for the dual problem d*). Let also the functions fo, f;, h: be
differentiable.

® V.L(z*, A", v*)=0

o Vo L(z*,\*,v*)=0
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Necessary conditions

Let z*, (A", ") be a solution to a mathematical programming problem with zero duality gap (the optimal value for
the primal problem p* is equal to the optimal value for the dual problem d*). Let also the functions fo, f;, h: be
differentiable.

® V.L(z*, A", v*)=0
o Vo L(z*,\*,v*)=0
e N >0,i=1,...,m
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Necessary conditions

Let z*, (A", ") be a solution to a mathematical programming problem with zero duality gap (the optimal value for
the primal problem p* is equal to the optimal value for the dual problem d*). Let also the functions fo, f;, h: be

differentiable.

® V.L(z*, A", v*)=0
® V,L(z*,\*,v*")=0
e N >0,i=1,...,m
® N\ fi(z")=0,i=1,...,m
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Necessary conditions o ® —?E‘:E’a 20 oe¢ Z>\" .’a—g—L ()é‘)

L:MA«'ZX?‘L A -0
TRV F
Let z*, (A", ") be a solution to a mathematical programming problem with zero duality gap (the optimal value for
the primal problem p* is equal to the optimal value for the dual problem d*). Let also the functions fo, f;, h: be
differentiable.

V., L(z*, N 0") = 0 ((’L\ KKT

A >0i=1,....m (%

Affi(x*):o,z':l,...,y)qu) HQ A BUCUMO  no VJ\)‘l'dOJ-Lg \; >0
filz®) <0,i=1,...,m (§ Qgp\\\{&&ﬂuu'o

Ai =6
N =0

R Somin o r 00 2


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

\Au\o@u% . a?xlwow " AU X-1=0

Some regularity conditions

These conditions are needed to make KKT solutions the necessary conditions. Some of them even turn necessary
conditions into sufficient (for example, Slater’s). Moreover, if you have regularity, you can write down necessary
second order conditions (y, V2, L(z*, \*,v*)y) > 0 with semi-definite hessian of h%aﬂgian.

® Slater’s condition. If for a convex problem (i.e., assuming minimization, fo, f; are convex and h; are affine),
there exists a point @ such that h(?) = 0 and f; (% < 0 (existence of a strictly feasible point), then we have a
zero duality gap and KKT conditions become necessary and sufficient.
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Some regularity conditions

These conditions are needed to make KKT solutions the necessary conditions. Some of them even turn necessary
conditions into sufficient (for example, Slater’s). Moreover, if you have regularity, you can write down necessary
second order conditions (y, V2, L(z*, \*,v*)y) > 0 with semi-definite hessian of Lagrangian.

® Slater’s condition. If for a convex problem (i.e., assuming minimization, fo, f; are convex and h; are affine),
there exists a point « such that h(z) = 0 and f;(z) < 0 (existence of a strictly feasible point), then we have a
zero duality gap and KKT conditions become necessary and sufficient.

® Linearity constraint qualification. If f; and h; are affine functions, then no other condition is needed.
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Some regularity conditions

These conditions are needed to make KKT solutions the necessary conditions. Some of them even turn necessary
conditions into sufficient (for example, Slater’s). Moreover, if you have regularity, you can write down necessary
second order conditions (y, V2, L(z*, \*,v*)y) > 0 with semi-definite hessian of Lagrangian.

® Slater’s condition. If for a convex problem (i.e., assuming minimization, fo, f; are convex and h; are affine),
there exists a point « such that h(z) = 0 and f;(z) < 0 (existence of a strictly feasible point), then we have a
zero duality gap and KKT conditions become necessary and sufficient.

® Linearity constraint qualification. If f; and h; are affine functions, then no other condition is needed.

® Linear independence constraint qualification. The gradients of the active inequality constraints and the
gradients of the equality constraints are linearly independent at x*.

MWD
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Some regularity conditions

These conditions are needed to make KKT solutions the necessary conditions. Some of them even turn necessary
conditions into sufficient (for example, Slater’s). Moreover, if you have regularity, you can write down necessary
second order conditions (y, V2, L(z*, \*,v*)y) > 0 with semi-definite hessian of Lagrangian.

® Slater’s condition. If for a convex problem (i.e., assuming minimization, fo, f; are convex and h; are affine),
there exists a point « such that h(z) = 0 and f;(z) < 0 (existence of a strictly feasible point), then we have a
zero duality gap and KKT conditions become necessary and sufficient.

® Linearity constraint qualification. If f; and h; are affine functions, then no other condition is needed.

® Linear independence constraint qualification. The gradients of the active inequality constraints and the
gradients of the equality constraints are linearly independent at x*.

® For other examples, see wiki.
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Proof in simple case X485
Subdifferential form of KKT X = 5 &> X7/5

Let X be a linear normed space, and let f; : X = R, j =0,1,...,m, be convex proper (it never takes on the
value —oo and also is not identically equal to co) functions. Consider the problem

.
fo(x) — min

sit. fi(z)<0,j=1,...,m

Let 2" € X be a minimum in problem above and the functions f;, j = 0,1,...,m, be continuous at the
point z*. Then there exist numbers A\; > 0, j =0,1,...,m, such that % . L0
k./’ b} d
“ 3 % =0

d =1, / .20
= _ a7
/

ey ‘\kT?kHWM

0 € Z)\jaf](a:*) 6/
Jj=0
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Proof in simple case (10d % \Au\o@u&)

Proof
1. Consider the function

f(@) = max{fo(x) = fo(«"), f(@),..., fm(2)}.

The point z* is a global minimum of this function.
Indeed, if at some point x. € X the inequality
f(ze) < 0 were satisfied, it would imply that

fo(ze) < fo(z™) and fj(ze) <0, 5=1,...,m,
We minimality of =™ in problem above.

npuebpUUd TOUY, O R — ey

R Somin o r

M wex Mgy

24


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Proof in simple case

Proof
1. Consider the function

f(@) = max{fo(x) = fo(«"), fr(2),..., fm(2)}.

The point z* is a global minimum of this function.

Indeed, if at some point x. € X the inequality

f(ze) < 0 were satisfied, it would imply that

fo(ze) < fo(z™) and fj(ze) <0, 5=1,...,m,

contradicting the minimality of 2™ in problem above.
2. Then, from Fermat's theorem in subdifferential form,

it follows that

0€df(z").
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Proof in simple case

Proof 3. By the Dubovitskii-Milyutin theorem, we have
1. Consider the function
df(x") = conv (U afm*)) :
f(@) = max{fo(z) — fo(x"), fi(x), ..., fm(®)}. jer | Orogre
L))

The point z* is a global minimum of this function. where [ = {0} U {j: f;(z") = 0,1 < j <mj.
Indeed, if at some point x. € X the inequality
f(ze) < 0 were satisfied, it would imply that
fo(ze) < fo(z™) and fj(ze) <0, 5=1,...,m,
contradicting the minimality of 2™ in problem above.
2. Then, from Fermat's theorem in subdifferential form,
it follows that

0e€df(z").
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Proof in simple case

Proof 3. By the Dubovitskii-Milyutin theorem, we have

1. Consider the function
(U af; (x*))
jeI

df(z") = conv
f(z) = max{fo(z) — fo(z"), fr(z),..., fm(2)}.

The point z* is a global minimum of this function. where [ = {0} U {J Ffi(@t) = O’*l S_j <m}.
Indeed, if at some point z. € X the inequality 4. Therefore, there exist g; € 9f;(z"), j € I, such that
f(ze) < 0 were satisfied, it would imply that

fo(ze) < fo(z™) and fi(ze) <0, j=1,...,m, Z/\'g‘:()
contradicting the minimality of 2™ in problem above. I 1
2. Then, from Fermat's theorem in subdifferential form,
it follows that

jel

0e€df(z").
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Example. Projection onto a hyperplane
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Example. Projection onto a hyperplane
1
min§||x—Y||2, st. a

Solution

Lagrangian:
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Example

Solution

Lagrangian:

‘f — min
Tz

KKT

. Projection onto a hyperplane

T

1
min§||x—Y||2, st. a x=b.

1
L(xv) = gllx— v +w(a"x ~ b)
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Example. Projection onto a hyperplane

1
min§||x—)’||2, st. a'x=h.

Solution t)u“' 66“-

Lagrangian:

Derivative of L with respect to x:

8—-){ y +va=0,

Al _ 5 s W=0
@Q =0 =>

d'y - Yo'a :i 5 b - ey
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Example. Projection onto a hyperplane

1
min§||x—)’||2, st. a'x=h.

Solution

Lagrangian:

1
L) = 5k — I + v(@"x — b)
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Example. Projection onto a hyperplane
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Lagrangian: kﬂ— * CA(,&TQD
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Example. Projection onto simplex

min ~[|z — y/|?
2 Yl
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Example. Projection onto simplex

min ~[|z — y/|?
2 Yl

KKT Conditions
The Lagrangian is given by:
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Example. Projection onto simplex

1
min§||mfy\|2, st. z'1=1, z2>0. =z

KKT Conditions
The Lagrangian is given by:

- 1 2 o T
L=z -yl fZAeru(x 1-1)
Taking the derivative of L with respect to x; and writing KKT vyields:
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Example. Projection onto simplex A g,,(x)*
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KKT Conditions HR kECTKOCTY
The Lagrangian is given by:

1
min§||mfy\|2, st. z'1=1, z2>0. =z

7]. 2 o T
L=z -yl fZAeru(m 1-1)

Taking the derivative of L with respect to x; and writing KKT vyields:
o oL — oy —yi—Xi+v=0
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Example. Projection onto simplex

1
min§||mfy\|2, st. z'1=1, z2>0. =z

KKT Conditions
The Lagrangian is given by:

7]. 2 o T
L=z -yl fZAeru(x 1-1)

Taking the derivative of L with respect to x; and writing KKT vyields:
o oL — oy —yi—Xi+v=0
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Example. Projection onto simplex ‘AC’“’@W— CrelTepe,
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KKT Conditions L
The Lagrangian is given by: "\'
- 1 2 o T
L=z -yl fZAeru(m 1-1)
Taking the derivative of L with respect to x; and writing KKT vyields:
o oL — i —Xit+rv=0
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Example. Projection onto simplex

1
min§||xfy\|2, st. z'1=1, z2>0. =z

KKT Conditions
The Lagrangian is given by:

1
L:§||:cfy|| Z)\%Jrl/m 1-1) =
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Example. Projection onto simplex

1
min§||mfy\|2, st. z'1=1, z2>0. =z

KKT Conditions
The Lagrangian is given by:

71 2 o T
L=z -yl fZAeru(x 1-1)

Taking the derivative of L with respect to x; and writing KKT vyields:
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Example. Projection onto simplex hd l‘uoﬂﬂ ‘ ﬂ, e R

1
min§||mfy\|2, st. z'1=1, z2>0. =z

KKT Conditions
The Lagrangian is given by:

- 1 2 o T
L=l -yl *Z)\leJrV(x 1-1) Eu.b\ 'J)
Taking the derivative of L with respect to x; and writing KKT vyields: XL = VY‘&X (0) lél'l
b )\i Z 0 E qxb =
e z'1=1, >0 3 {
. 2 (231
1 Question v
%, 7O
Solve the above conditions in O(nlogn) time. >D
Wi
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Example. Projection onto simplex K eoXANEHU "0)

min%”ocfyHQ, st. z'1=1, z2>0. =z ‘HET A’HA“uTquek
PEWEHL| 4

KKT Conditions
The Lagrangian is given by:
- 1 2 o T
L=z -yl fZAeru(m 1-1)

Taking the derivative of L with respect to x; and writing KKT vyields:
oL — i —yi—Ai+v=0

]
ox;
e \z; =0
° )\, >0
e z'1=1, >0

1 Question i Question

Solve the above conditions in O(nlogn) time. Solve the above conditions in O(n) time.
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Motivation

Duality lets us associate to any constrained optimization problem a concave maximization problem, whose solutions
lower bound the optimal value of the original problem. What is interesting is that there are cases, when one can
solve the primal problem by first solving the dual one. Now, consider a general constrained optimization problem:
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Motivation

Duality lets us associate to any constrained optimization problem a concave maximization problem, whose solutions
lower bound the optimal value of the original problem. What is interesting is that there are cases, when one can
solve the primal problem by first solving the dual one. Now, consider a general constrained optimization problem:

Primal: f(z) — min Dual: ¢g(y) — max
z€eS yeN

lf%?“}‘i Duality 0 O 28


Daniil Merkulov

https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Motivation

Duality lets us associate to any constrained optimization problem a concave maximization problem, whose solutions
lower bound the optimal value of the original problem. What is interesting is that there are cases, when one can
solve the primal problem by first solving the dual one. Now, consider a general constrained optimization problem:

Primal: f(z) — min Dual: ¢g(y) — max
z€eS yeN

We'll build g(y), that preserves the uniform bound:

g(y) < f(z) VzeSVyeQ
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Motivation

Duality lets us associate to any constrained optimization problem a concave maximization problem, whose solutions
lower bound the optimal value of the original problem. What is interesting is that there are cases, when one can
solve the primal problem by first solving the dual one. Now, consider a general constrained optimization problem:

Primal: f(z) — min Dual: ¢g(y) — max
zeS yeQ

We'll build g(y), that preserves the uniform bound:
g(y) < f(z) VzeSVyeQ
As a consequence:

<
max g(y) < min f(z)
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Lagrange duality

We'll consider one of many possible ways to construct g(y) in case, when we have a general mathematical
programming problem with functional constraints:
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Lagrange duality

We'll consider one of many possible ways to construct g(y) in case, when we have a general mathematical
programming problem with functional constraints:

.
fo(z) — min

st. fi(z) <0,i=1,...,m
hi(z) =0,i=1,...,p
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Lagrange duality

We'll consider one of many possible ways to construct g(y) in case, when we have a general mathematical
programming problem with functional constraints:

.
fo(z) — min

st. fi(z) <0,i=1,...,m
hi(z) =0,i=1,...,p

And the Lagrangian, associated with this problem:

L(z,\v) = —|—Z>\fz +ZZ/Z () = folz) + AT f(z) + v h(z)

‘f% 5!1;!; Duality D0
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Dual function

We assume D = ﬂ dom f; N ﬂ dom h; is nonempty. We define the Lagrange dual function (or just dual function)
=1
g:R™ xRP — R as the minimum value of the Lagrangian over z: for A € R™ v € R?
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Dual function

We assume D = ﬂ dom f; N ﬂ dom h; is nonempty. We define the Lagrange dual function (or just dual function)

=1
g:R™ xRP — R as the minimum value of the Lagrangian over z: for A € R™ v € R?

g()‘a V) = xlng) L(:L‘7)\7 V) = ;gg (fo(iﬂ) + Z)‘lfl(x) + ZV»J%(I))

R [—omin 5y
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Dual function

We assume D = ﬂ dom f; N ﬂ dom h; is nonempty. We define the Lagrange dual function (or just dual function)
=1
g:R™ xRP — R as the minimum value of the Lagrangian over z: for A € R™ v € R?

90\ v) = inf L(z,\,v) = inf <f0<x> SORVIOEDY whiu))

When the Lagrangian is unbounded below in x, the dual function takes on the value —co. Since the dual function is

the pointwise infimum of a family of affine functions of (\,v), it is concave, even when the original problem is not
convex.
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Dual function as a lower bound

Let us show, that the dual function yields lower bounds on
the optimal value p™ of the original problem for any

A = 0,v. Suppose some % is a feasible point for the
original problem, i.e., f;(Z) <0 and h;(Z) =0, A > 0.
Then we have:
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Dual function as a lower bound

Let us show, that the dual function yields lower bounds on
the optimal value p™ of the original problem for any

A = 0,v. Suppose some % is a feasible point for the
original problem, i.e., f;(Z) <0 and h;(Z) =0, A > 0.
Then we have:

L(&, A\ v) = fo(@) + AT f(@) + v h(2) < fo(2)

R [—omin 5y
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Dual function as a lower bound

Let us show, that the dual function yields lower bounds on
the optimal value p™ of the original problem for any

A = 0,v. Suppose some % is a feasible point for the
original problem, i.e., f;(Z) <0 and h;(Z) =0, A > 0.
Then we have:

L(&, A\ v) = fo(@) + AT f(@) + v h(2) < fo(2)
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Dual function as a lower bound

Let us show, that the dual function yields lower bounds on
the optimal value p™ of the original problem for any

A = 0,v. Suppose some % is a feasible point for the
original problem, i.e., f;(Z) <0 and h;(Z) =0, A > 0.
Then we have:

L(&, A\ v) = fo(@) + AT f(@) + v h(2) < fo(2)
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Dual function as a lower bound

Let us show, that the dual function yields lower bounds on A natural question is: what is the best lower bound that
the optimal value p* of the original problem for any can be obtained from the Lagrange dual function? This
A = 0,v. Suppose some % is a feasible point for the leads to the following optimization problem:

original problem, i.e., f;(Z) <0 and h;(Z) =0, A > 0.

Then we have:

L(&, A\ v) = fo(@) + AT f(@) + v h(2) < fo(2)
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Dual function as a lower bound

Let us show, that the dual function yields lower bounds on A natural question is: what is the best lower bound that
the optimal value p* of the original problem for any can be obtained from the Lagrange dual function? This

A = 0,v. Suppose some % is a feasible point for the leads to the following optimization problem:
original problem, i.e., f;(Z) <0 and h;(Z) =0, A > 0.
Then we have:
g(\,v) =  max
AER™, LERP

st. A= 0
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Dual function as a lower bound

Let us show, that the dual function yields lower bounds on A natural question is: what is the best lower bound that
the optimal value p* of the original problem for any can be obtained from the Lagrange dual function? This
A = 0,v. Suppose some % is a feasible point for the leads to the following optimization problem:

original problem, i.e., f;(Z) <0 and h;(Z) =0, A > 0.
Then we have:

A —
g(Av) AeRIvInl,a)u(eRP

L@\ v) = fo(@) + A f(2) +v h(@) < fo(2) st. Az 0
——
<0 —0 The term “dual feasible”, to describe a pair (A, v) with
A >0 and g(\,v) > —oo, now makes sense. It means, as
Hence the name implies, that (A, v) is feasible for the dual

. R R problem. We refer to (A\*, ™) as dual optimal or optimal
g\ v) = ;gg L(z, A v) < L(#, A v) < fo(2) Lagrange multipliers if they are optimal for the above
problem.
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Summary

Primal Dual
Function fo(z) g\ v) = rnig Lz, A\, v)
xTE
Variables zeSCR” AERT,veER?

Constraints

Ai >0,Viel,m

g(A\,v) — max

Problem < — AER™ L ERP
st. fi(z) <0,i=1,...,m ot "o 0
h”b(x)_ov 1_17 D
Optimal ™ if feasible, A*,v* if max is achieved,
p" = fo(z") d"=g(\",v")
R [—omin 5y ® 0 o
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Example. Linear Least Squares

We are addressing a problem within a non-empty budget set, defined as follows:
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Example. Linear Least Squares

We are addressing a problem within a non-empty budget set, defined as follows:

. T
min I

st. Ax =0,

with the matrix A € R™*™,
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Example. Linear Least Squares

We are addressing a problem within a non-empty budget set, defined as follows:

. T
min I

st. Ax =0,

with the matrix A € R™*™,

This problem is devoid of inequality constraints, presenting m linear equality constraints instead. The Lagrangian is
expressed as L(z,v) = 27z + v7 (Az — b), spanning the domain R™ x R™. The dual function is denoted by

g(v) = inf; L(x,v). Given that L(z,v) manifests as a convex quadratic function in terms of x, the minimizing
can be derived from the optimality condition
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Example. Linear Least Squares

We are addressing a problem within a non-empty budget set, defined as follows:

. T
min I

st. Ax =0,
with the matrix A € R™*™,

This problem is devoid of inequality constraints, presenting m linear equality constraints instead. The Lagrangian is
expressed as L(z,v) = 27z + v7 (Az — b), spanning the domain R™ x R™. The dual function is denoted by

g(v) = inf; L(x,v). Given that L(z,v) manifests as a convex quadratic function in terms of x, the minimizing
can be derived from the optimality condition

V.L(z,v) =2z + ATy =0,
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Example. Linear Least Squares

We are addressing a problem within a non-empty budget set, defined as follows:

. T
min I

st. Ax =0,

with the matrix A € R™*™,

This problem is devoid of inequality constraints, presenting m linear equality constraints instead. The Lagrangian is
expressed as L(z,v) = 27z + v7 (Az — b), spanning the domain R™ x R™. The dual function is denoted by

g(v) = inf; L(x,v). Given that L(z,v) manifests as a convex quadratic function in terms of x, the minimizing
can be derived from the optimality condition

V.L(z,v) =2z + ATy =0,

leading to z = —(1/2)ATv. As a result, the dual function
is articulated as
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Example. Linear Least Squares

We are addressing a problem within a non-empty budget set, defined as follows:

. T
min I

st. Ax =0,
with the matrix A € R™*™,

This problem is devoid of inequality constraints, presenting m linear equality constraints instead. The Lagrangian is
expressed as L(z,v) = 27z + v7 (Az — b), spanning the domain R™ x R™. The dual function is denoted by

g(v) = inf; L(x,v). Given that L(z,v) manifests as a convex quadratic function in terms of x, the minimizing
can be derived from the optimality condition

V.L(z,v) =2z + ATy =0,

leading to z = —(1/2)ATv. As a result, the dual function
is articulated as

g(v) = L(—(1/2)A"v,v) = —(1/4)v" AA"v — b7y,
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Example. Linear Least Squares

We are addressing a problem within a non-empty budget set, defined as follows:
min 7z
st. Ax =0,

with the matrix A € R™*™,

This problem is devoid of inequality constraints, presenting m linear equality constraints instead. The Lagrangian is
expressed as L(z,v) = 27z + v7 (Az — b), spanning the domain R™ x R™. The dual function is denoted by

g(v) = inf; L(x,v). Given that L(z,v) manifests as a convex quadratic function in terms of x, the minimizing
can be derived from the optimality condition

i dratic function within the
Vo L(z,v) =22+ ATy =0, emerging as a concave qua
L) vrAw domain R?. According to the lower bound property, for
leading to = —(1/2) A" v. As a result, the dual function any v € R?, the following holds true:
is articulated as

g(v) = L(—(1/2)A"v,v) = —(1/4)v" AA"v — b7y,
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Example. Linear Least Squares

We are addressing a problem within a non-empty budget set, defined as follows:

. T
min I

st. Ax =0,

with the matrix A € R™*™,

This problem is devoid of inequality constraints, presenting m linear equality constraints instead. The Lagrangian is
expressed as L(z,v) = 27z + v7 (Az — b), spanning the domain R™ x R™. The dual function is denoted by

g(v) = inf; L(x,v). Given that L(z,v) manifests as a convex quadratic function in terms of x, the minimizing
can be derived from the optimality condition

i dratic function within the
Vo L(z,v) =22+ ATy =0, emerging as a concave qua
L) vrAw domain R?. According to the lower bound property, for
leading to = —(1/2) A" v. As a result, the dual function any v € R?, the following holds true:
is articulated as

—(1/4)"AATY — "y < inf{z" x| Az = b}.
g(v) = L(—(1/2)ATv,v) = —(1/4)v" AATv — b"y,  Which is a simple non-trivial lower bound without any
problem solving.
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Example. Two-way partitioning problem

We are examining a (nonconvex) problem:

minimize z” Wz

subject to xf =1, i1=1,...
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Example. Two-way partitioning problem

We are examining a (nonconvex) problem:

minimize zTWz

subject to xf =1, i1=1,...

L)) P
-
‘\|,” X

A

‘f - wl} Duality

\*\|,1

\|/ 1&‘ \|/

iy

Figure 13: Illustration of two-way partitioning problem
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Example. Two-way partitioning problem

We are examining a (nonconvex) problem: This problem can be construed as a two-way
- partitioning problem over a set of n elements,
minimize z" Wz denoted as {1,...,n}: A viable z corresponds

subjectto 2?7 =1, i=1,...,n, to the partition

{1,...,n} = {i|lz; = =1} U {i]z; = 1}.

iy oy

Figure 13: lllustration of two-way partitioning problem
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Example. Two-way partitioning problem

We are examining a (nonconvex) problem:
minimize 2" Wx

subject to xf =1, i1=1,...,n,

L 4 L 4 L 4
® ¢ ®

Figure 13: lllustration of two-way partitioning problem

R [—omin 5y

This problem can be construed as a two-way
partitioning problem over a set of n elements,
denoted as {1,...,n}: A viable z corresponds
to the partition

{1,...,n} = {i|lz; = =1} U {i]z; = 1}.

The coefficient W;; in the matrix represents
the expense associated with placing elements 4
and j in the same partition, while —W;;
signifies the cost of segregating them. The
objective encapsulates the aggregate cost
across all pairs of elements, and the challenge
posed by problem is to find the partition that

r.» .‘ t .‘ r. .‘ minimizes the total cost.
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Example. Two-way partitioning problem
We now derive the dual function for this problem. The Lagrangian is expressed as

L(z,v) = 2" Wz + Z vi(z? — 1) = 27 (W + diag(v))z — 17 0.

1=1

By minimizing over z, we procure the Lagrange dual function:

—1Tv  if W + diag(v) = 0

g(v) = inf " (W + diag(v))z —17v = { .
@ —00 otherwise,
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Example. Two-way partitioning problem
We now derive the dual function for this problem. The Lagrangian is expressed as

n
L(z,v) =" Wz + Z vi(z} —1) = 2" (W + diag(v))z — 17 v.
i=1
By minimizing over z, we procure the Lagrange dual function:

—1Tv  if W + diag(v) = 0

g(v) = inf " (W + diag(v))z —17v = { .
@ —00 otherwise,

exploiting the realization that the infimum of a quadratic form is either zero (when the form is positive semidefinite)
or —oo (when it's not).
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Example. Two-way partitioning problem
We now derive the dual function for this problem. The Lagrangian is expressed as

L(z,v) = 2" Wz + Z vi(z? — 1) = 27 (W + diag(v))z — 17 0.

1=1

By minimizing over z, we procure the Lagrange dual function:

—1Tv  if W + diag(v) = 0

g(v) = inf " (W + diag(v))z —17v = { .
@ —00 otherwise,

exploiting the realization that the infimum of a quadratic form is either zero (when the form is positive semidefinite)
or —oo (when it's not).

This dual function furnishes lower bounds on the optimal value of the problem. For instance, we can adopt the
particular value of the dual variable
V= _/\min (W)l
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Example. Two-way partitioning problem
We now derive the dual function for this problem. The Lagrangian is expressed as

L(z,v) = 2" Wz + Z vi(z? — 1) = 27 (W + diag(v))z — 17 0.

1=1

By minimizing over z, we procure the Lagrange dual function:

—1Tv  if W + diag(v) = 0

g(v) = inf " (W + diag(v))z —17v = { .
@ —00 otherwise,

exploiting the realization that the infimum of a quadratic form is either zero (when the form is positive semidefinite)
or —oo (when it's not).

This dual function furnishes lower bounds on the optimal value of the problem. For instance, we can adopt the
particular value of the dual variable
V= _/\min (W)l

which is dual feasible, since W + diag(v) = W — Amin(W)I = 0.
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Example. Two-way partitioning problem
We now derive the dual function for this problem. The Lagrangian is expressed as

L(z,v) = 2" Wz + Z vi(z? — 1) = 27 (W + diag(v))z — 17 0.

1=1

By minimizing over z, we procure the Lagrange dual function:
—1Tv  if W + diag(v) = 0

g(v) = inf " (W + diag(v))z —17v = { .
@ —00 otherwise,

exploiting the realization that the infimum of a quadratic form is either zero (when the form is positive semidefinite)
or —oo (when it's not).
This dual function furnishes lower bounds on the optimal value of the problem. For instance, we can adopt the

particular value of the dual variable
V= —/\min(W)l

which is dual feasible, since W + diag(v) = W — Amin(W)I = 0.

This renders a simple bound on the optimal value p*: p* > —1Tv = NAmin(W).
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Example. Two-way partitioning problem
We now derive the dual function for this problem. The Lagrangian is expressed as

L(z,v) = 2" Wz + Z vi(z? — 1) = 27 (W + diag(v))z — 17 0.

1=1

By minimizing over z, we procure the Lagrange dual function:
—1Tv  if W + diag(v) = 0

g(v) = inf " (W + diag(v))z —17v = { .
@ —00 otherwise,

exploiting the realization that the infimum of a quadratic form is either zero (when the form is positive semidefinite)
or —oo (when it's not).

This dual function furnishes lower bounds on the optimal value of the problem. For instance, we can adopt the
particular value of the dual variable

V= —/\min(W)l
which is dual feasible, since W + diag(v) = W — Amin(W)I = 0.
This renders a simple bound on the optimal value p*: p* > —1Tv = NAmin(W).

The code for the problem is available here @Open in Colab
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Strong duality

It is common to name this relation between optimals of primal and dual problems as weak duality. For problem, we
have:
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Strong duality

It is common to name this relation between optimals of primal and dual problems as weak duality. For problem, we
have:

While the difference between them is often called duality gap:

pr—d >0
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Strong duality
It is common to name this relation between optimals of primal and dual problems as weak duality. For problem, we
have:

While the difference between them is often called duality gap:

pr—d >0

Note, that we always have weak duality, if we've formulated primal and dual problem. It means, that if we have
managed to solve the dual problem (which is always concave, no matter whether the initial problem was or not),
then we have some lower bound. Surprisingly, there are some notable cases, when these solutions are equal.

‘f% 5“.}‘; Strong duality 0 O 37


Daniil Merkulov

https://fmin.xyz
https://mipt24.fmin.xyz
https://github.com/MerkulovDaniil/mipt24
https://t.me/fminxyz

Strong duality
It is common to name this relation between optimals of primal and dual problems as weak duality. For problem, we
have:

While the difference between them is often called duality gap:

pr—d >0

Note, that we always have weak duality, if we've formulated primal and dual problem. It means, that if we have
managed to solve the dual problem (which is always concave, no matter whether the initial problem was or not),
then we have some lower bound. Surprisingly, there are some notable cases, when these solutions are equal.

Strong duality happens if duality gap is zero:
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Strong duality
It is common to name this relation between optimals of primal and dual problems as weak duality. For problem, we
have:

While the difference between them is often called duality gap:

pr—d >0

Note, that we always have weak duality, if we've formulated primal and dual problem. It means, that if we have
managed to solve the dual problem (which is always concave, no matter whether the initial problem was or not),
then we have some lower bound. Surprisingly, there are some notable cases, when these solutions are equal.

Strong duality happens if duality gap is zero:

Notice: both p* and d* may be co.

® Several sufficient conditions known!
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Strong duality
It is common to name this relation between optimals of primal and dual problems as weak duality. For problem, we
have:

While the difference between them is often called duality gap:

pr—d >0

Note, that we always have weak duality, if we've formulated primal and dual problem. It means, that if we have
managed to solve the dual problem (which is always concave, no matter whether the initial problem was or not),
then we have some lower bound. Surprisingly, there are some notable cases, when these solutions are equal.

Strong duality happens if duality gap is zero:

Notice: both p* and d* may be co.

® Several sufficient conditions known!
® “Easy” necessary and sufficient conditions: unknown.
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Strong duality in linear least squares

o .
1 Exercise

In the Least-squares solution of linear equations example above calculate the primal optimum p™ and the dual
optimum d* and check whether this problem has strong duality or not.
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Useful features of duality
® Construction of lower bound on solution of the primal problem.

It could be very complicated to solve the initial problem. But if we have the dual problem, we can take an
arbitrary y € Q and substitute it in g(y) - we'll immediately obtain some lower bound.
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Useful features of duality

® Construction of lower bound on solution of the primal problem.

It could be very complicated to solve the initial problem. But if we have the dual problem, we can take an
arbitrary y € Q and substitute it in g(y) - we'll immediately obtain some lower bound.

® Checking for the problem’s solvability and attainability of the solution.

From the inequality max g(y) < min fo(z) follows: if min fo(z) = —oo, then Q@ = & and vice versa.
yeN zeS z€eS
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Useful features of duality

® Construction of lower bound on solution of the primal problem.

It could be very complicated to solve the initial problem. But if we have the dual problem, we can take an
arbitrary y € Q and substitute it in g(y) - we'll immediately obtain some lower bound.

® Checking for the problem’s solvability and attainability of the solution.
From the inequality max g(y) < min fo(z) follows: if min fo(z) = —oo, then Q@ = & and vice versa.
yeN zeS z€eS
® Sometimes it is easier to solve a dual problem than a primal one.

In this case, if the strong duality holds: g(y*) = fo(z™) we lose nothing.
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Useful features of duality

® Construction of lower bound on solution of the primal problem.

It could be very complicated to solve the initial problem. But if we have the dual problem, we can take an
arbitrary y € Q and substitute it in g(y) - we'll immediately obtain some lower bound.

® Checking for the problem’s solvability and attainability of the solution.

From the inequality max g(y) < min fo(z) follows: if min fo(z) = —oo, then Q@ = & and vice versa.
yeN zeS z€eS

® Sometimes it is easier to solve a dual problem than a primal one.
In this case, if the strong duality holds: g(y*) = fo(z™) we lose nothing.
® Obtaining a lower bound on the function’s residual.

fo(z) — f& < fo(z) — g(y) for an arbitrary y € Q (suboptimality certificate). Moreover,
p" € [9(y), fo(@)],d" € [9(y), fo(x)]
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Useful features of duality

® Construction of lower bound on solution of the primal problem.

It could be very complicated to solve the initial problem. But if we have the dual problem, we can take an
arbitrary y € Q and substitute it in g(y) - we'll immediately obtain some lower bound.

® Checking for the problem’s solvability and attainability of the solution.

From the inequality max g(y) < min fo(z) follows: if min fo(z) = —oo, then Q@ = & and vice versa.
yeN zeS z€eS

® Sometimes it is easier to solve a dual problem than a primal one.
In this case, if the strong duality holds: g(y*) = fo(z™) we lose nothing.
® Obtaining a lower bound on the function’s residual.

fo(z) — f& < fo(z) — g(y) for an arbitrary y € Q (suboptimality certificate). Moreover,
p" € [9(y), fo(@)],d" € [9(y), fo(x)]

® Dual function is always concave

As a pointwise minimum of affine functions.
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Slater’s condition

i Theorem

If for a convex optimization problem (i.e., assuming minimization, fo, f; are convex and h; are affine), there
exists a point z such that h(z) = 0 and f;(x) < 0 (existance of a strictly feasible point), then we have a zero
duality gap and KKT conditions become necessary and sufficient.
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An example of convex problem, when Slater’s condition does not hold

i Example

1172

min{fo(z) =z | fi(z) = > <0},
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An example of convex problem, when Slater’s condition does not hold

i Example

ZC2

min{foe) =@ | fi(x) = 2 <0},
The only point in the budget set is: * = 0. However, it is impossible to find a non-negative \* > 0, such that

Vfo(0) + A"V (0) =14 Az = 0.
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A nonconvex quadratic problem with strong duality
On rare occasions strong duality obtains
for a nonconvex problem. As an
important example, we consider the
problem of minimizing a nonconvex
quadratic function over the unit ball
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A nonconvex quadratic problem with strong duality
On rare occasions strong duality obtains
for a nonconvex problem. As an
important example, we consider the
problem of minimizing a nonconvex
quadratic function over the unit ball

z' Az +2b" z — min
ZER’H

st. x'x <1
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A nonconvex quadratic problem with strong duality

On rare occasions strong duality obtains
for a nonconvex problem. As an
important example, we consider the
problem of minimizing a nonconvex
quadratic function over the unit ball

z' Az +2b" z — min
z€eR™

st. x'x <1

where A € S™, A % 0 and b € R™. Since
A % 0, this is not a convex problem.
This problem is sometimes called the
trust region problem, and arises in
minimizing a second-order approximation
of a function over the unit ball, which is
the region in which the approximation is
assumed to be approximately valid.
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A nonconvex quadratic problem with strong duality
On rare occasions strong duality obtains Solution
for a nonconvex problem. As an
important example, we consider the
problem of minimizing a nonconvex
quadratic function over the unit ball

z' Az +2b" z — min
z€eR™

st. x'x <1

where A € S™, A % 0 and b € R™. Since
A % 0, this is not a convex problem.
This problem is sometimes called the
trust region problem, and arises in
minimizing a second-order approximation
of a function over the unit ball, which is
the region in which the approximation is
assumed to be approximately valid.
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A nonconvex quadratic problem with strong duality
On rare occasions strong duality obtains Solution
for a nonconvex problem. As an Lagrangian and dual function
important example, we consider the

problem of minimizing a nonconvex T - - - -
quadratic function over the unit ball L@, ) =2 Az +2b v+ Mz v —1) =2 (A+ M)z +2b z—A

z' Az +2b" z — min
ZER’H

st. x'x <1

where A € S™, A % 0 and b € R™. Since
A % 0, this is not a convex problem.
This problem is sometimes called the
trust region problem, and arises in
minimizing a second-order approximation
of a function over the unit ball, which is
the region in which the approximation is
assumed to be approximately valid.
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A nonconvex quadratic problem with strong duality
On rare occasions strong duality obtains Solution
for a nonconvex problem. As an Lagrangian and dual function
important example, we consider the
problem of minimizing a nonconvex

quadratic function over the unit ball Lz, A) = v Az +2b'z + )\(l"Tx -1)= xT(A + Az + 20"z — A
z Az +2b' ¢ — min ) = —bT(A+XDTb—X ifA+X >0
err g B —00, otherwise

st. x'x <1

where A € S™, A % 0 and b € R™. Since
A % 0, this is not a convex problem.
This problem is sometimes called the
trust region problem, and arises in
minimizing a second-order approximation
of a function over the unit ball, which is
the region in which the approximation is
assumed to be approximately valid.
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A nonconvex quadratic problem with strong duality
On rare occasions strong duality obtains Solution

for a nonconvex problem. As an

important example, we consider the
problem of minimizing a nonconvex
quadratic function over the unit ball

z' Az +2b" z — min
z€eR™

st. x'x <1

where A € S™, A % 0 and b € R™. Since
A % 0, this is not a convex problem.
This problem is sometimes called the
trust region problem, and arises in
minimizing a second-order approximation
of a function over the unit ball, which is
the region in which the approximation is
assumed to be approximately valid.

‘f — min
Tz

Strong duality

Lagrangian and dual function

LN =z"Az+2b s+ Az'z—1) =2 (A+ Xz +2b 2 — X

if A+ A >0

—00, otherwise

—bT(A+ADTp— )
g0 = { (A +A)
Dual problem:

—b " (A+AD)Tb — X\ — max
AER

st. A+ A >0
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A nonconvex quadratic problem with strong duality

On rare occasions strong duality obtains Solution
for a nonconvex problem. As an

important example, we consider the
problem of minimizing a nonconvex
quadratic function over the unit ball

z' Az +2b" z — min
z€eR™

st. x'x <1

Lagrangian and dual function

0 = —b"(A+A)Tb—X fA+AX =0
g N —00, otherwise

Dual problem:

where A € S™, A % 0 and b € R™. Since
A % 0, this is not a convex problem.
This problem is sometimes called the
trust region problem, and arises in
minimizing a second-order approximation
of a function over the unit ball, which is
the region in which the approximation is
assumed to be approximately valid.

‘f — min
Tz

Strong duality

—b " (A+AD)Tb — X\ — max
AER

st. A+ A >0

St A > —Amin(A)

LN =z"Az+2b s+ Az'z—1) =2 (A+ Xz +2b 2 — X
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